.i_)Li£==iJI objlsJ, "i-aUt La J no : J_aVl t_)LJI 
.iJLlLJI t-JLLJI 4_uiL>. ^rk: jLti£.VLi <SJU>- ajj (^jLls-t t^LxIl <_jLlII 

jjjjU'^^LJI gJp-jj O -.0) <(-\_o) *(A_o) t (v_o) ( (o_o) <(T_o) ( (Y.o) <0.o) 

.<_JLkU iJjl^a 

i_3jl^- ^_tiL*_3_U ^ '—i <ij j 4 4r (_ y -"Luii :j_iiL»Jlj ^.cuLjJI^ jjjjLUIj £jL_uJI c_jLJI 

Xi.\ •) <(0.<\) <(V70 .CM) 

^^oLe-al! *— -i ajij JjjLl>.| : i .ill (jy-k CjLLj-tioj) j inf. ^j-illll^ ^ nif ^jL>JI i_il_J! 

il j^-^l i_3JL>. Jj^-i <UaJbta /)jjL<i"i=3 ^ySLJI liJpj^ ( V.^ ^ ) i ) > h.tjju ^j. i"u jl 

.^LUloSyj Lu(ur) <(r.-r) 4 (Y.tY)jj*Vl 
.COT) ftljj-Vl ^sl^ jj_aJLl lL. _^U u i : ^ i*ii c 2-j1>% >i-t d-O l_iLJI 

.(o.u) <(v.u) <(rjr) 

t_)L*jj=3J! CjI—i^Tlto >^Lj jjJ^J 4^JL>- Jj^—^ o 'J 1 j" -•»- 1 : y t~,iC (jjjLaLiJI i__>LJI 

.(^i-l JJ-2-a 4jI-Jlj) 

i nj jjCi-ll jj. n oil (»3-^ ^ 

"oU.1 J I A_jjLpivVI i-il^-jVt j_a *j>_3. jl J-= ^L_J=j 4r >-^>L^il Jus 

j<jl_) ial_Li"i/l^ e-3J_3*JI jj] i_li^^La ^a i_-JLLaJI 4_uiL>J^ «Li ^ j «i i .J, I cJs^U Lt-u 'UjjjLj'i/l 
i uljjdl JJ-5J.I CjLj^Ibta ^jLu,,) V ki~j^o (iUj-.i u i a) 4_*ial^!j-a "Laj^Lxj 



m 



i^=i_^L«ILa 4_c oUI ojL-ifc JaJj-J tfL^o^l I f»_J tj— aj < A_<-uljjJI 

p j At l J! J J u j-* j-^' ^Vlj-^^j^ V ^L^L ^jiLJLlj jL^=l3^! 

.cjla>UJi * jyl (concrete) (j-^JJtl j^=3j 

oii—& .5 Jj-oLallt L-i-uJUjJIj t ys-_j— !^Jji!lj 4_uL«jijJI i_^JUjJlj 4_j>jj»JI 5_uijjjJI 



A—tuJUjJI £j— jX (OJjL-Sj (_,— 4 (j^j—tJI I Jl_A jj-js I— ZuLc. (jLfl i-iiJi (jj-J^-J 

( 4_c».jjL>JI J 4_ul jJI 4jl»r>LflItJI d-LiiJuyll jtuUkLia (J^~~~ i i"i cL L^io-SJ (J -0 J ' 
Cjj i lit JLja 0—^>- • • • «l— |->JI <2_ 3 J J_*ILa j Ijjj-^za 4_ILijj 4.2 ^Lc lyJ |_pJI_J 

.j^^lJ >i>a i^jLyi o' space x being = actions 

4_>L^= ^ Euclides ^-jlJsj jJUJI ^ls < ^ u r • • _> ±%a.\ ^ 
ii^jiy!>\ j-^iJi yl i^n ^-j ■r.i^jJl The elements jj-uaVl ob-^ 

4_l£=x!j t 4_jljjJaj ^ j^-v. 1 gjlr CjJL-»j£.I (_P-5I (j-u a ~»JI 4j1 a I lu a 4 ,.if> £_ ioj (_£ j-ll J 

]2_ (ji ^-i<^M y^—} *— ^L>Jl _j 4 1 n ,aL>JI a ^Iqj-" ,ml ;.>J JjLs- 

lj_A 4_^>JL*_a j«j i jjjua_3 LgJ ^jl_^= (j-uj i— I la 1 1 n <i .<Lui_joLiJI ^ ^1 . .. t.l 

J-al£=JI Cj UIui U ^Llaj ^5 jJI J Juu L*j3 Hllbeft OjaLfc Jj]a <jja jjj^UI 

4 o i i ii U ^i TJ" i ill f.\ o, l« JI JjL^- tiiJj J-*_) ,LmJ i<jll (JjjL^/^/I jjfc OjuLfe 4juJ3 _j jJI 
Ci^?jL>4I <>j_a> jj-^J t J mi <ilLi CjsiLi ^«^lljL*-a (j_^=aJj Jj^' ^-Vj^' O^ ^-"^-aljJl 

.... ^j&pj>Cj Riemann oUjj - Lobachevsky HI I A Mil L^J . Bolyai 



urdLjJi cjL^Ijj ^:ui j_^k Beltrami (^[^L <«Ji— *J! 
Essay on the interpretation of non-Euclidean geometry 

1 j_a> l(jy jjL2Ul 4_L^ Jj^. tractrix u „ ^p^l^ill ^^-l^H jIjjjuII ,>c 

.Pseduo-sphere s ^Jl <Lui u <i , „j 
*Uj Lo i^ijjji fUSL Klien ^M^a ^JUM ^ls \av\ j»Lc 'L. 

Riemann's spherical ijj^JloUjj 

^uji LLcl ij3\ , „ „i i lJlj^ j^Jc j «-,«- c^l^= <>j>1^= JU^i .geometry 

*Lk^Li ^is UjlIc uo<\ ^u. 2_ Cayley ^1^= 

i-^jujjij (elliptic o^jlyHj (_ y^ i d)L<jj t hyperbolic 

.^jl ^iJ! 4.,ql,,,il. i^oLkJI L^jjlaj L$lo (J^=-I ilj (J-m Jjl^ l 
j < % ■ ^ " ^pJI 4_i_i_u JLy] I ^jl -»,i1L <_j-Lo 4_lLjjl!I eLpJI £-Jsl J (jl J"» - 4 lihVt l 



^jL^jj 4_uisj^M ej '-—i II ^t-< i ii ajj mi I, I ^iLsJjl jj-oj 1 fl" i n I jljJkl ** 1^-"* 

T^LlL^vJ ( _ 3 J_llj 4 ii I" -V U j <i i " 1 1 77 lilljl^aj 4 <LaL*JI J 4_uaLiJI 4 i l cull I <_L>Lc.lj^ 

oLl i ii -»Jlj (_£.1Jl*JI (JjJ^cjJIj ij_uJLylt (JlLa 4 nl'-ie^a CjI i^i i t^j^JJ^a Uj^" c)\ 

: ^yjVL^a 1 (j I j i ii" 4j}tj jj-a tjj*^"'J i_iLl^aJI I jufc 

:(i_>Ll^=l1I i-S^Lc «U UL i r»~ tt a 4Jt>.|j^aj <Ll>ojLj <LajJLa) Jj^l e.^j>JI 

l»Ltaj J^L_>- (j-x L-Aj^Jajj 4_j_ujLy!l 21 mi ) S-jjojLj o j_u (_p=>j_jLj :J[jVl i—lLjJI 

<L>JIjl* <LlM->- (<« ig j-llj' ^,31 «il i ii U Cjj-iLi> j»Uaj LlojIjJu 

LlJLo j Jl Jl Cjjjidi CjI o I mi <i j^jlc _iL*a£.^Ll tiilij 4 jljl-r"ill ijjjJUjJI 
4— i-ujLijJI ^JXtfSJXJ (jrisj IjLoj I (j" I 4 J <l frjj 4. J.,1 1 o I 1 1 i^oJUjJI Jj 

.4_lLoLoI1I 

^Jai^oj u U->- j-ca-j 4 jljl-» i ) 4_i_uJlL& (jja 3." " ^ 4jl>-Ijjo j-£l&j : (jr jLxl! i_iLl!I 

(i) JjsL^ijj Jj^Lij 4-c.JLLaJI Lg-u'j- 5 tpJ'j 4_ufcL>oVI JIjjJI 

J-joL^ilIlj (J—ubLallll i— il i n ~v- jj a JjjL-u ■ ■ It-",*) ^ j , -wtlj 

K^MiJI £1 >JI oLl1*JI i^jUJIj SJl all w^l) ^Ull *>JI 

(_j «j ilr»ll (_^j!LftjJlj p i 1, 1 t-ij i njJI) (J^LaljLiJI (JjILttjJ! Lusjj^j 
(jJjjLUIj j^^j-jLcu^I Jj_«jl1Ij (jj/L-sJLI 4_IjLjlxij ^ i-r iU (J^_loj 
^jJLi 4 Uii'i mJI J,..ic fJ-'UI J ,3— u = > ^-" J m$J3_c«JI tjyii.ii 1 1 till Jl-^=j 



L^j (j^Xajj u 'i ■*■ 1 alt i_p.jL>JI i^jLyll (JjJjtl!!^ 5jj,IjjJLi 4jJ3j :^jIjJI 4-1 

d_jjj^a . 4^ 1 1 » n-~U jLLslj (^^JJIj «.! — L=»uVI 

1 , , ^ ^ j ,-.1 J I ^ * ' O ^ *" ' ' ^ '-^ (J (3 .' ^* I? ** J ^ ' ^ ^ 

. Ajj j)^JL>J I Cj Lt,*t**- il, I 

JjLo jijJLu-o 1 •> U 4-0.1 1^1 1,1 miU Cj\ u-r iU ( _ r l£- tft ■> J :<_pL/«LiJI I— tLjJI 

»>-^=9 *Li>jVI 3_^=ljJL ^y-^jLYll J-^>41j [S3J j-f*^' 

. Jul^jj_s Cil i i-r i a^ ^ iai" i L Ij ^-tit-Li! ^ ?t UIj »1 i -»oVI 

4 j ..iLujVI A-j^lnill j c^lj All j<->i.l ^yj^jLSJI J_A*jJI ' • ( j„ \l ... tl . il .t| 

•.(^ttiiii £i jjji a.g-jU.jt ^o-jUJij ipijji wyi a^Ijj) djisii 

(jr lc A_j^l<iljLJI A j 1*1 1 1 j ^h" '<U (_£p_aljLi]l J. A a T iJI (jrlc (^^1>iJ '.£jLuJI c_] LjJI 
. 1 n 1 1 (_yic- (^.5a^-JiJI ^La^a J-isi-J i nil ,jjjLa-I,1 ^j" <■ 1.1-t. 1 . £-La_uJ1 

.^U i ill I (_ T l£. jjJuiJI (jisLLaj ^t-i i nil 

■A j i iiLcu^M A t J m 11 <_d_Jj_*J J^U*. J_)-a ^t-» ■ ..H <Lul jjl 4 . .. 1 '. /jit ^jlaj t"u 1_>LJI 

^U,„ II oUL^aij -LjjI^JI J ,, , (S^pJLI 1 1) JjVl 

i ni l (^-ll U~lllj ^yjj/LLdJI ^g^l ( i "ill l_ajj_*J lilljL^JJ 

4 tj m 1 1 t_i_jjju J^L_>. a i ii 11 i_L>.jLjJl 4 mjI^U ^sj—Cu : j__u/LlJl ' 'I »tl 
iU i ">Ulj (_3_<-ujL>Jl ^LL^jVI j (Jj^_«jlJ1 ^Ll^u^! j d_iili]| . ..1 . ..Sfl 
.io^LoiVl cjLaL>o^I ci!jL^=_5 ~ U , „1l «.LL>o^l . U jU-^ j 

(i_jj^^=jjl Sjj) m II) j^jjjLa. jo-ijjljj 4_iJlill Aj^LjjVI iijj^aJI ^J_aj :j_iL»JI i_iLJI 

j_Jjj| 4 «j in j j j < a a J^l — j>> ^j— a ^l-iin 11 ilal aj (_kjJLua_3j 

j-^>ojjJij ^j , io ull i j ^ In i ii 11 ^ I'" a j ijl ^~,ll , UjU-^tl , I j".a\l j 



La ^Ij^el^Jj ij^U iLLU! ^WJlj ijU.M £ jU, , M JjLSj : j^im m^UJI cjLJI 

U , ,.1 1 ~ j t II j^ic ^ ^ j . U" j 4JH < nil i—il^J^M ^_c_JLLaJI 4 a 1 « ?t 

^.l-i mi II c;r Ji£. j-a'j (^.Isci I ( _ y ^u_j.jajjJ! ^LL^j^l ^^JLi i^>^>j : j-^-c- ^Jl * t j'-^' 

£_a ( _ 7 LubLfllII CjLJoJI JLjJUl! j tr\ "^a Ja-J-a ^ U«j j-Aj : J m i f jjui^LiJI i— iL-JI 

jjl iJLsLuJI i—i^aJ^M «U VjuuzjJU La J^-i ) 4j95<L*JI jc-u-a^j 

■ i-E._up.ll (j^lf JuuJI ijjLuj 4jjL»-l CjLlLs -AfJ^- U i ullj i„T iU 



4_i_al*JI 4_iAL>JI l<" I..' i"« " , U. ■ ■ .. i ^ a.lf i_joJL_uLj i ( "i^-i lj 1 ~ g — — >_1 1 lj_A 

^ q' 11 j *j ij^jj_>jl ^(ji II i—il "i^-i II I j_A £j_ublj_a 4_>JLta <2_ 1 i-irg I J_2J 

tjjj I (jafliii ^jukLjLa ,j— aj (jl— AjJ jj-S I (j I j t Cj l ai m a i j_>a 3 t5 ^> — S ^ ^Vi'iU 



f \ 

- 

U i^Lij ^jLifcj-i <j_jj I j-" 5 JljwI j (_Lx2-i <Lj_i_u JUjJ I (JjLJL>JI J <i" i t .^J <_iu^JLi 

. .1 "j Cj Laj) 1 « U C»-i"i" 1 t jJjLft T iJI (j_-a 4_c^.» j e.a JL>.jj Lj (J^=> 4rJ 
I J u-iLJI J->-l J <-^-5jJ cr 1 -" iJjjo^U mi a ^_4> Lo L$i-a j-£== juJIj jJti=xJui\ ( _ T lc 

.OjL^a^lj 4j£.Lju3 ^L. JljJl^. jJk La 

(j\ i i llj Cil i ill 4_lj^jJI CjI_j1£== i_i^LLaJ 4 j i n JjJU CjIj^j-JLo |^j_>iJ i— ll "i^— iJI 

4_j_<_uljJ CjljjJLa J^i-JV ^j-a (jj/jju i— !l I jufc (j-a 3j_<j^> *lj->-l (jl iflLLeVLj 

aju^l 1 ,1 a J}L>. (j-a t_JLLai! Lj&£. 11 I jufc JJ^— J (j' (J" 5 ^ 5jL$i!l ^rj 

(_3 j Cu < )jJL-uL) ■ .11 oLa ,^y=> y£- LiiSj JIB ^J*-" - ■ jl 4JJI (j-O (_yj-aJJJ cGjuLjil 

(J_«jl]I I lut jj^_' (jl e *-i-ll (JL^JJ ' I J JjljJI jj-ujJj LuiJlIjJI 5jj/ljjJ l. MH-aj 

<4J4AIL 

jiaiii . ki^iwl Arthlf) | ejlualijJL 3U111I 
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A Brief History 

g-j-fll 2_ CjMJJjU ^ LjJ U , OjJl^JI til ^ pistil 4 LuJI ^Ui J I --.1 .- j ^ 

J ^ Inil l j i ia <jl < j^-i U^-J-iJ .4_tLu«JI sLjjjJI CjVLsta '£-. 1 /f>l S^.U"j a Al'.VI I l«t| 
I i . ■ I i ■-> Jlj^jejJI _i^_sta » j j j» ' ■ j ^ j • «" 4_mj ciLTt^a r I i .". I ^— ■ a ... ' i jit 

J_*J Lm3 Cai (^jJlj . .M i i J^jLiaJj U^J (>* J^ 3 JL*^-' ^- 1 (_j.Lq.tJ I 

l»Liaj (_,-Jx. f j' ii . a <_>isj-tJI I j— 4j .oLjlsJI Ji=L<i_-a (j—a jjIL^aJ <")1 ■ ... l ; tl-^'i 4_aJ^La 
^j-Jsaya ^,1^. j^=3jli SjLj-UI £-3 .LitieJ,! Ljjl eiuts\~\$ i-mJuijJI <Uic C^aLfl |_£jiJI CjLaJLoJ.1 
4_uIj_J 4, j . q J t l ^J-a A—.j/JiIjJI a^-Aj ■ _ 'I "^-» N 4_<-uljJlll 

: bij>U£llj uLud uUL4l ( U ) 

Definitions, Postulates and Axioms : 

.jLk^J! 4_Lfl_i^3j ij^ialll ^jgiia ^_ Cj^^Ioj jMjII (Jj^ (j^uiLiJI ^ ^jLJI ij>^" 'Ar 



o 



f < 

4_Aj3laJl 3^.Jji>l , 

> ) 

< I 1 A„ 1 n^LylLi 4_ajAC <i_3^*_a j<ijj (_gj^£.^M ^ xuai I 
CoL^= ■o'-*>^' 4r U^l? i^u^jfJI JjjLi^JI (j^a^J.'^ >^ 4" l ^ > ^' J | 

Logical order ^su;* _p 4- U*-^ jj ^l^Jl J^=> IP-^ 

i LlJI L^i£=Jj i i-L^j-ijJI jjjJoj (J^-l °Jjt'^~' JL^-Lj (Jj^VI j»Ls llLIj^j 

* 

Euclid's Famous J>uoVl gLu^? ^jJI^^^.hTI ^juiil J^. juj Ua^aij 
: ^L^= i Lin^ iiMJi ^ njji>u J**Jl I jus> . Elements 
i Plane Geometry^i^il jL^iVt i^l jj ^ ^>^-l JjVl c.JI (,,.'^.11 
i^^»JU Jl^-, r,ti\ 4_ jJu-c c-Ilill ^Ax. t$jL»Jt <>* v'^'l 

Arithmetic ^Uu^Jl 4. c^u^ s^LJ' «.''^tl < Solid Geometry 

.Geometric Form ^jlIa ,\i 
Elementary j^jl^ji 4. i-^uVl ^Lill itr Lc cjj^I ^jlj&V Jj^t lil 

: ^ oLcj*** is>li J I >-,.«>,, ,,"*> ,.,.-,^ 3 .n oju* .Geometry 

jU^L Definitions yb>U2m<JjVlfe>*?lt(U) 

Breadth less j^^s. >L j^L Lr i^X\ J 
.JoU: ^ p^'.^i JaitU Extremities lJj! jJoVl .v 

. 4_lLi ^Jfl" 1 'i a daj>* £_a (JjLajJLi £-2u ^ In i n jjfc ^ jfn nil ' " 

4. ^ J <m Inclination J_U! ^ Plane Angle ^wll i-^ljJI ^\ 

■ J^a-I j ^ j"i mi a < U-^. tj-lg- L*iLj I «igia (J^= ^^^J Uj-^^J ^j" >.iU 



o 



ojjl. Assertions jSLis.^ <_^Jl 3 Axioms (cAaUU) iidliJlj Postulates 

Postulates uUw>Jh AjuUJi^^lf U ) 

£_u^u extension Ujl* q^qj segment 3 \ finite line Ujii^a *.u« .r 

■P, (J J/u 4JL0I3JI 4.<ijrt" i ii 1,1 i.U^tl 

.equal i^ijaia right angles UjUJI LlajJl J^= .1 

interior jLLLi-lj ^Lujlj Cj_j^=3 JJ-o (jJ^-i^l (jic A i Tu u -a ^jrt" i n, .a «^ Uai I jj _0 

jLfl ^JoLil! JaiJI (jjs jlvIj <_uLv. (jrl^-j {y* Jil La.ginLi £$-*^a angles 

.i_jL»JI \ bjt ^^k. IjLa Ijl (jUialZli jLLSJI 
^jJ-J (jP-II 4_jjjjj|JI .(_£j!o_jJI <U_cijj3 ji 4 , ,i, aL>Jl <jLjJsjJii\ •' ■ ■•)■■■ i » r- j * 1 1 o]x-tb 3 
4_jJul^VI L^uJLyll ^ a i n 1 oJ—k i in aL>Jl 5 o \ , ,, U (,^u_j j—a ...,tMI J l^_ A Vl 

.Euclidean Geometry 
.^^lo^^^ Axioms uULUI t^i)l^liA>*»il(U ) 

.ijjLuXa 1 ^1^ 03^=^ oJjLSta ,£>3>t Aja^ Ljla J= i^aL^j ^l CjL^aJI 
■Ajjl i .i,Lia jj j^-i") jJiLllII jib «L^a l i n* i a CjL o L-^> ^! I Aj^L n"i a ' " ^ ■ ^ ^ ■ i ** . ^ i < X I lj| _Y 
■ » ' Ii m* l a (jjj^jj CjLuLIlU jjla i u" a CjLuiisa jjj> ^jjLlm" a CjLua^a <*■■»- j U | j| .V 
.<*-i£cta ^jLMJI ^Lfl 4 a !" V a CjLa^j JJ AjaL.ua Cjlja^-i oAxtial Ijl .1 



( \ 

> i 

,„" a ^liill ^La doubled .-.a<-i ,v, ojLJLl oLu^aJl I i! .1 
.ijjL^La ^liJl op* halved e^L3 ijjLuiU oL*£=JI I il .v 
.^^^aji a ,ip;i equal i^L^a o^ 33 'o-^ t° coincide glials ^1 *LuiVl .A 

^1 enclose Ijl^u ^ V pLa^".^! <jLkiO! 

jjUsijj (ji ^yjjL^j .Logical order I ^ to ; o Lyj>i <L..ujiijJl oLj^t»j ■ _ ■ 

fLLJl I ^ <^>*JLl a-^jlyIIj . Axiomatic System ^UkUl * i k-.t i 

.Substantiation of Geometry 

Jlj*. >^-'_9 ^J^jJ' 4- i^LjJI CjLu-uLuubM ^rk. cJj^-l o^-'jl^V Jjj^sVl 

4^- >j~Jj_>JI j ^t-wl l £-a u m i a"' V 4i£.Luo j? t^p- defect jj) 4j (ji=aJj Jijio c>*>^ 

< <L-^ljjJI £^a_ub^_« (Jl^— i m.^LI ^-lm JUjJ I i_i_uojJI CjJ_«j£.I i_cujLjuJIj CjLxjloLj^JI 

jaL-loj A. jaJ^ t jji j> j_j j<J aJLiLjjj <j_c£>Ljj jjjL-i*. t _ 3 -i£. J— a."n,Tt £j\Jt\j^-]\ ^1 1 i^— ■ 

.^Julsl 4juJsj njjJI CjUJLxJLI 

. Scholars *UJUJl ^ ^ r, ^ ^ ^j^j&V Jj^Vl a j j,- st i j^^j 
oL>.UuJLI 3 j»L*3.Vl j Jl ^Vl proportional e^LuJI ^ j o^ju&I J\ La j^i. 
Archimedes ^ j j^mijI t_^>JLc ^pJl j i-a^j 2 ^ u . 1 ^ , ,.1 4_loj^= LJ > *j ^cJ ^ 

(J - " ' J« > i" ijl a.i..i j CjLj aj>- >. a J *J I ..aj'^ 

: Archimedes Postulates 

Ja_>JI ,j j |^JLxLaVI 1 ,1 1,1 A. Uir'i Ja^aJj ^^Jl CiLu.rr.UI c/u o-a ( ^ ) 

> ±^. ^1 ^iLJi 4- <J eii^j oLJa juj^. jl ^1. m^i (jJLi Geodesic 



^-ij Plane perimeter ^..gi Jau^l <j-u^ L^J ^pJl £jl=_^Jl J^= ^ ^ (Y) 

^j) i ii !L u a i ii j L_-a ^Jol 1j L_-JL>- <u cij-aJI a J tftj .jji uo^M j * SS' ' " ^ 

(_^LiJi j ^UJlj ^LJl ^jUI 4. Ljj ^ ^ (jiil Minimal surface « y..~-....\ \ 

juJL L-jj^j 4_jL^_L5I^ i_j|ji_JI a iiii'i ,_)^_iij LajJ j"i..i.n U ^j.. a\ '2— (j-ij it.UI (T) 

>^VL> (^jji^) ( Ua Uajl^Ij convex 

•o^tUl cA?U>> J-^ljJl (opi^U lU^JLj enclosed 

(jjiij 4j (_$ jJI ^ j)" i lA Lij jj>.VL i fiU a La-&_X3-lj j < m 1 a g i a 

.n a> b J^po « jlxjj «uLfl <a < 6 (o) 
cjI — L-lU^LaUI ^jl^ji 4- lyl ^>jlu i-aj-^ (j^Jlj Metric Geometry 

do\ei ml J^Uso Cj_)L= 4—ijjjLijJI Cilj inLui Ja->- (.j^-JI JLa£.^M ■ ■ If t 

j^a Euclid's fifth posttulate (^A^&y 4«i,„.u) ujjljjJI 1*1^ 

The Fifth Postulate ILuUN >ail ( &.\ ) 

A_tuljJ J_a t4_*j_aL>JI 4-a.L.i U I fljtl" <_^p 1 1 4j mL-uVI SjL-cLiJI i_fl^_«j I .l^-i 

i^ji^ ^>i^> J^^i L^i c_o. Elementary Geometry j^ju^i 
similarity <uLiUi Jia l^j ju*i? La J~=« parallel lines La^ii^l j^iaiji 

.Trigonometry cjliJiii ...i ...^ j i^.^ mi 

AjjLall 4 <L_uJUjJI ' _ ■ A- i ^^jLaL^JI J_l3 La ^j_lt."JI SJLv^a cLul i -II Ull ^JLilj 

Jl^— i i"Vl u j^-A j' <— i LiiiiJ. 1 a LI a^JI j 4.»jaTi.i,aU jJa2JI Jla 4_u_uJiJyJI Jl^-. .^Vl j^j 



j>Li. <j_a coincident .-, 7i : \W> La lit equal (4^1 ■ ■. ; 3ilU"a oj- 



.( j^ic ^LJI ^jUI 4- liLH ^= o^L^auLil ji obj J i JL^P motion 

ftil i Jill al 1 ii II ^1 IVi jlfll 4_i3 ^—^3 _g i$ jJI Cj-3j.ll (j-Iia. t 4_^3^>Jl fliia 

.(<^=j-=»«JI) CjMj>^cjJI 4 I |I„> \ It, JjLuJ 
(JjLLu jJLlj (_pJI CjL-^JaJjl i lit, I ijjjLljJI 4_ 4 j i iiL.u^M CjLj^JiJjl jj^aj 

Jo,) U^ ji J-wj .U j u^t i perpendicular j^Ll^ oLiLiU equality 

.inclined lines 

( I «U1 

fwiVi i ii a ^i-<-uj (j i a_i In a (tUilc 4_jl3I j Ci.i.u,j,I) fwiy i n a £jL>- 4_LaJL) ,jja 

: (_yL I ■r'-— » I j" r L ■ ^» Jj 1 ^-- g ' 4 al i n U 0jui^ 
. (jr Laj(_a Jojv j I^J_J » LLuua 4_Lanj J^Li- JL>- 1 ^ p j *~ ■ ■• " Joj*. JL»- 

U^jL-ilal jj-^aj (l>-a_9 -AjJLtls^l 4_tuJt-y!l (jj/L-uI ^^jk 4.a 1 • M oj-A jjl JjjiJI I ' 0_' (_jJIjJLi_9 
.4_ijijjjJI <|_ 4_*jLiJ! ^J^aLiiil jjji M^j^olJI 4 a 1 1 n a Cj-lLi= j miT £jj<LlII (j^aJI C"^"-? 
4 a im. a 4_J^i iTi i nV, Ci . ua jjLj CjVjL>JLI oJ-ii ^j-* 1 \j '"^~>_g L^IxA^-J *j .".^-i CoVjLtA cJj-ij 

(^Li^Jlc. V 4 jLcu-a L^i (jl Legendre (urr.wor) ji» ^jlpJl 

jj_aj ■ I jii l-i i a Jo-jl^a J-tsJ ^1 hill tjLa dil al . n,U ^Ltu jj^a C^2jL>- I j( ^LtlLij C-il <i,l . nU 
CjUlliil 4jLiaj J-i-a 4£i)"i i ii U -L^jiJUiJI il_ oj i'i ^-i (JjLia. CjLjjI (j_^=iual M^jl J-IJI 4 al < h a 



o 



Lobachevskin Geometry t^iuihm m )Uji'LiiJjA( *U ) 

4 a 1 1 n a 4 i Ap-fl 4_!jL=ta mj] ^a-.i-j joJ j_<i_c £_<jjLl!I (j^_SJI 4_j|jLi "<"»- 

uy<\ ^_ Lobachevsky (uoi . w<\r) ^^...^iVAjaJ ^isi^iU] ^Vj,^-./. 

V 4 I ■ .. a Mjjlj-jJI 4 <i 1 1 n a (jl Cx_ulj (_£j^olJI 4 a 1 1 11 a 4_Lifc^jj 4X.Lu-o (j-a ^j^— ■ 1 « .jr*. 

.^ujuiaj \qi ,'^2 4 1 11 J ijjl a 1 1 n a j^Lj (jjs jjjj JLajJLJ (jl ^j'—^ 1 - 

4 a 1 1 .11 a IjlX. 1 aj,S (_^«J, jlal 4.i.ujJyJ 4^jLcLa 4_cuJuji J-^J u^"" 1 1 njii i'oLi^J (jl mJI 

4 jljViU 4 uujjjjl 1 ifcLaj-ul jj jJLv 4 i^J-u* (jjj lm] 1 11 jrt mmLjJ 

(j_a (2 ^>.) 4_jLi. o-^=Jj 4_)julii^l 4_^jujJI 4jLi3 Imaginary Geometry 
4_^jj,jl J/,,,, a „y, , L^j^Lj Logical contradictions 4 .sum oL^jUUI 

.ojLiiavi 

^,^-1 ,,i ji^jjL^j 4 mi, iia> Consistency jj^l jj ^ j_a ^ jL^J J^a ^iil (<u 

: (^VL^a 4li£.Lu-o (j£=a_al (_£ jJI _J £-i_uLl!l (j^JaJI 4jL$j 

i 4-i-u. l i^ll mJj_>.VI ol. a-li . u - U (j-a jj-u (jl iSJ3J ^ (j-* (J-"^ 4-aJLjjLa O ) 

.cjUidl ^L. ^ Logically independent Likia aii^a 

ii-i'i (_^Lll 4_jJ_tIflVI ijjjLijJI (j£. IjUaj) CjI al i ,11 (^Li (j-a jlIIj V 4 i qaljjl 4_oL_uJU (Y) 
.4_aJL«Jll ojufc L^j3 J mi iVi u^Jlj 4jJLl>u i^^^i-l 4_i_uj_uii Jj^J i.^u (4 a 1 1 nU elxJt I jj'o 

jl (jjiU'll 4JLL3 ijjiJ&VI 4-cu.u^ I 1 a iji iApo a" 1 mJlIa (j! JLa , ..j.; .^."l .jl 
Purely (c^o) Practical LlU^ 

i i j^=J i Logical System 

(jiuij >_iLoi>J 4jJLiclJI i^JLyll CjI tijjU" (jl^jjij 1. 



o 
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j-o^^-Ui ij^ ji J-u=>3 Gauss (uoo_wvy) t> «jL^. < j_^ 3 jj ^juBVI ^j^I 

.Sjj/jijjJI 

i-iuaj o ^— i ^ ^0^1 i^j-u* ^jx. i lii'-^a (jj-^i LcuJlIa -jl ^^us >iJL) Yohn Bolyai 
.Non-Euclidean Geometry ajjl^IXJI Lu^L juu cow 

^^k. i\ Jl ^jl AjJlxLsI MJI 4-<-uJLy!l i_3L<i^=il .^l^iJ J^P-^JI (^-* AJJuJiVI 

^jL=D 4 ril"^ eJ,l AlVc^-usyij j«_Ll^3 4_<jijLigiI hill (jjl iJLiLcuJI j_iai!l 

4jLa....Ujj Abstract Space j j^>dl ^i^au ^j^ji ,»j*ai J] ^oi <ul ^joJ 

4_Jjl i? uWij u Ui^kJI j-t_>JI J}L_>- 1 g_i 4 rtU'll CjVL^sJU j CjIj i^ijpl ^_ 2jl_jJjlII 



Formation of Geometrical Space :^JLiAJl£l>iJI JS^h ( Y.> ) 

*-Atbtiil i-^jLyij Differential and Integral Calr.nliis j m^-.i i^ j .ma-m 
j^uji^^j^ji cjLS-oJaiJ sjujo. jlat ^ jl jS\ I jus, J^=j Analytic Geometry 
jlii out ^.o.v j Geometrical problems Ll^jua J^=Li-« Jj* 4. (^Lj^JI 
. Astronomy ^LUJij Mechanics l^nl^jti i^Mc. l,j 

^ i"i f ^jj/IjJI j^JLJI *L_ Ci-aJ_ijj Oj^Laj 4_cajjJUjJI CjLcjjiajJU ^j-a j <".^— . 

LJ_u>LiJI l^jl^jI < Foundation of Geometry * . ..-i « r j l oLuLl 

Projective Geometry iJoLi^yi i^jLyij Differential Geometry 



^^jtj^very close ^Vl 

.unified L^lj^-i 

^ j^Jol jl^ (jjLi bU^i Logical development s t v .u j^J^ ( \ ) 

J^jI^Io Logical dependence ^U;U j>Uk^l Investigation ^Ijj (y) 
.iitiai Geometrical propositions ^jl^i LLUxiJ! 

. i2jL<i1 i 1 1 U iJ ^\-i ^j-C <L-u_aL>JI 4^.L.,i.i-U ^jt\l , „l | jjj^s ^3 ijL^ill CjLoJLuJLI (jy^L) 
cJljjl £_ <-u^ L j'~ l 1 " j n > " oLi>! (jl (jl .(j-uJL-ilal j—C i I" -ex ^ tuJLMfc j»L_Laj tl Li 

.l^j ik^ji j£=LMij wu,ji Realization 
Georg Freidrich Bernhard o^ej ajLI* ^j^lh 5 J-^i 3 

j^jLuJI Jajl^jJI f-^xiax Ja^>- OsLi Oejlu ,^k. uoi j»Lc . uyi) Remann 

Analytical 4_jLL*il| £jUI ^j^! 

^jL-Jtei J-* J_= ^LtJ. j_c i_aJik« ( _ r _^jii4 tVi j^-ai^ 4_i^.-tig.u principals 
o^_UiJb jj^tij Jo^Jl Riemannian Geometry i_iLUi>Jl i^jL^JI 2_ 

'■ ^VLrbj <C£.Lu-o ^j-a ^j^—t <uj ^jl ^aJJ ckJLita 
.j^^JjLa . l-i -v. ^Cjl^j (<i-j-"J ao V <La^Jjt_a a U« ^ i J^li>» 

'• ^^-k- ^>^-" AJ^iaj J | 4J till jj L*-pJ 
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t£2UL4luj*lAfUtt(A.U 

David Hilbert O uv _ uiv) .-.j ,u ^^ji 4_jL^ 

CjLui^^jiJI (j^o 4_«jLj9 t ^ j-XA? AjJlxUVI 4jj/JLyJI CjL«JL«i/s ^j>s J ^1 ^— . j»Uaj 4X.L i^-> ,jj3 
S jnlnia i a-i'ii^ A i-uJLytl oj ^ L^aJI £j cijil u 1^. J>i-a >JI J ^ i_- 

. Logical sequence 

i^Vlizs jL>oLi jjVI l^jusjju L^-i-u aJjLuII cjUb^L*JI J-lL^j cj^JL* ol.a.l mih 

.planes oLj > -,,,„.u lines .U j, u^ n points JoLUI L^j^^a 

ijr\_i i lie : <*— jjVI Ja_ij_J! J}L_i-., ( j_a I jj-ti 4_JjLil<a CjL-3>L*j Lg-Lu 

.congruent j^LL: < between 
relationship 1 6 -,n 4_bLiU oUsMjiJIj j-r^l A. j^Li^l ; 
^^^a j_i>j 4_3_>L<Jl cjLcja^JLI ^-uoLc. .totally arbitrary i i^Lui-l 

cjUI^o — o — i, — »jj incidence £j SaJI s_ 

jji (j — ki ^ betweenness i .liiJI I—cl^m ^ . .. - :II < tj^Jll 

— *^ — >uj congruence (JjI — loiJI i - 5:111 5 c: 

L^k_5 ol " o l, ,i o ^j-^j continuity Jl,^ ~V1 i—c^^, - -TV ^j^j,! 



.L^La ^^i^ai jJaa J I 4 q jnl cu. U i tl-iiill ^j^-^" t_3 ^jjj 



o 



' \ 

.axiom of parallelism ^jljUl ui^s jc SjL^ 

ajjjIaVI 4-^jiigl! iibjL>JI CjLiIcJLI L*SLa (jLa ^jula! Jj-^l jj-a (jn^— ntl ^^Ic 

c^t^al l^^Jj Geometrical figures i-w^JI JI^.VMJ <.jLu» icr k. V 

I j 'J ' CjUa^LatJIj CjLj ^Tli.i>,U j i U.j t-» 1 1^ JoLooJI ( _ 7 -& (Jl ^—i i"uVI CjLc Cj^Lj ^5-^-3 

■dil <il 1 oil ■ "«1 .11^". a ^2->^i i_^_>o 

^)l I I 1 11 Jijfc. 

((_j_JLl<L>JI ^cjl «JI) o\ ;tr»JI "ojjt >JI (j a CjLjIu i Jjjl i>- * ' ■ "■ 4 uijjyl\ ( \ ) 

4 jSja-Jl *L_i>u ^L^iJl ^ Lj jLicl 4- j-^Li c-p. real world life 

■cjUIm,u ^Lki jUi: V o>j real objects 

p k'« -t-a-jJ 4 _i 1 uJiJiyJI (JL^a^IiVI ^j^ajL^ai. ^ JLa-" 1 n"i ( _ 3 jJI AjJioliVI <L_uJijjJI I Jjr.t (Y) 
(_$jl_«JI (j ii U ,_)isjL«j ^jJ-Jlj c>^~* 1 " '"'"Wj-^ ij - -^ "* iil"*t» 4j 1 11 J i 

jt 4 , „ n'y Jl£a_iVl j»>*ia ijLjjj ^ij-ilJ usual notion 

Analytic Geometry ILLlUxII 2L«JLiAll ( ^ ) 

.Cartesian Analytic Geometry i^uji^Ji ; jUv.il i_o,ju,jl J J3 ^\ ^L^Vl 

^IjL^-l ^LLaj JLioJ J ^-lal d-y- JLuojVIj £>3>!l 3 t_jjpjl CjI a I , ,1 a »l, . ..I » till ja 

■^j5'n.,^l coordinate system 

jL>ol ,j CjLc jx--*-al! ^yJjL^ajjJI («.Ijlj>JI) ■ 'j H j >J-^>JI »l • -I 'J 

M 2 ^xR^jl^jJI Jjl^JI ^L^j^-M, 1,1 JaLSijrj-j^jL^i ^LG 
— ii}Li!l ^-1^ iiJ Ll^, UL cdJj ==j jfuLM «U CjLuIj >-l jj 3 j 

. K 3 =Mxlxl 



© 



, , 



J l^-i 4jL1_j ^Lj^IiLij ^jlj) U! LjJiJ^M S-j^tJI ^Ubj V 4«l..i U J tV. ...1. 

Theorem of Phytagoras ^^.Lipa ij>l^ i-^Li.j similarity of figures 

distance oLJtl (Ju^ju *LLml j^-ial 

M x (x v y v z^) and M 2 (x 2 ,^ 2 ,z 2 ) 

.vi-p. d(M v M 2 ) 
d(M i ,M 2 ) = >] (x.-xrf +(y 2 -y ] f + (z 2 -z,) 2 

j^ljiie^jL) i-j-cujiijjl JL^=_iVl 4_^Jj_a A j1_lL-*UI A-ojJlIjJI <ct jlaL>JI ^idCJI 

.CjLuIjl>.VI filVi j^f jj^JI 

t(M)ttr* 

l^iLlIo Uajjizu i in.u^ii >j>-laj ^ ^-i j^js (j-Jul^j complete 

.l^jfl (j^^ V jjUj strictly logical order 

: cj^Vl. fifth postulate 

jjLj V A 1 1 , u . 1 ,1) ja^la V 4 oli..,i.U (jjjil i I-I V £JJ^I Cj\ o \ i .1,1,1 <Lc (jio^aj 

* 

". (jj-Aj i .ijii i'i'iLj^J 4-ssjuj Liajl 

.1-1 V oUI„,tl oLl^^JL 4^e_UJ Cl I, lit J V oJLJLl 

negating statement y-iyz I-IV oUL,.qi cjL^j^^ f jV lj| 

ujj-Jl^ LuLlo-La £s\fu> jiliaj Jj^il ^jUllI J^=J 4j-,lU]I Ijl 4 V 4<ilmU truth 

.non-Euclidean geometry ijjuisi }UI ^jLytt ^ . 





• — — — 4-L>UJl 4~*JcJ>\ 

Absolute Geometry (^lWl)3JUm ! 2UhiiAl!(K\) 

i-^jUyJI u< „i i I-IV It j r Jor ^ j a .U a a Ml ,^ M l J k", 

sj^-jUJ.! i—^jL^JI J. Bolyais terminology tfi>>JLI ^ '^U sjuUJLI 
oa-JiijMNj AJjuteV! o^j common portion cdp^UI (*>>JI) ^UJI ^l»3 

4_rvjjJI ii A *n -uijia^s I-IV lIjL«JLmJU CjLcj-a^a a Jail mm C^Lul ^pJI gijlluJI (jV 

.^^n.jrtiViLi^ L^jiiAj Jjj-J^VI ±y» J^= 4. equality valid 

World Life Geometry *^j^lg3i>llj:L«dLLfc}inu ) 

Geometrical space ^j^J I j-l j-iJI J^ail l;,.^ «j j^LJi ^^jJI <>» 

*_bUH I Natural relationships < jtj . k Ji ^La^UJij Geometric elements 

:(ji-J J>2JI i <lj 4jI lju*j t-i t U ^1 ]ri ill ol <i 1 1 H U ."ii ilU" a j^-w" I j ".j i 

JLji-L J I J <n 4 , n rt'i ^JLoliVI £\j-al\ U3--^L|>1) ,j-uJi_l[3I CjUJLu_xj .-.I MU~* 

Ijuju) tf> u=.Li£. Ju: Concrete objects *LuiVl i-ic^^ j i^.':. ! sjic 

: AjjVI iilabM J}L>- J-a >-liJ Is (^"millj JaJsJIj iiaJLcl! (j£-iL*JI »j .1 Jx. 

t(U)jLU 

.spatial layer 

t^JulSVI CjUIm.U ^Uai 



/ \ 

> . 

tjryJaiJI lv^u 4_Lx2_lU 4 figU oj ^-ill C— 'iL^s Ijl ^ jfi i „_,U t^-k. J— 53 <Jouii!1 
^Llaj jl_ui.| ^ 1 ii 1 — i . g" i-^ujulyjl CjLiJLuIIj 4.j i njjyll ^j-usLulU JJLaLiJI a jJalll 

JU* * ^j^i.o cu>j Degree of arbitrariness ijjLpi.! oUJLJJ 

.... 4 CjMjjj»o t Jl^-i 4 diLc.j-4Je-Q Lk^jo^sLic. ki-jO- 4jjJl>JI 
IX-xlaj e^j'i ^-i ^1—»J( t jaj^A^. 4 LiijJyJl .-it Sj.U*. 

i^uji iu^jji c_u«L Mia i Minkowski space ^ — ;' a j^'- u 

Abstract spaces sj>*ai oUl ^iJl ^La .Special Relativity 

j—iUI 4 (crJ'jJI J*l*^'j cj-^hJI >^J0 oLxaLijJI ^Ui Jju cJLm£=I Jl_3 

Projective Geometry UtfrfllLidLiAMOY.U 

* 

+>j^. £±> (^la^ji ^ o-jb-j Theory of Parallels 
^ k^^^ ^j^i tfjut i Projective Geometry oLLiiuiVI i^jLyJl ^ 
j^aLi^^ sjloju^Vi jji 4- cJiL^jj Pictorial concepts ^ r^' fy*! 

.a J (i« U ol 4.1 1 "U 



© 



Jj/gOWo. ui^F. Klein q^M^ l/i \ av o ^'i :r ^=i 3 

(^ic. o^jj o^.Mjfl-n'^j tr-juia! General Interpretation ^ 

L^jI t^-J^- 4 kiJ'i# \\ 4_aj^jri<n 3juii_i 4 l~i yijja CjjI^s ^^L^p CjLjjIj^ a jUI * . „VI <jj/JUjJI 

Group of o^L^I (>» iiuu. s Theory of invariants ol^iViUI Lu.1 jj 
i^ju^u Group-theoretic approach j^jJl Ji-j^ .Transformation 



.Erlanger Program 

IjJI A — uuJlIjJI phi I i rt/i'r-i " »1 Ur I ^j-j^L^a ,j a ^aLJjjJI I j 6, 

,j^a ^l^jl .Xa-aJ 4jI (j^JJ '- Juk 4- i^ttseJLl ^tia lj.o,U Llubjju J^L>- (jja 

t^-OJ-JI ^ J J it I ^JL-JSVI ^Ij-aJI (j-A O-jIUI t LLW)VI Cjlja JL-*J1 A-uMj CjLc.1 jJil\ 

. ^ . j^jjo ^jl^-) ijjuJS|>UI oLc.1 ^iJtj ^jl-jJS)/ Intutive every day 
oLc.1 j Hyperbolic Spaces i_i jjIjJI oL^l ^iJl ^ „ , „ jj r^^... ^.v.i.y 
^jljuJI oli i-^jj^JI i-o/jLyll L^ioj Elliptic Spaces ^^-^ «i-ti 3 \ l^Uj^jI 



U^s Spherical Geometry 





J 




n 








La 




' — ■> 

«• 

j| o-jU. uyv f Lc Differential Geometry ^LiUUI 
Intrinsic i^li-ljJI 3 \ <_uljJI ^jo^I <-,l^ ^I^^U,,, 1L ^L^aiJl 
^ l 0^=-^ tP-il o- ^ '>-> J, ch* i-^j^Jl-tfjufc .^U.hH Geometry 

Ji* jja^jl j^k. Measurements cL-La iLuJ^ observer jjj^is 

5_p.jUJ'i ^jjjji ^coji L^jU dljj, l^^U-j < Land-Surveying <>jVl 

.Extrinsic Geometry 
Eugenio Beltramioi- -.uro) ^[yh ju*.t mia ^ 2_^>$k • 
Interpretation of non-Euclidean L_jjJki>U1 \ ^ j. ,„*jl1\ 3 

■. Geometry 

. . ,.11 ^^tjl 

j_flj 4.jJl J,9^M mi U ijjluJLl 4jJlJ^I>UI i-^JUjJI Jju>u (jt (j-o 4 a I juka 

.Theory of Surfaces *>*^= J*L^= cA.^ o-*^ 
The Axiomatic Investigation LuLd, ,d\ oL,l jjJI 'l. 4_£ 3 y l .';. U Jol lji 

Genearization ^ .. - ■ i l uli jL^j uoi 

Lobachevskian Geometry ojuJisJMJIj ojlJSVI oLtlj^LJ 
j_c l^i^ 4. uiJiiG Riemannian Generalized Spaces ol^ji <.«««.U 
.^f^.M j*. Curved Surface <^o^» ^U,,, ^1 Jla ojuS)II oLc.1 >iJI 



jL«jV! sjjljuU oVUaJj 3 ^J^Lw Curvature t L_boVl 
cU^uiiJ 3jl_uL« c^,i-..^l 4_o-c-UI (jL-^fj Multidimensional Cases 

4ju„ni) Theoretical physics ^k^l 

: (^Lj L«-a ^ i^t" JljjJI I jut. ^Ir 4-jLvVI 

t^LLiUUI ludLttl ^ lib t tfji 

.4_lLusLi1II CjI n* i*i U v j^. 4_d_>J,l i j - ol3i»JI 4_»_uljJL! ^^l*-) J - ^1 ^* tl .T 

(y / C T 

.( 1 ) = ( : ) lUh^-II ,„~ ,<lfi^-.^ 

^1 (J -—i i m H ->-*-> (j-^ J*"-! M<il i^-oljJi-i L? i»j 4-o.jUkJI Ajli^LaUl i^jUjJI .0 

v yJU ( A -j.L-»JL 1 ) 4_ul jjl 4, J i^UllI L«jaj J-^-i ni 11 ~TjL>- ol^ L*== 

»U... ll ^ K- 4-al i ,i U LiLL 4_^jjl3 V J k~ 4 _lL-»JII 4j >»_Lyll _j_>Jl ^ji (_yujL>. _"\ 

.40^ V JJa" (^1^1 'i_ ,-,,.mQ 
' " «~ J_>-a 4_xL>JU 4_x*3 1 3_s- i" i ..I j 4j3j^j J 1 _jJajJl ^ ^Jlj ^ t^> ■ .. II i_^^x. (jL^jj .V 

U ClJl 4^1 I 



> 1 



jZyX \ ^"i i c.ljjJ ^LlLxj ^yj^llll ^Jj-aJI 4_Jol3j <JL)Lc_j^*-a CjLtiajJLIj ^jt-i i nil -A 

\ g" 4 i-utjJ (j— « (j '—i <i~ -i ^ Cjl_c.^a->J.I 4_j_pja(jLi J—aju j»3-aJ (iJI-i) 

.(^.^ ) J^~i »Ti eL ^jud^a ^Jts 1 <i ^-> (_£p^ljLJI (Jjl^Hll <^>C- 4 I n"n ii a jjluill (jj)^-i1j 
4 -— j 4_jjLa 4_LaJL 4 '—ijj>- ^ys\j^*- jjt-i 4j mL-u^l Jjjj^jilLj ^n" ^1 4_tLusLiuJ! 4 i »J i^JI A 

.<— l„ i n LaTi a ^ .c h'v - 

4_i_^_LuSi (*-ukLL« ^Lj->j ^IjJLj .^JuJfiVI ^J^> 1 1 (j.a" ii V > '1 1 nLa,"U ^«jji->JI 4-^a^». ^ * 
i'j i nLalUI f> i n ->JI 4_==j->J 4-O^I U AjjJUjJ! cJu^a^! (4jli^>Lflj 4 i M t i lt\) ojulal^^. 

.(yJVI (jL^j!MJ J^-i Mill ^ljJ3 4_ujJiiji>) i^=jjJI Cjl i mia ^bill ^i.i 

4j_^jJ(JI £_^IjJU j JL^=_j,Vl 4_^ljj L^jL 4_d_iiUl!l 4_u;jiJy]| ^3^_*3 liitjJj 

.(^y^-^J^J^Jj j-l>. jjja Igj i U i'jj Laj (J^al ^— i"JI j JjusLalll i_il_cu>. ^1 J.-»r" i <<V-J 
i n- (Jr jjt_La) CjLJcJI JLjJLC jj^j (_pJI JljjJI J I 4-lljJL) pl^l 4_JxiLfll!l Ajj/JijjJI .\ \ 
J_iC LtlJ I j o jLi JaLaj ji CjLlLo ^1 JuC L><J" L^j JjlaLLa Qj^— ■ Jl3 L^JLta 4j| jJI ^jufcj 
^jU" 1 n ' LjJ^Li. (jJ-II «.L-LxjVI 4_II J t _ ? _ A j 4jl lA-ilij 4_ll J (J^l_>. I ^ ii ,t,n j 
^ i^i "1 <t~x>- (j^x-II (jjL£=iJI £j_u3"i/l 4 «i i^ij i_a^IL>-l JlLa ^^ij J^" ' tlru ^J-LajJI 
A-uLl^^Ij 4-ujLZJIj ij^jjsljLJI Cjlji-y iU (Jila t-i 1 nil (_,U<1 j_pJI 4 lil'^eJLI dLiist ill 

. L&J-l£.J 4 j 1 iuJ^xjJI j 

4 a , *i m , I Li Jaaj^jJ j^JI ^ajjjLijJI (^LJ,! ^==3 4_L3-jL>Jlj 4_iL>.|jJI ijj.JUjJLj ^yjju 

3I L;r JjtHI _al ^U,, i I I J 1 ^-! in JljJl>u 4 Jii^^a I— Lifc ^^Ljuj ."-^jj^oJI (j.lf 4_tiliJ|j J jVl 

Convex and Concave ^j^l 3 j*zai> jLcb t Li^L Gauss ^jU. 

4_ulj 4j_uoU- ^y-^jUjI frULs^lVI .^,-^jUJI f.\ i.^lVLl ol_*^l grUlnUlj fl j" mi VIj 

^^jLl ^Jf> , , 1 u jjVl i-iLubUi!l cijUi.-ui <gV intrinsic property 

^^UJI *U^VI .Ljl_9;JI_j Sjut^ai jLLLaU oULUIj o^jiJI i-.1aI,„ „U JIjJoVI 




u 



(^ic observer jl^Ij J>U <y» <ai^.>u «, 

.(j.wiall Frenet a_uj^ j-j-^ =Lc*JJi ^ ■ ^ ~jj ^^LijJI ^L^ill y ^jL^VI ^Ljill 
»juu ^LjL jujl^) (jjrtiJJ extrinsic curvature (^aj^oui) e^jLi-Jl *Li»oVl 

*Ll»jVI .(^MiJI j (^jjLuJI i2_ < ^Hi>^ j^H- 3 4r ' J- 5 Jjl J-* ( J-a-lj 

In 1 iIjUI iV iVI ^ In 1 11 11 tj-^a JLt^sljJI fllj-J *l_L>ijl jjfc , U , „j", ( I 

bending L^L^I JUC y^Ja,.,,!) 1 n.^l .oLa. JarJl {y> >/'^-> 4- ^ijL5el"<V 

jMi>- (>« lnt_i (Lo.^J^JI (^LuaiJI 1 jlc LmJs) deformation j^ju l^d 3 ) 

(jr i-e_Lj (jl ^In 1 nil <U (_ 7 Jj« jj (^yjjijLjJI tU^oVI .Lb Ja-pJLI »1 i^iiil! jLu£.l (jjJL) 

i j_C Ly-c>o ^^jLi. «.Li>ul ^y-JbtlU «.l_L>jl .(^ J^m <jljln m^M) ■ ■■ 

4 equiform motion JjU3 Jj^j 




* 

: <>a Ji=J Ujjju ckcl O ) 

.(^JLjJ^I i^uJlllil (l) 

, .ijAJioLi^J <^Jl1& (ll) 
.^jLwj ^jlLa (ill) 

.Sedjj ^_iia j . CjLuiJ-ijJI i a j i i n" <2_ j»Li jjj Cjjul! i <il i n a (V 

.■(-ujjjUjJI ^jL^JJI t fTjii<-i"l ^jjjjJLI (jj^Ls ^aLj^j ^j-it (i 
.ijjLx&JMJI i«<jujj-l ^I^IL j i ..'a t rtj*^ j-ii>j (A 

.^jJlJsI J ^_uai'^_ j j) in rill Cj->JIc L^ji < «i — i jtii (jjiJUAiijI CjLixi^ ^^sil ( \ \ 



f \ 



Vector Fields Analysis 

J — JaLflJJ l-> -»J I j i •*< 1 1 ^_ i- J Lkll I Q i iij J (jlj Jjj uj i_>l Jl I J 4 Ol_£jIbt« 

CjLi ^_u3 jjt 1,^ i c nLZu i iiLj t d"'.'^"'^""* 1 .' L-I*3 Liikj 4 jljl-a-'ll 4_<_uJLtjJI j ( L ) J *l 

l^JL-JjsVI £\j All 4 jUbelll 4_ J _uJuI ) JI u If jJjSis^J (jU* Jj'-^ A~tKj , ,1 -,^tl 

dJJj <: ~?j 1 j I al ^-■"j L^JL LiLoj 4_jjLj^3J 4__ui>L><jVI JljjJIj Cjl—^ae-UI jJ—jlxJJ 
Li-,i,.ri^X.j 4j i uLqJLI CjLc.lj-iIlj i ij^-il 2 '« j A , ^ ^ ^ 4_oS^Lc^ ^ I , M A", 1 1 p ...Ijtl 

Euclidean space £ ^idLliV) I ( U ) 

4-j>li]l ^Jl-lG^/I ^'><jJI i_aJ>«3 LLl^mj 3 Jjjui A-LL-ujlJ$ ^J-tfil i^JljIsI i> 

J-iUj (ji-I'j {P } A j i.i.ti^l JoLoill £-ja>- (jrlc £ 3 jjsjJLi <*J jJlj jLxj! 

I_£.jLs~I jla\Su («-i-ulj (J^*^ 

R 3 = R x R x R -> £ 3 
P s (*') , / = 1,2,3 , V g R 

icj^a R 

Ju-p. £1^1 Ijy! <,> ^L^JI i!b L^xL. ^3 jju {x = (x ' ) G R"' } JoLiJI ix-j^** 

(x') 2 (2.1) 



/ =i 



' N 



: !_^i)2[^=> X, y jjCiWct i ^/u JuuJI iJsjju LgJLaj 



<x-y,x-y >* = [X (*' -^') 2 F 



(2.2) 



/ = i 



J) <i l$~ Jl " _9 cjjJLuLi ^jul^/l ^^LlII £l>iJl JL3 (jio^jLit I jufc jj_aj 

^yJk (JJ_J^VI ^MiJI ^l>-ill '-^J-'y 5-3^>i^=l i-Jj)U.iLa ii3ajjl1 i^jljlll <JjL£>U> <Ufl 
£J>-3 <*_j| ^1 i_iitL>JI jlj_c.Vl J fit. u -\c i^j-aua 3 oJlju (JjLu-a ^^ikL^u! 

.JjaL»ILti (_^jLuca ,_^uLjjI 4J ^^-aLjoI 

jL»jV! L$jl <_j-k. ^I>-^" <4- U 1 ^ ta $ b-^-^i cr^'-S ^-i^HJ^ 3 ^ CjLuI J^^/Lj .X ' u a ■ "t 

CjLj^l XJi _^j ^. a - i "i CjL ^r i .i , «-U aXJt i cla ^-i" a Sji_/iLjLia ' "'^Jj" ■ * Cj^Lj (j_c 4_j.}^ajiJI 

.iiaiui cjLuIjl^L ^ a , ,n ojj^ji jbuVlj Coordinate Planes oLjIji^VI 
£1 j^Jt ^,„^j u-upil t^k. W * F t H lyly^j^yz <xz & xy oMiJI oUp. U 

£_uajjj OCtant ^^-a-ujj L^-La l)^ 3 i\infi'ia <LuLat> 

.O.y) j^j^JljO.r) 

z 




O.Y) J^i 



> < 



Octant 


Signs of Coordinates 


Octant 


Signs of Coordinates 


X 


y 


z 


y 


Y 


z 


I 


+ 


+ 


+ 


V 




+ 


+ 


II 


+ 






VI 






+ 


III 


+ 




+ 


VII 




+ 




IV 


+ 


+ 




VIII 









O.Y) JjjL*. 



(^^IjJIj Horizontal Lr 2js^\ . Unm U ^ /i . « L7 . q . » . " . "i 

v^P 1 cr^- Profile (ii^l) J^ill ,us.., aj ? Vertical 
J}U. ^ (y_y) j^-, a 4. ^j^. >a U^= j-l j^JI 4. S(a,b,c) jjl^j .(y.y) 




(Y.Y) J^xui 



( \ 



: (Standard Position ^Lill 

oP = e, 

i = 1 

terminal point P IA^\ initial point J_^Vl JjIjlJI * Us; 

:(r.V) J^-,,7, (»ai ihSill £•! >)! 




(r.r) j^i, 



o^Luii 1 ,2,3 j«uloJI jls-G /,y , k, ... j^ajJI (j? 1 jlcI <«Vq (jVI (3<i"'t 

4.1^. " l.. 1 i-U £ji i i~\ \\ ^ya <L»j_uo : ^^Vl t-i^Jjj/Vl ^jsi-t\~ijj (_ T *^J>JI j^l^ji-VI (jO iVijf 



© 



Ijl^aj ifl'^ =a'6, +a 2 b 2 +a 3 b 2 



Zy ijLssjV! (jLa 4 jlr j COS Of j-o^JLi LjJ ^^JJ ^ 4jtL*lI <?L>oVI ^L«u ^.q,. n't 

^ u u v Direction Cosines u: ^^>. ^...n ^ jJl j 

I = cos a' e. , cos a' = , A =(x ' ) 

\A | 

/ = 1 

t( >.Y ) JLl» 

cos 2 a' = 1 o'c^i 

; = 1 

.^yimi ^ A = \A \e , , e , = (cos or' ) = cosor' e i 

:(LY) J^j, J^U^dUj^^j 



© 



/ \ 



M'(O t y,z) 



M *(x ,0,2 




M"'(z,y,0) 



(i.r) j^a 

M V M 2 ,M } j*i — .M 4 (x 2 ,y l ,z l ), M 3 = (x 2 ,y 2 ,z { ) j»i — aui 



Pythagorean theorem c^liuis jnlmj 



d(M„M 2 ) = ^(M„M 3 ) 2 + d (M 2 ,M 3 ) 2 (2.4) 

J(M„M 3 ) = Jd(M v M 4 ) 2 + d CM 3 ,M 4 ) 2 (2.5) 

</(M 2 ,M 3 ) = |z 2 -z, | (2.6) 

oLUl ^ (2.2) iL^Ji ^ (2.4) ^_ (2.6), (2.5) ^i^L, 



M, 




(o.Y) J^i 

:(Y.Y)JLi* 

(^jJI S_jjljJI (j A La ( OJV JJ- 56 -* < OX jj_sta 60 ^'"-^J A 4-a-"U 

1 2 1 

cos or = cos a = cos 60 =— o'^-^ 



^ cos 2 or' =1 o' 



(-) 2 +(-) 2 +cos 2 a 3 =l 
2 2 

COS(2 3 =±-U lilCOS 2 a 3 =— ^Ju-a^iL^laj 

V 2 2 



3^r n . . 

4 4 - 



© 



' \ 




60° 
o 



/ 52° 



>y 



X \\ X 

O .Y) J£=ui 

t( T.Y ) JLt« 

2 2^ 

Ssin or + sin fi + sm~y jljOil ^ liLa 
sin 2 cr + sin 2 /? + sin 2 y - 1 

xt,Y)jiii 

((Y.Y) Jllo ^tul : jLijJ) 

t(0.T) Jilt 
tC\.Y)Jli» 



/ \ 



X 




(V.Y) J^i 



4_A*di jju-l^x, L^jt M 2 (x 2 , y 2 ,z 2 ) c M,(i p v,,^,) 

w : n i i,„M M X M ^ ^ljli iki M(x,_y,z) 0I3 M X M 2 i.*Ca\>«* LtkaU 

A/, A/,, M, JaiiiJ^^JI cjL^*i» Ua r, r,, r 2 jl^. lilj M, i^U^ 

.(A.Y) .nil IL- i^ 1 1 VtHA" ct^- 




(A.Y) J^i 

: (J I I ?-»" J J^— 1 i~iJI 4_ujjl_ui ^jjfl 



/• =r x +M x M , r, = r + MA/ 2 




a JL>. j £ (_psj^flJ 

r =r x +m e , /* 2 = r + « e 

-. ^L^=j U r (1 -I ) = r x + — r 2 •. ^ J-uasu e <_3ju»oj 

n n 

r = " r > +mr > (2.7) 
m + n 

■pj 1 nil" 11 4 t-> ii i 1 jjis^Jl < "»-".a 7" vZ~p- 

oLislo^VI y M f.j-s-il J\ J\ ^ui3 (2.7) <a>UJl 

M( n x \ + m x 2 n y\ + m y 2 nz x + m z 2 ^ 
m + n m 4 n m + n 

: 0^ k : 1 ^jL3 w : n c^L£=> lilj 



+ k x 2 y, + k y 2 z x + k z 2 ^ 
k + \ ' k + \ ' k + \ 



p. middle point c-i^ui iki cr w; Mj\j* k = 1 cJL^= lijj 
j^Mi^^, (2 . 10) 



LxkiJl ^ MaU^-,11 jUa A: < cJL^ ijj LJ internally division 
.externally division 



> < 

t Vector analysis uUfalil JgbD ( Y.Y ) 

ol Qy~A \ J-^>«J ^-J>tij cK'J-V f>^ £l>^' J^'- 3 l-ijjI i ill j ■ 

.CjLgJtllLi Jojj^j ixijijjjjl ^Ltllj ij^jL>JI CjLJUjlII 

t(\.Y)»Jj>j3 

jJI_j A — (a' ) , 5 = (b ' ) (jr^aOj, ^^LxaJI t_)j tl J_^sU- <-3>-*J 

3 

<A,B >= ]T a' b' (2.11) 

/ = i 

4_^sL>. SJLv j^uLiJI <_-ij_iiaJlj ^^JbiJjJI i^ ll (jll jjr\i «bV ^1 < > >«>!1 

t(Y.Y)tii>i3 

5 = A J , A * 

<^,5> = 0if ,4 =0 or 5=0 ox A LB jl«UJI O) 
<A,B> = <B ,A> : JsUUl^U(Y) 
<A,B +C>=<A,B>+<A,C> •. jy,^! Lu^L^ (r) 

<aA, B >=<A, aB >=a <A,B> ,\/aeR 



© 



' \ 



. A (j-o Vju A JjsjJLj <LaciU y^tj t ."^-» ) ^1 ^JLe. JjijJ (jja 

:(Y.Y)Jli» 



. H 1 ' V i=J 

" >0, V / *j 



E " , (_^jLulJI ,ja ^b-^ (j-zL-ul qj^-i"' SjuoLlLo ajjL*c 6 ( oLg -» -"U 

j(T.Y)Lij>*3 
£a}UJL> 

3 

cos ^ = ^]cosar'cos /?' 
.^^i ^ /4, B jr^uu «Uotfi ^ u; ^ cosar' , cos /?' d~p* 



t(A.Y)Jlii 



COS (f) 



<A, B > 



<A,A> J <B, B > 3 



(2.12) 



|£ |,|A| w Jc(2.11)i5>UJl4. > l 4 <i i ii n i 



© 



<A,B ><0 



t(Y.Y 

jL^= .SjU. iylj (9 oP* <^4,5 > >0 c^L^= lit 

<A,B >= U ||Z?|cos^ c~cv ijjlj ^ 



Orthogonal Projections 2b.)>ttll laSUUI ( S ) 



<A,B> . B 



B 



B 



(2.13) 



a_A L«J= 5 (^jl>3 (jlll /4 <L*0J,I 4^==>a $Jt P B (A) jljliaAJ ^^JLyll (.yiaJUj 

.(VY)J^l 








(^Y) J^S, 



, ( X) = ^ , PJF) = (2. 1 4) 

.j-a-La jl ojLj. $ ijal^JI 1- ■ i-'*- (jj-l^ V^^-" j' H-^^ O j*^" 1 .' ' t-i i iinU JjJo (jl Ja->-^ 




x / P p A > 



P B A < 



*-Y) J^Jui 



(2.15) 

\A\ '""Ml 
jL^li! Jl^lot or;., 4_a}UJ1 ^.U.- ^lII ojl^UI LujJ qj-^j (2. 13), (2. 1 5) <>° 

JWdi = lii (2.16) 
P A {B) \B\ 

■ s j>u= ji a r -.^ ,u^..,ti 5_,li^= (2.13), (2.15) <> 



P B (A) = P B (A)e B =<A,e B >e_ t 



(2.17) 



P A {B) = P A (B)e A =<B,e_ A ><r A 

t(^.Y) Jll* 

(Jjlj-J (jjJI <*_ssHI Lr A£- V = (1,3,5) d-jtUU <US,,i a Jjjo Jl^jI 

•«= (1,-2,2) 

.((2.15) i£}UJl ^jl^IlJj e (( jl^jIj w J^L jt^ji : jLijl) 



"1-8 (Y) 

.xy-jy..,M,Uj F ojljJl ^ ^-^p-l F | cos# = | F YV | <y* ^,1^3 | F I 




F. 



(n.Y) j^i 

:( >«.Y ) JLl* 

orthogonal base juLi* ^jLul* ^LJ LbjJ <jL== lij F ^M-iil j-l^l 4. 
{<?,. } ^MiJI {w, } ^MiJl d^-aj\ 3 < e i ,e . > = S y 4_ii ^1 {e i } 



{O. ' ■ )j_j^reIiJI 4j3jni,-i a (jl j_4 F j-J^_aU J_<aL*ILa ^jLjjl^ (j-ul ml {W ( } 4_Cj^_>Jtl 
4- (jrii^l JlJI i_j^jiaJI CjL£I^) S^j^^l^a tilJj tZjLuj <_JLLa.ll u Ir.j ' ^ _' 'J 1 ^ QJ 

$\ A' — A lij J___j Ijj 4_jJj^jC y4 I a j A , ^ II ^ U^ll ^_<_>JI : jLjijJ) 

(DetA =±1 
iO\.Y)JlJU 

^ =(1,1,1) , B = (2,2,1),C = (2,l,2)_^6> = 5ic^i>Jio^ 

: (J ^iVl__' (j4 ihii'i ^1 1 mi jl <*j*I-a i__i_u) AJjIjJI ^>L-ol 0*-*j 



o 



I « 



AC =-oA +oC =(1,0,1), AB = oB -oA =(1,1,0), 



AB 



= J2,AC =y[2,<AB,AC >=1 



cos 6 



<AB,AC > 



cos# = — 
2 



1 



y4C 



:(U.Y)J^ui 




OT.Y) J&xA 

:(T.Y)ll^> 



(>4 ) = P B (A) u =<A, u > u 



© 



A = P § (A) + orth B (A) (2.18) 

*( >Y-Y) Jt±» 



A =(2,3,- =(8,-4,1) o^Morth B (A),? B (A) 



P fl (,4)=<.4, u >u i^UJI^ 

.-1 5 8 -4 1 

</!,«>=-, w - r = (-, — , -) 

3 <B,B>' 9 9 9 } 

8 -4 1 



P fl (^) = ( — , — , — ) ^J-^ 
27 27 27 

, , , x T fr — 7T ,46 85 -28, 
orth B (A) = A - P B (A) ~^.) ^'^3 



< P B (A ) , orth tt {A ) >= ^ jL^stis o' o^=^i 

o'j/^'i Jl>JoVl jrj_j correlation coefficient ^LGjVl J-aLi* ^Uu.,^ 

H = {h i -h) ,W =(w ( . -w ) 



/ \ 



p = 



<H, W > 



<H, H > 3 <W ,W 



(2.19) 



t(Lt)kij>a3 

l jj j-l jJii\ 4 ol..,^,.;a U^=jj A = Det (a 1 . ) > I jl £t>*ll 4. j-^l 
^Miui L ^ A ^ A > yjji iJUji 4j . A = De/ (flj. ) < oL^= 

Jjj^fcUl ^ jrt.^ a <jJj^l iS^^a {d. ) C~t>- Jim.; 1 1 (^MilL JujLlUI 

.( \ Y.Y) J^-i ,» ^jJs J* j_A 

.(ir.vjj^ii^ 




'0 




Right hand screw (A > 0) 




left hand screw (A < 0) 



.orhtonormal basis ^jLut* ^LJ ^ J^-n u h-^-x\ 3 ~^j-> 

t(0.Y)iij>jJ 

Cross product ji Vector product ^L^Vi <_j > ^JI J_^i^ ^ ^ 

4j| i A x B j-ojili <tJ >jj jJij 5 4^4 (j^stH 

^ xB =<,M >^<B,B >^ s'm6n (2.20) 




1 5 |cos6> 
(u.Y) J^i 



' 1 



<^xfi , A xB >^ =<^,^ >^<B,B >' sin # 

= M | |B| sin 6 (2.21) 

o^*i^ ^,5 ,ji A,B (jjjjL*^! u^*Ul > : ^ Parallelogram ^L*iVl 

e ( . xe =e A , / < y ' e i xe. = , V i 




A xB 
▲ 



B 



A 




^ x5 



Oo.Y) J^lA 



. £ ( xe =5 e k jLa ( 1 ,2,3) i-c^^^i! cr I^. JjjLiII ijc^^^^a LUaJelxJ lijj 

Jj-a Vjl JjiWil Li i n v J^ua_>JI j^MJ I t-j-UpJI ^^ic (1,2,3) <£. j^j>Jtl 



(i) AxB=-BxA , ^ x^ =0 



(ii) x£ =0 if ^ = or 5=0 

•. (Scalar associative property) i^L^Ji ^jj! 

(iii) (aA)xB =Ax(a B) = a (AxB),aeR 

•.(Distributive property) i^U. 

(iv) A x(B +C) = A xB +A xC 

»OY.Y)JlJU 

jic^ji 5 = b'e / , A =a'e i lil 



AxB =Det 





<? 2 e 3 


1 


2 3 






6' 


6 2 6 3 



(2.22) 



: ^ If J i n £d)>*^J J'-^ 1 ^' o^ 3 '^ 

3 

^ xB =a'e i xb'e j =^(a'b J -a'b')e l xe t 
= X {{a'b' -a'b')e k ) 



I . i . k * i 



^ xfi = (<rV- tfV)e,+(0V-tfV)e 2 +(aV-aV)e 3 



O 



/ \ 




W XV 




V XI/ 




W XV = -v xw 




t(tt.Y)Jtli 



tan0 = 



W XV 



<W,V > 



(2.23) 



»CV.Y)Uj>i3 

A,B,C ol d->-L»u Triple Scalar product ^Lpl ^MiJl >_»^ J^>L^ <-i»>*j 

< A X 5 ,C > 4Ji .C, ^ X B Crj^U c^-LoiJI ijjaiJI J_u=U 4Jt yJt 

^—1 U O^LJaluiJLI (jjl^JLo (<4-at>- <_£jLui_j (4_jjs.jJ,I 4_4jJLll) <U i-iLLaJtl 4 .tt-iiLHj 



o 




(i) 

(ii) 



B 

(W.Y) J^i 

t(^0.Y)Jl£* 

CiM jUm. U ^jl>^af>-^o'Lg' <(^ X5),C >=0 

.(jrtjjljUa oL^stla ill Mill ^ (jrt-^rsel* 00 

.( jj-Ij jji^ i^jl^i) jL>.lj ^i^a 4- Jij^LUI cjL^seIU (iii) 

t Jail 

^L^kJI cU^Lil! ^ sj ^ a i\ J^Uj 

<^ x£,C >=<A,(B xC)> 
<^ x£,C > = <5,C xA >=<C,A xB > 
•CjIja^II pjJxZ^ (i), (ii) oLijUulil 



O 



<(>n.Y)jiJU 

^ .^> I t J-J-oL*. jjLa y4 ( . = {a. ),/ =1 ,2,3 Cil. ar-la LuJlJ I M 

LiLp-l y'^-y LS^tj £^ (#/ ) i>« c^^jj <A t ,A 2 xA 3 > ^Ljill ^5^1 
jjl^o ^ [A { ,A 2 ,A 3 ]=Det (a'j) i2>UJI ^^^j [A,,A 2 ,A 3 ] J^iJL 

i(W.Y)Jlii 

C,^ x5jL^ lit [^A q < 0/\[A,B,C] > (jt (jryj 

I Jail 

^ Lr I j ■ ^j; <i in, U 4_Jj^t cjLoLaJtJI ^t, > V" i n\-3 I (3'i<i v ^—illlt (j ^— i <ij 

:(U.Y)Jll. 

CjI^ScOII O J)^" ' .' L$^t (Vy^ -^j' 

J(Y.Y)UU>j3 

jL_==> lit 1 ai I jU^ J La-u^a I gjl Jl oj iajLcu !t 2 jjjtajjt lIi! (J^ejJLI 

.Lki. ai'u^. iMidl cjL^*iLl co4« [A l ,A 2 ,A 3 ] 

Jot_ujV!_a (J^t S" i uVt cJlj^jju (JJ _LaJU ,jf 1 r j \<T LaljJ ^— ij tJl-j^JijJt I Jt_A ,j^a 
( u U^t ^>J1 j^JLa t ^_a) £ "^Jl^VI ^tj--aJI £-Ol <j ■>-* 1 1 4-A j -a- > ul u U^l t 

© 



JUu* E" fA j_iJI 'i- a = \,2,...,m<-A a cA^oit ^ m Lyjj Jl^=, lit 

«.- .a k a ^j^tVl ^ m jl-s-j lit . Linearly dependent l JaJw ; u,- j a l^i 

oi JL-A^ A: a = 0, Vor c^JL^ lilj J]£ = c. ^ ij iA ,~ ? i 

oL$*ni jljvI oL^= lib • Linearly independent \JLJ>. i ^; , ^ A a oL^ui 

'L. Jy&x^W $ A , X A 1 = 0. < U 5q lit _j lit Luki. uLK'V" ur^aslll 

j»t JL a-". i.ul_g ^jLiLl <-l]jjj_a <jl_^-JI) (j-yjt >^ JL>-lj j -fl. " i n a ^^-l^. jLt-iL) 5JL>JI 

.( ( _ 7 -AL>v)VI i_j^jJaJI (_j^sl^>. 

.U ji ^ isij i\l I ^.U-l ^ Uj'^a^j /^ | ,4. /f- u j^-"V t 

^>-^-l ajj.^i ; 3 1 J^>~\^ f, , ,i ,a 'A. A_IL>JI <jj_& ^_ CjL^JtjJUj [A ^,A 2 ,A^ ' 

^jLiU ^J^^ oL^^D k \ k 2 jl^l>. A, = A: U, + k 2 A 2 s jj^aJI 

■ (CjljJL>J,l ^yolj^. ^1 jjr't i nl j 

t ( t.Y ) ?U>itt 

j_>JLa A_JO-l^« Jt^—iUllt <l ' kLujVlj j^t.ii" i n^U <ubL_aJ! ^^l^iJI 

. ty laiJI > oJI 



t(A.Y)kiJ>j3 

3^5 jJl ) 4_I 3 o>J A i Cil CjMj—I j^L-^jVI ^y-J^LDI i_J^aia_JI J_^>L>. 

A ] x(A 2 xA 3 )=<A^A 3 >A 2 -<A l ,A 2 >A- i (2.24) 
\A xB \ 2 + <A,B > 2 =\A \ 2 \B | 2 (2.25) 

j-jjpJIj A X B ^yjfcLsoVI i < A ,B > ^y^uLill t_j jj^aJI iJljjjlS <jja 

A 1 x A 2^AyX A 4 



(i) 



(ii) (4. x^,)x(^ 3 x^ 4 ) 



*1 


e 2 


e 3 




*1 


e 2 


e 3 


a n 


a n 


a n 


X 


«3. 


«32 


«33 


a 2[ 


a 22 


a 23 




«41 


«42 


«43 



^, = (<*,,.) ,A 2 = {a 2i ),A 3 = (a 3t ),A 4 ={a 4i ),i =1,2,3 



■ 

(iii) (A l xA 2 )x(A 3 xA 4 ) = [A ] ,A 2 ,A 4 ]A 3 -[A ] ,A 2 ,A 3 ]A 4 

=[A 3 ,A 4 ,A\]A 2 ~[A 3 ,A 4 ,A 2 ]A i 

t Vector function (Vector Field) ILfcUiYiaiUJKr.Y) 

u « < "j <UL>JI « j_a ^_ i ililii <i_L4== Cj-cujJj 4_lcuL^ 5JIj 

1(W)U4J>*J 

jlR i_uLuL>J! jljLcVl (>a (<j utVi) fs-u'lj (jr* (<atOil Ji_>Jl) illjJI 

.( u.y) j^-t X U£= R 3 = £ 3 4.^4 iki / e/ c R 

R 3 

y 
t 

R ( x ) — 

/ 

(\A.Y) J^l 

o 




. ( 



/ =/ (0 = ^ (t) = (AC )/ 2 (* )/ 3 C » ( 2 - 26 > 

t(KY)tii>*3 

.space curve £l ^ ^^i* Ji^ / LubUotfl 

t(Y..Y)jUU 

5JUJ1 » juh 2_ i^UJVI ill jjl t 2_ 4ulai Jl /, (t ) Jl JjJI C^\£= I j] 

r=t u+a,teR (2.27) 




0\.Y) J^i 

: 3j j (>-i I I ^yic ^ 1 1 ,->" i ii U Ja_>jl iijLx/s ^LjJLij L fijiri i nil cLx>JI ^l^~ ix^Luu 

r = r(t) = (tu { +a { ,tu 2 +a 2 ,tu 3 +a 3 ) (2.28) 
£ (OoP M j ^ji {e j } oL-^a I ijj .^-xLA. ij-^LS Jl 



© 



,«_u, ^ ^L-iaUJVI iJI jJI iJUJI Is* '2-3 f_(t )-f'(t) e i J3'^ 11 ur-^- > a".^'^ 

■ * / —f = f'(t) tr* <ip-»l jLJI <Q^^\jua £1 j-iJI 4- cr i = ti9 
4_u*L>oVI aJIjJI jl Jl nj'q 4_u*LsoVl XJI jjl JL^Jil > h yjju I 'i'i^—k^ oJuJ_<i iloL-u. n_a 

ixL-aLflj J Lgjl i^—ijm /* ' (0 ; .'^J * J ^ C^-jL^= I ZiJ i-J-iisLaj £ —f_(t ) 

^ J_u*L>JiVI 4_lljJl J—iisLail Jj-tajL-JI i_i_jjjL±]l Jj inLaj ^_ ,_^3j_>«JI (jj-Sj 

.J^LaiU 4 j.i.mJlILi ^L*!! 

^ya i-uiL>uVI 4JI jdJ J jVl oLolilll An". nil 



X # #'(0x # 2 #\ 



dt dt 

= (T(0), ' = 



dt dt dt 



(2.29) 



.^UJI JU^ jl Vector field <l»o» Ji* ULcvi ^ , ,,u iutUJVl illjJIj 

^LUL^ai / :R" ((^l^Jl) yi-Ul jl JLs^ 

/ ( a- , , a- 2 , . . . , x „ ) =/ ( x ) = y = (j> , (a- ), y 2 (x ), . . . , y ,„ (a- )) 



a- =(x„x 2v ..,x„)eM" , y, :R" >R,y,{x )eR 



.4.\i^~,a ill J ( V , 



j_<o i_L=3^ J-J== Cj— iL=3 I jl 4jl tsi\-iu f 



->R'" iJljJIolJ 1 ^ 



i(\Y.Y)uij > *J 

A-lLJdLAj 1 ' •—■ — »j ^ 



dx , " ' 



6>, dp, 



dx, dx . 



dx, dx , 



L,J j^jjj <_uy=Ljjl i^yuuaW jt Jacobian matrix ^.j^i^r ^A,^.^.,..,- 

J / (x„...,x„)=J / (x)or ^ 

9(x„...,x„) 

5JIjJI gradient j!j_>j] v> ^=Lv a^,^ 4." / <_l_u ^ <^jjl ■ n 

v>^. 

GX , OX n 



© 



ox x ox n 
.Jacobian determinant 

: cr 2Lj La J^L>- ,jj9 edJi ^us^jj 

t(l.Y)ll>lU 

jL^ I ij invertible „^>ii UjLs oj-^a continuously differentiable 

.orientation <lo.jU! ( -^«- > 
t(A.Y 

J^al ^'t l jt CjLuI Jl>wVI 4- (»JL*^-u-) I jU. j.n<u I jufcj p Jji^i j2Hs (*^tU l _^aJij 

j(YW)Jli» 

^/:M 3 >M 3 

(x,,x 2 ,x 3 ) >(^,,y 2 ,^ 3 ) 

^,=5x 2 ,^ 2 =4x 1 2 -2sin(x 2 x 3 ),^3 =* 2 *3 



/ 1 



ojLiVI (_$jLTt!La X j,X 7 (X j,X 2,^3) A Urtitl (jja i_JjJaJL> 4_o-jilt j n^tj 



5 

8x , -2x 3 cos(x 2 x 3 ) -2x 2 cos(x 2 x 3 ) 

.x 1 oc -> 



= -40x ,jc 2 <0 



J-lSJ-aJI jj-C. I—O-Liitfl <_J^£=L»* JjLJtfl (jl ^_C».J .OjLi^M (_$JlXJj9 (^liJIj (JjVl (jjljLvVI 

t(YY.Y)Jli. 

liLa (4.^2.^ ^ Cjb 5Jb / :R »R,.y =/ (x ) c<JL£= lis] 

tjatf 

c/x tfcc 

.(O) J^l^'llj Jo^lilH jjia . x =f ~\y ) ^3^^ 

!(YT.Y)JLl« 

x >y =f(x) « / :W >R n 0^= ^ 

S Y t X t^lLul JLvVI j»LLaj ^- C^^*^' J 'r->'«~ (>C I iL« 

d y —y x dx y = f(x) JjaUoVI iiljdJ (jr kbUill ^<^;«ll 




OY 



d(x x ,...,x n ) 
dx = dx x ...dx n ,dy =dy x ...dy n , 



/ :K J >R ,y =f (x) SJU^^U jj^a 



dx . 



ox , 



Jf ( x \> X 2> X })~ [ - ] 

ox, ax 2 ax 3 



dx . ax 7 dx . 



5(x | ,X 2,X 3 ) 



tOo.Y) Jlj>*j 

. V{p) 3 \ V >>JL. <u /? ikaj! jl*. Tangent vector 

t(Y0.Y)Jiii 

F=r(x„X2,..,x„) , F=(^ i (x)^ 2 (x),...,7„(x))gIR" 



/ < 



oU» p=(x )=(x ( ;,...,x°)eR" 
K„=r (p)=V (x ( )=(^,(x°))=v 

t(TLY)Jlii 

^p- K :R 3 >R 3 'M 

F (x ,y ,z )=(xy ,yz ,x 2 z +y) 

^Lsi-Lij (-1,-2,1) <u*L^l R 3 K(l,-1,2) =(-1,-2,1) oLi 

./K 1,-1, 2) 

v=(- 1,-2,1) <ukUJij/?(l,-l,2) iki o^U^ (p,v)=V o'ti' 



4^ 








y 



o 




uii £i >ji 



(Y-.Y) J^ui 



i(*.Y)iliOU 



dimR" = dimT p W\T p R" \p eM",^ = (p,v )} 

(jl ^ir K" >jJL> >_>jj Tangent bundle i^Hl l»>ji 
TE" = U T p W ={(p,V p ),peW,V p eT p R"} 

Opi^ULj &mT p W=n op* dimK" =« 'Mj 
dimrR" = «+ « =2« 

t(W.Y)tij>JJ 

4_«>>J tangent bundle section o_^u» ^us a ^ J-^- 

.(y*.y) J^i^ 





77 





4^. ill 4< :(Y>.Y) J^-i A 



o 



t(U.t)Jui>a3 

• # /; >T f(p) W" , df p (y )=v> (p) 

.(yy.y) j^.i, 4. ^ u ^r. differential or tangent map 




T 



/'</>r 



,C=f(C),peC-+f(p)eC 
(YY.Y) J^i 



^ .)'J r ^ 

5(x „...,*„) dx 



: ^LuVI aj<JJ1 3122^1 JL£lj2 ( i.Y ) 

Differentiation of vector valued function : 

:/^^i?(/):/cl >E" c^o. £" 

/ e/ ►/ (0 = (x,.(0), ' =U2,...,n 

rf/? AR ,. R(t+At)-R(t) 

= hm = hm — — (2.30) 



dt At ^->o 



At 




R{t +At) 



C 



(YT.Y) Jf=-5, 



LjjlLc ,ji oL^iJij continuous i\,^- a R(t) <1\jJ\ 03^" 



, 



[\mR(t +&t) = R(t) (2.31) 

A/->0 

|A/|<£ +&)-R(t)\<e (2.32) 

J_C I ^9 La J_>. 4-uitj ;>i )l 1 J_l«L>.j £j) ajr 4.U <uLuaLal]l Cjl n." ni U i— )Ll..*<- Jl£.l^ja 

: ^VL^= oil j 

LSi-ib O(0 (L Lj,UiiJ<L^i^ia jljj R 3 (t)< R 2 (t) < R { (t) of«>>« 

IjJ ./?■(?) JljjJI <-aj^Aj ^JLa (^yi^, ^-3jJ^a (<_<,l<^Laj) 

^W±« 2 ) = ^±^i (2.33) 

_(««,) + — R, (2.34) 

— <R i ,R 2 >=<R l , — ^-> + < — X -,R 2 > (2.35) 
dt dt dt 

—{R, aR 2 ) = R,a^ + ^aR 2 (2.36) 

dt ' 1 x dt dt 2 

d rlH rtR 

-[R V RM = [R V R 2 ,^] + [R^,R 2 ] + 
at dt dt . 

r dR, n „ -, 

* (2.38) 

dR rlH 

+RxA( e^ AR)+ ezL A{R aR) 

dt dt 



R{u\u 2 ):D cR 2 >R 3 , 

(wV) >/?(m , ,i/ 2 ) = (x | .(« , ,« 2 )) 

iSUUI op* Del 2 < aWiW Lr ic 4-£ > jLa_ 3 <\<^-*J\ 3 i X t (u\u 2 )r, M^-i lilj 

3R = = + Aij',M 2 )-/i(»',M 2 ) 3 

du " 1 a,,'-o Aw 1 

du 2 "' a« : ->o Aw 2 

j_cl^3 j-pj CjIjjJlLo dJlx. i£- a_jj*L>oVI JljjdJ ^yjjjJI J_tiLfli!l jlcIj^ 

f*u,\ j LoaUCVI sjIjJI jt vector field <t*ai Jis. ol^ i«UJl <JL>JI 4. 
oVUJlj . / (x ) e R'" i^UJl <jb x e R" J^=J / : R" >R"' 

W = 1 , W = 3; /7 = 2, AW = 3 c_p- (Jlj^juJI I ^ Luali. CjVLw j^Iju i_L)LJI 

Hp' c^- 



© 



t(rv.r)jil» 



<i4 



dt ' " 



<A,A > — CjjIj jIjlLo ••pi igl jIjlIII iuilj 4 utl >jl <Jlj (jl LftJ 



. dA dA 
<A, — >+< — ,A>=0 :ty k. J^sj j^UiJbj 



2<A, — >= 
dt 



^ a • dA . . 

' ' dt ' 

..Oil ^Li^j foliJI ^Ul 



Integration of a vector function :3uAbD¥l JJlJUl J*l£J(0.r ) 

cuL^= I jLa < 4_uiiL>oVI iJljii! 4 1 1 uJ.IL i^jLi^ 4 ^ U . j^-> -^ 

/(o=iy,(o*, 

/ = 1 

/■/ v ^ »^ d ,^ s^dbAt) 



"ojjj>l\ ^yi^. iluajja LufcLsol Jl </(/) 



o 



.-. \f{t)dt = Y j {\f l {t))e i (2.41) 



/ > = i / 

j/"(r>ft = j—B(t)dt =B(t) + C (2.42) 

:(\Y.Y)3yfiWU 

J A", II i_2^_jij ^jl ^ ■ J . >. 1 A", It ■ .. £-*r A jilt* (J^al i"JI ,jl 4 iijii**- 

:(YA.Y)JlJU 

. [ 0, — ] i £A\ J*. A(t)=(s'm t, cos f , It) LuiL^V! <Jl jd! J^L^: j! 

s Jail 

jA (t )dt = ( Jsintafr , Jcostafr, J2fcfr) 



2 

— (1,1, ) i Cj-)U 4_2eHa 

4 

t(Y*.Y)Jlli 

,4(/)=e 2 'e, +sin3te 2 -tante 3 



I « 



<sfr )2, + ( Jsin 3tdt )e 2 - ( jtmtdt )e 3 
-~e 2 'e^ -^cos3te 2 + lncosfe 3 +C (<l*1x»J^ 

t(VT.V 

7t 71 

, ^ . ... , ,^ 3/r 

t(T*.Y) JLU 

J eft 2 J 

.4_uliJI 4JJ>J' ur^- J-^LiliJ JjLs <Latla v4 = A{t) ki-p. 

d dA. dA dA t d 2 A 

— (A A— ) = — -A — +A A— — otU, 

dt dt dt dt dt 
. d < a dA . d 2 A 

. . (/4 A ) = + ^A — 

^ c?f dt 

p , dl4 , rd , A dA , , 
.-. Ma — r ^= — (A a — )dt 
J dt 2 >dt dt 

a dA n 

dt • ^ 



t(m)jiJU 



J<^(0, 



dAjt) 
dt 



>dt Jal^'ll Jl^jI 



— <^ (0,^(0 >= 2 <^(0,— r^> 



:. (<A(t),^^->dt=- \—<A{t\A(t)>dt 

J y ' At 1 JAt 



1 



dt 



2 3 dt 

= ^<A(t),A(t)>+C 

= -\A(t)\ 2 +c 

2 



. v4 = A(t) ^aUjvi yi jji j^io <j ^ | ^4 (r ) | 



Inverse Function Theorem :Xu^!l)!d)!lj>iii( "\.Y) 



f:Uc±W 



O 1 lP^^ 



f{x\...,x"),\<i<n 



( \ 



df x :T X W >^u„) R " 

J=Det{ d( f '"'^ ^ )*0 , at jc 

a(x,,...,xj 

/,/"' ) diffeomorphism ^jl^Ls JjUs/ eC 1 <ji ij-i./' (x ) 
< smi ^ (/""')' e C 1 ji jjdi « j>u ^j^u u .„^,ti (yi jji) jjf.r 

(_jjjl i—jj^sL*- ri i r-i a (joij^-i r-a JM->- (j-« _/~ <UI_dJ (jli^iLjlllj ^ j 

(j' lii ^/«4>*2 

(#'')/,,„, =(#,„r' 

Implicit Function Theorem tlLoittllUUlflL^ttf V.Y) 

f:R 2 — ->(-l,l)c:R 



© 



Ola y 



x 



.|x I — 1 Jur. <jLgj^UI ^jjh 
SJI jjl j-iUxil '.(jtrttsy _jj _^>-T (JIjj» 

/ (x ,y ,z )=x 2 -a+z 3 =0 



y 



l 



a(x +z ) 

^jjJ) Jqjj <"•> H ^ Ut" 4_ii<> .Ml illjJI <u>iaj jjl Q — c*jL^= I jl J I j_a tj^lj 

5/ 



= a = 



t^Lj 1 <i^-> ^Ll)I 1^1^ mi '2- iMI illjJI ijjJaj ^jJij Ja-I ^yj 

f V xU >R"' 

V cR" t U cK'" 

(x ( ;,...,x;; ; ^ f ;, xt/ a^io^u 



f'{x' t ... t x";y\...,y m )=0 

J=Det( d(f \ , '" ,f "V o 
J^U^J y^UI jt^JI jLLl* 4. 1 it . (x^,...^";^,...,.)/™) iloiill jUc 

/'(x ',...,x " ..,}>" )=0 ,1< / <m 

y ' =g'(x l ,...,x"),l</ <w 
■ (x„,...,x") j£\A\ inW,*'*- g* eC 1 e-o. 

t(tY.Y)Jtl» 

F(x ,y ,z )=x ->> z +z 2 = 
J! Jjj3 ; lu.^JI 4jijj| lLsjj^j F : M 3 — . — >R 4JUJI 4. 

cbc 

.-. x =f(y ,z)=yz +z 2 

.4 jl i^iLaj 4JI.1 



© 



' ' 

— iJUsLiJl i^J^Al 

i(TT.Y)Jli» 

F x (x ,y ,z ,u ,v)= x 2 u 2 +xzv + y 2 -0 
F 2 (x ,y ,z ,y ,v )=yzu +xyv 2 -3x = 
JoLiiJL UaL->qi jLLai 2_*>.y> z w > v l)^^*^' J^o^ 

« = (x ,^ ,z )=(3,3 -3) , fc=(« o ,v o )=(0,l) 

/:M 5 >R 2 ,(x,y,z,u,v) >(F„F 2 ) ^ 



J 



d(F„F 2 ) 
d(u ,v ) 



du dv 
dF 2 dF 2 
du dv 



(DetJ) c = 



-9 
-9 18 



2ux 2 xz 
yz 2xyv 

=-%\*0 ,C =(a;b) 



w=w(x,^,z) , v =v(x,^,z) 
C=(fl,6)=(3,3,-3,0,1) 



t(TLY)Jlli 



:^rCbl i jioLSj ^LsLij j-^-jl 
,_y ,z )=_y -x 2 = (i^L^a iil^k^O 

F 2 (x ,y ,z )=z -x 3 =0 (ajM.^ ^I^U,,,!) 



J- 



d(y,z) 



1 
1 



, Det J =1*0 



2 3 

_y =x , z =x 



.( Y LY) J*-, r„ Alt 



/>(0 



l UI*-!" jtl I ill 




(Yi.Y) J^i 



© 



i(TO.T)Jlii 

F,(x,7,z)=^ -z 2 = 



F 2 (x ,y ,z )=xz -y 2 = 



o 1 

z -2y 



3(x ) 

DetJ=-z ^ 

2 4 
2 y * 3 

_y =z ,x = — = — =z 
z z 

x =r' ,_y =t 2 ,z -t 

.(cJliJI V UI 4. ^ L» 
tO0.Y)ttrSU 



t \ 



(t)jJ>U» 

E J ^jljBVI ^1 j^i! a_oL«l« i^jLuuj ^Lx^l ^ ^-."i } cjL^UI clcjj! O ) 
w i =^(2^1 "2^2 u 2 = ^(6?, +2e 2 +2e 3 ), w 3 = ^(2e, +e 2 -2e 3 ) 



(|M -V | =<W -V,W -V > = |« | 2 +|v | 2 -2<W,V > :->Lijl) 

.x = 0, j> = Ujl^. V] 32*2 ^ V Jt a + 6 = 

^ = (3,6,-2) , B = (2,3,-6) ^M^i ^ Wjj O) 

^ ^Midl ^1 (v) 

A = (2,2,2), 5 = (4,3,4), C = (1,1, 1),£> =(5,5,6) 

CjI ^*H,I ^ & tJ \ LaSt II £>1 ^jlj la ^1 O £l (A) 

•Ljijjj ^5L^1 Ji^ut x^jijo?-" ^, =(3,-4,-1), ^ 2 =(2,3,-6) 



<^,5>=<^,C> and AxB=AxC 

B ^ C jl^JL. Jijs JljvIj Jo_^_ui (3_L>o (j > B C LjljO (jLiS^tlj 

/4 x(£ xC) = (yi x5)xC 

3 i <^,5 >=0l ^ ^lJI cVL>JI ^LJ. xC)xB =0 oi >-a 

<5 xC >=0 

^=(3, A, 5), #=(1,2,-3) , C = (2,-l,l) 

<U XV ,U XV >=<u,u ><v ,v >-<w,v > 2 o'o^ Y ) 

(cos 2 6> + sin 2 # = l 

oljr^ 4,, A 2 , A 3 , A 4 ol^ooMii^V Or) 
<A { xA 2 ,A i xA 4 >=<A { ,A 3 ><A 2 ,A 4 >-<A v A 4 ><A 2 ,A } > 

(w = a(t )A_) oU^VI a = W (?) A-rOJU jL-s u x — = c^_iL£= i ji ( u) 

' ' dt 



o 



r =4a(sin 2 te, +cos 2 te 2 ) + 36cos2te 3 cJL£= lij Oo) 



c/ 2 r <i 3 r t/V dr_ 
a? at at at 



X\o) r (t) \jL(t)dt J-l^U! j^ji (n) 

o 

00 

y4(0=(e"',e~ 2 ',e" 3 ') si-^ p(0^^ J^ji (W) 

o 

C~o- J-usl gill iJLUaj ili^i'a ijjVI JljjJI (jj^" J^l\ £i\jjj)l\ Juwjt OA) 

(i) V =V{t)={smt t e l Mt) 

(ii) 1/ =K(0=(ln(4-^ 2 )%(4 + ? 2 )%4+? 2 ) 

(iii) V =^(0=(-,tan"V,coshO 

t 

^VL^^jjdl / :R 2 >R 2 Jjj^iJc-jj^U. 0<\) 

(x ,_y ) »(r cos6>,r sin#) 

(x,_y,z )eIR 3 / :K 3 — — >]R 3 j^^^iiJ ^^L*. a^.^ a a^jl (r-) 
(x,_y,z)e]R 3 :M 3 >M 3 J_ ii ^ M ^L^ ^^l^ jl^jI (y^) 

o-^t'. ^A^i oM^^I lij Uji<£j(Y\) <(Y-) <0<\) ^UUI 4- (YY) 



© 



t > 



« ♦ 

Space Curves 

i_d^tj!1 jUo^/l ^^laljLJI J uollL) 1 (jl^^lcj 4j_u^ill iflLuuJLl i_iL_a>J 

Concept of a space curve t £l ^ 491*41 £$401 ( U ) 

{t eR:a<t <b} = (q,b)=I ->C cM 3 

*=*(/) = (*,(», *,(/), x 3 (0),Vf £/ (3.1) 
r e/ ->/>(x(0)eR 3 (3.2) 

^ ire.) a u a i n "i M" ^>i!l J-« C <i-JJ>>- ix>A3" o j f j-A JoLoill icj^jjsta 



( \ 



C:x_ = x£t) = (x l (t) i x 2 (t),x i (t)) (3.3) 

4. LiL^Li: iJb x_ = x_(f ) ^ representation Parameter 

.(3.3) i^L^Vi UIJJ14. 

:(U)JLU 

x_(t) = (t,t 2 ,0), t e/=(0,l)cM 
x ,x 2 ^jiuJLI 4. (0 < jc , < 1) x 2 =xf ^L^JLI ^kUI Jiu: 

X 1 ^ ^ X 2 ^ 

x (/ 1 )=(cos/,sin/,0) ,>« 

• L» U^* ^U^" 1 £J 4- c j'^'U Jn<*<l 3>m^-> Jjj-Io jj 

F (.X \,X 2,X ,) = 0, Fji^X \,X 2>X 3) = ((j ' i.q-io J ') 

^>1!JI^Ij^I4.^I^ JA^(S^L^L£ Jljj) ^,F 2 ijM.^ H JIjjJI c ,_.->■ 

d(F F ) 

cS^ljL. JA^^d^i^ jl^^j <GU >Ha J =Det{ " 2 )^0 (jl^z, lilj 

j9(*,,* 2 ) 



X j X i ^JC 3)3 2 ~~ 2 ("^" 3 ) 9 ^ 3 3 

. j X 2 J! 4 j i H M L tj^yjiJI (j ii A .^LaljLJI jjt 

: Sjj^aJI ^ Cylinders 

X 2 ~f 2 ( X 1 )' 3 = /^S 2 ) 
J 1 ^ Mill Jo-L X , J^v ^^La-LjJ |_£jI^ljLJI JjIoOJI jjLfl j^JLULj 

x 1 =x 1 ,x 2 =/ 2 (x 1 ),x 3 =/ 3 (/' 2 (x 1 ))=0(x 1 ) 

^jJLc X |X 2 4 X 2^" 3 tgj """ U eL. iJliLirtia Ji<u (ioLisLflj) ^ ,f ^ J I jjJI jjl Ji>-V 
■ d>lj.L,Te.iU <LaLLa dlLI jU , ,.l Jii^aj ^I^AII jj^aj j i ■ "« ^"|| 

t>^.j.ij iJxi. F,,F 2 cryJljJl l?-^! c^L= lil .r 
F, =ax +6 y +c z +d =0 

1^9 " '■'■... fl £-« ^V-i i ii jisLaj ^ji^-.ill aJL>JI ijjuii '£— .^y^jut <1Ajla Jil^j (j^Aj 

F(x ,z )=ax +by +cz +d = , F 2 (x ,y ,z )=0 . 

jJo-cuJI ^JoL2j (j-a jjLjJI ^ Infil l u '<■*■ j a ^ a ^j ) un a ^La ^^lji LT ^ai J 

j-a lit ^ alnf »_>-jl-3 (jj-^-i"' j S^-jlj ^ i ij_a £_« oj-^aJI ^-LaLflj ^"i o'^ .^g jTllil^L 

• oj ^-»H 3-^= i^j " 1 1-u. U 
-.Sj^aJI ^ylc (j^LaljLJI JjlaUl jj*^lj-aJI 2_ (jr i*aAl] ^l^II Jji»l5l .1 

= x,(^), x 2 -x 2 (t), x 3 =x i (t) , ^IjL t el cz~R 

La^= ( R jlotVl J^) pin-,,,1,1 



© 



/ N 



:(Y.Y)JLU 

jU..c U l (^-btia j^j, Circular helix ^IjJI ^jJL.J! ^Js^iX] 

.O.r) J^i^^^ 






A' 



A", = pcost, x 2 - psmt,x 3 =bt,b ^ (3.4) 
3 jL= I jj Line a segment ^-,,,4 <<Uq Jiu: x_ - x_(t ) i^L>JVl ill jjl 



(i) x'(/)ax "(t)=0 , (ii)x '(0*0, a<t<b,' = 



dt 



'(/ ) d^oil <ji ^ ;.j (ii) is jzAS 

LikA. Qrd^^ X " 4 X ' (jl ^ I < X_"(t) = &(t)x_\t) 3 \ lSjo io X_"(0 

(f>{t)-e integrating factor ,A(t) i-^LS iJb 

J/ 

x_{t) = , <a - const, vector 
x_(« ) = a +6 

UAjus ,_A A" = <3Z/ + & iJjUJU til ._UJ^ vl^l sL) It = f ^ .C^il3 4^*la & >J^o- 

^- - - . - .^J. J^ (0 - - 

. £7 O-iLjJI tLa-Iii, I «L&L><_)li} b_ ^jJs^X\ 4-Si!La l^J L7 jJI 4_IaJLL!L) ^jn" . n a ■ 

t(Y.t)ll>lii 

^ j)~ i .i a ^_ C '. X_ — X (t ) ^ i-a- it, I J-Sj (_, I ^— ' 1 1 J i_j j jJ^oiaJ I Jo^ mJ I 

(i) [x ',x ",i M, ] = , (ii) x_Xt)AX_"(t)±0. 

LujJ j^^-ij ^LsoVI 

V' = I'XA-'" 



© 



.-. y A y = (x AX ) A (X AX ) 

.A 3 =x m <A 2 =x' lA x = x' ax" ^(2.24)^11^1 ^Ij^Lj 
^a^' = [x ',x", x"']?_ , -[^ , ,x",x , ]x" , = (3.5) 

jlj*"" ■ ' 0-0 ij^jJaJ (jLikjJ 4r L«^= 

a ... - f* a )di 



.CuIj «LscILa a = (a, ) 



< X M > 

<x\y >=[x \x \x n ] = => — = 
L -'-'- J ^) 

< x_(t ),a >-c 



7r :a,x , + a 2 x 2 + a 3 x 3 = c 



_b*iAiJ trace or image jJrti jl jw^JI _^ 

.R 3 ^]!^ r(/)cR 3 

L^J (jA* lil'-^a (j^jJIj J-^JJ Cr*"*"^ J-U jjI j<u-u_>^=> ( _>ji-Jj <U!jL== ^ i ■> i t, 1 .V 

t(T.T)Jlli 

r:/ »R 2 ,r(«)=(cos« ,simO>w e[0,2;r] 

r :/ >IR 2 ,F(w)=(cos2w ,sin2w)w e[0,;r] 

' n i ri j 1 flgla (J-^= (ji J>- identical ^LLaXa I^qmij i * ~- a eLiLiistJua i— S^jlj 

/:/ >R 2 ,/( w )=(x( W ),^(w)) o^li! 

^ r:/ >R 2 xR = R 3 

r(u) = (f(u),0) = (x(u),y(u),0) 

r(u) = (x(u),y(u)) 
.plane curve (R 2 ^<p^JU 4 f L ^ L7 is^x\ J\ iJUJl #^4. jliy 

t(t-r) jLU 

J^=-i4-^>« >^ L*^= u r(u)=(u 3 ,u 2 ),u e R iJljJI 

.(r.r) 



/* \ 



(Y.r) j^i 

t(o.r ) jilt 

4_J^ i ut>\ j;\ jJlc juv^ differentiable j^liiU'jjUJl yj^uJJ ^UII 

^ z/ = a w = ^U-a <U = (w 3 ,z/ 2 ) L7 i^X\ 

X r.r) j^jji 4. t j :hLja ^ u^= not regular 4«,tar.;.« 

t(LT) 




:(Y.T)Jll» 

.CjLuljL>-^M Jj^I a U ^ , I a j ■Z-^j a j 2(2 1 i ^ ~* } £ —~' £ja (a,0) u^^j 

-a) 2 + y 2 - a 2 =0 
F 2 :x 2 + y 2 + z 2 - 4a 2 = 

3(F F ) 

j^ojZ^-iJlj^o^jLjai J_>. J=Det( " 2y )^0 : ,i Uuj 

d(x,j/) 

: (ij'io i>ill SJI jjl ij^^iaj) ^yk: J<^v->u Z i|_ ill jj= o^^Ll/j tj^JjUIl tj-uLfc 



x=2a-^-, y=± Z -U- Z — , \z\<2a 
2a 2 \ a 

ii 

^^IjLji ^JLi J^=^. 2/ e (-2;r,2;r) c-p. z = 2osin — 

: 0J> ^JI ^ ^LLzui y-i^a (implicit) JA<aJl 
x =a(\ + cosu), 

y -as'mu , (3.6) 
z =2«sin^-,;/ e (-2;r,2;r). 

Ja^l . .. a 3I Ji-^-i ■»! ^ uilLL^I, ^.LuLiil i _ ;r -^La (3.6) ^ '<-» HI 

y 5J1 J_a 4-j^l<-u_« ^LiLube-ua ^Jt (V = 0) . (.T = 0) . (Z = 0) 4_ul JlJv^I CjLj^IcJJ L7 i£. 



© 




(r.r) 



Arc Length of a space curve :£l^l^ tr i*iil <><>i J>Ja( Y.Y ) 

C:x=x(0 (3.7) 

(fl, Z>) 

a=t <t l <...t„_ l <t„=b 

I J^Io JjJj LaJuic X {t . ) JoLfljJLj ^jjjijJ,! jJLuaJU J^Ia <UL i_fl jJU Z/ (ju/jJjJI 

^ilL^aJ La j A , jJLiail j^a 4.4j,Z"i,r a Ajjsafl 



1= lim £|x (/,)-*(',-.)! 



1 = 1 



(3.8) 



£ = max(^ -r o ,f 2 -t„...,t n -t nA ) 
rectifiable (^JLail) ^^iil ^yi^tiib ^.....j ^r^tiu ^W^ 1 

.(l.V> J^.»^^>a >A Lai== 

*(',) 



*(o = *( fl ) 




x(6)=*(o 



(IT) J^auii 



i_Li^ x x (t), x 2 (t), x i (t)eC l jijjui c^l^=. ijj .^j^Jl fM... s-.ti 

,jl — f-j tj-^A _j (J—aL^zajJI j 1 ii" 1 1 — J CjL^^LjiJIj ,_L/»L^3jJI CjL-j^tti ^1 jL3eTi..i uLlj 



L = J|x'(0|^ (3.9) 



|*_V)I=<* '('),* '(0>* =V(*,') 2 + (^) 2 + (*0\'=— 

I 

s(t)= j\x'(t)\dt (3.10) 

— = |x'(O|>0 (3.11) 

.[a, t] (j-Ll 0^133 iJb s(0 (ji d>\ 

t(A.T)JLl» 

ii >j' jJI Ojj^J' ct^*^ ■i'-i' 

x , = cost , x 2 = sin/ , x 3 = / 
: J* (3.10) f ijLi^Lj [0, t] ^Jol^aJls^o^'i 



e 



s = J^-sinf ) 2 +cos 2 / +1 <# = V2 t 





V2 " ■ ' 

.^l jdl ji Natural parameter ^yt-LikJI 

5 . S S 

x, -cos—j=, x-, =sin—7=, x 



V2' 2 V2' 3 V2 

: <LuVl 4jjJa-J1 iLaLiJI iJLsJI 

t(T.Y)ll>fiS 

^IjL.o^j t ^IjLJ! jiiA- ( (r)eC' (/ = 1,2,3) 01 lt=>^ 

I x '(/ ) I = 1 0^=3 ^ C : x_ = x_ (t ) ^^i^UJ 

Jk J^(3.11) jJjL^bj./ -f„ =.y ji^i /„ ^jL^I 

=1-1= 1-1 = 1 
J/ 

j& ds=dt (3.9) Jjl^Lj — - =1 0^=^ u-^Jli 

/• 

A' = Jc// =t - t o 



© 



, X 



sinf 



sin? 



-, X. = COS? 



V2' 2 V2'^ 3 



5 Jl>.^JI 



Tangent Line and Normal Plane :^j>mJI t£>L4lj (pUKIk^Y.Y) 

P La 4_kli JjiC (^btiaAJ (ju-Uil i X_ — X_(S ) ^.L.JnIl JAaJLi t^leuui 

(Jr -btUI iLaj icj^jtx) ^? 4 t-irtlll jljjVI 4-tjLui, ^Ljlll ^.ua^JI <bL >_a ^JU 4-JLl 




(O.T) JfiaA 



r =x(s) , .=— 

AS 



(3.12) 



dx 

4- ji T - — l\x'(t)\ cr^^J ,x>i*1jL> ^ x =x_(t) 



r = 



x'(t) , J 



I x '(01' 

t(t.r)hij>£ 

Ordinary L^m^^ni |jL'(Q|*Q x gC 1 ; us m i 

ilai ^y^^: Ujl^i ikiiJI Ui Regular i^JiiLa Uai point 

.Singular point (siLL) 

:0L^= lij <ui Jji ciiijjj regularity ^UaiVl ljukj <_ y Jb t iU 

f:IczR >JcR , fe/ >f(t)=ueJ 

(3-iL><-ij j<i-i]3 Cjli iJlj jl p ■ -Ij 

du 

(i) — *0,V«gJ , (ii) /(/)GC'in/ 

dt 

s j^-aJ ^^i^-LaJ re parameterization 

C:x =x(t)< >C:x* =x(t(u)) 

du du 

— - < cJl^= ljlji_.jL.l_p -Jb U=f (t) j&Jljl^l ^ >0 ____.___= IjU 

' dt 

.Iu^WlH aJIj U = f (t) jl_Si/o_>___JI _______ 

J-j-u-dl ^L^=j x = x (0 f>k.r — W l^>I jLJI J r.^rJI J\ i_JUJI _t_ JL_i_j 

.((T.T) Jlla j-t__!) (IT) J^i^jai^. j_4 Ui_=.X =X *(0 fihnll tSp-ljUl 



W=E : 




at) ji 



du 



. C "' A ajJo 



^ = *CO+ M *(0 > « eR,.= — (3.13) 

~~ as 



<^-x(^), x(j> = (3.14) 

.(v.r)j^. 




(V.T) Ji 



:(KT)Jtii 

^jjL«J.I 4_!.iL*_aj |__^ J 5-C-*J I ^fl i ii U 4_!.}L*_« J^^i 



sin/ sin/ 

A' , = — ^ , A" — — , X , = COS/ 



s Jail 



dx cost cost 



dt V2 V2 



' N 



?>* =— / — U 
J/ 

•'• T = (-,-,-—) at f =- 
- 2 2 2 4 

,1 1 V2, ;r 
Sjj i^<1l (3.13) <aAL>oVI ibmi ^ u ^n" (jj/U-JJ 4jp-aljLJI cjVjL»JU 

J 7 =(yi) = P+ uT , « eR 

^l^-ij La aj 

J 7 1 = -(l+V), J> 2 =-( 1+W X> ; 3=— 0-«) 

- SJ> ^!^(3.14) 

La 

^,+^2-72^3=0 
Sj^aJI 4j*Oa (jjljJ jl (1,1,— >/2) uLsoVI <U ^JaysAll ^jliJLl ^^r. ^Ja-aJtJI (jf 

i(N.T)JtiU 



o 



' \ 

■ 

JJic (jj)'— \jut tyCii^[jtX\ (J^j (»j-aJ till jJj In i " jJoLaj ^ji ^ tot I, I (j.i,:*- ill 

X 2 2 + X 3 = 1 

x 2 = sin? , x 3 = cos? 

l^laljLJI J n«".ll (jj ^njj X , = sill 2 ? ^,1^ J'^<i sU&aU CjVAjlM ^^j^CJbj 

x (t ) = (sin 2 ?, sin/, cos/), 0<?<2;r 

ops 0<X,<1 ( X ( =W >0 C*jl£= lilj 

x, =« ,x 2 = ±>/z7 , x 3 = ±Vl -w ,W<1 

X(?) = (W ,^l7,\/l -2/ ) 
X (? ) = (ll ,-yfu ,-\Jl-U ) 

t jialjLxJ! ijVjU ^^LaljLJI J_ u ,a T jlj i_^jJpJI j^L- X t X 2 ' X |X 3 ^jTi i,h,U i— l*'e\£-* « 

■ fi i a i T i a ^yJllILlJ W =Sin 2 ? Jjjjelll 

G>— 



/ \ 



Osculating plane t J*a^UI ^>L4I ( W ) 

3^ La Uaii cr^jJt Tangent plane ^mi ^jicUl 

A t i ,,LaJH Cj Li ^IujjJ. I Ju>-( J_*.^_> La J 1 r ^ tt ^ *» 1 1 i_iiL JU£. t _j-uL«JL I ^-i^. ^g jT i , n .a 

Ja_ii> 5 <j'-= :3 ' M W < *A)JJ ^ = t 

^>(O = 0, £ =0,1 « -1, <f> { "\t o )*0 (3.15) 

C~p- (aj^Ai^iII £_oblaJU) jjJL>JI J^j'—t" ^L4=J tpJIj 

lim ^ =A *0 (const.) 

.-. (*(/)^(/-f u r+0(f-rX' (3.16) 

:(T.Y)uli>£ 

j_a jl.^-.tl Lyl <x_-a,y>=0 jfuA\j x_=x_{t) cr ^X\ 
Ljr \z. i ^(? ) 4Jal ,n U iJlj ,U S'q pi 6^ 'M # *£b/i<lU ilxil)! /7 

O-o- ./ =f jlJc « +1 

Jl JL_Sj .^^l^iJLl aJjLvo ( _ J JLstiJLI i ^yija-jLlII jj^a 4_^>oLJI 4_JljJ! f^Jt (j)(t ) 

uLlos u'-== 'Mi o'-^ 5 'M ^ i>° o-« (jl i^" IVI 

<f> [k \t o ) = 0,k =0,1 «+l (3.17) 

_ 5 _ • S - S 

a. i cos < — > jx* -) sin r— x -> i— 
V2 V2 V2 




tJaN 

^3 ( or Ju^Ud <L>p>tjLJI ciVjLdl 4- 5 = 0) (1, 0, 0) i Uy.W Cj]^\ 3 

cr:x, -x 3 = 

X 2 (s)-X 3 (s) 



V2 



0(5 ) -- — +— p-sin- 



2 V2 V2 



0(0) = ^'(0) = f (0) = 0, f (0)*0 , '=4- 

as 

t(t.T)kij>j3 

.osculating plane j^MJl ^^i^u 

:(t.Y)ll>liS 

: J^fl^^i^ .Y_ = x(/) = (A-,(t),.V 2 (0,-V 3 (/)) J'^^ 



f ' 



(!) x,(t)eC 2 , (ii) *>*"(0*Q a * t =t 



L7 Jt 4lbL»-a t = t () 4 USUI Ju£. JLl»-j jLualll |J jli .1 a <*J X_ = X_(t ) ill I jl 

[i-^U_'(O.£"(O] = (3.18) 



*l"*|(0 *',(U *".(0 
*3"* 3 (0 *' 3 (0 ^(O 



= (3.19) 




(AT) J^i 

<x.-x.(t o )>r >=0 



<x(t)-x(t n ), y> 
</>{t) = ± ~ y - K ° h <- (3.20) 

yl<r,r> 

•L$ J)" 1 ' cr^- CjjIj y ki— o~ 

•'■ ± yl < r,r> t\t)=<x.Xt ),y> , (x_(t o )^\i) 

± V<£ ^> AO=<* M (ar> 

••• <±Xt o ),r>=<X-"(t o ),y>=0 

* 

*'(0><*''(0 

t -t„ 

.(3.19)31(3.18) 
:( \t-T ) JLl. 

x(t) = (cos-L,si„-L,-^, 



' \ 



^ ((3.19) ^>U% 



.X I — 1 .X 2 "^3 

1 1 



o 



l 



V2 V2 







= 



.(L-3fri.ua] Li LUjo (3.19) JJL^JLI 4-) X 2 - X 3 L° it 

J = 0(x ) y-LaJJll j-a i^LiJ! <> ,3^>Li 4j_y =y(x) (jJLadJH ot JLSj 

lJji^>>J liil X = X o <LLaJii!l JlLc 

f {k) {x)=Q lk) (x),k =0,1,2 

/(xJ = 0(xJ,AO = ^K)/VJ = 0''(x„) (3-21) 

:(lo.r)JLit 

^^-Irtlll £_a 4_JjJI j-uaMi <U _y=/(x)=X 2 (jr JlrtHI J' OH 

.(0,0) a^iJI jlI^ -_y = 0(x ) =x 2 -x 4 

^i—p- ( \y) j*^- 1 1*. I o^-i (3.21) ilsjj^-ii 

/ ( * ) (0)=O a, (0),it =0,1,2 



e 




CUT) J 



t(A.r)afe-* 



Moving Frame: 

o_L_>-3 Cil CjMJj I^j^-I '^i J X_ = X_(t ) ^ I ■> i 1 1 JoLaj ^^-a 4_LaJL J 1 1 

i_pMiJi Orthonormal Vectors T_,n_,b_ j^-.- \ 3 \ UJa sj^u^ 
.^yi^ai jIjOoI ^ ed^^ni jLLs^i 3 \ Frame field oJ^^it ^}^i Lsr ^> 



© 





X_ = X_(S ) urJuJal] JjiUlJLi ^Utll y^UJJ UJ lJJjj^ : Vjt 

7_=x_(5), « = — - — ,b_ = ,.= — (3.22) 

I ) I I x( s ) x £ I ds 

< X_.X_ >= 1, : Mia 

d ■ ■ n 
■'■ — >= 
dt 

<x(s),x(s)>=0 

.((3.22) (j? jij>u ^jiLJil L_il 1 n->.iLij 



<r,«> = >=<&,r>=o 

<LZL>=<n,n>=<b,b>= 1 
T_ = n_xb_ , n_ = h_xT_, b_ =T_xn 
[T, n,b] = l 



(3.23) 



« <:? _«.Li,V( jj_4*J!j r tangent ^LuU sjl^^I cjL^Uj (_,»,,■ \« cjLuIjl^-VI 
binormal Z> (^Liil) ^UJl jj_**Jlj principal normal 

■ <Ac ,JljJl£. ^jjllN Jj^xJIj (Jj^sMJI fJjf'nuH 'A- jJL) (j^Lj/VI Jj-ajJ! ^~p- (^^jljJI 



normal plane 

<JL-x_(s),L>=0 (3.24) 

rectifying plane { sy^A.\ 3 
<JL-x_(s),n>=0 (3.25) 

<X-x(s),6>=0 (3.26) 

.O-.r) 




J>i*j plane vector field oby, ai ,,,-1*10] ^jM* cjIjLL! 

.j-Jj^JI (j.ijeJ.1, 4-p.l inU Llll < j'»-"ill 



/ \ 



jLL>u s J5 _^ ^x^y jU=yi l jla . cr i*iJU (jJc ^J>^u observer jl^Ij <jL^= 

:( n.r )JlJU 

(jj^LsJI ^ i „T i 1, A.J uulL) 

_ s , _ ■ s _ s 
x 1 — cos j= 5-^-7 — sin — j= ,x 3 = — ^= , ((_jj/^2JI (J5-LS njjoIjLj s) 

V2 " V2 " V2 
dJ^rtHl lt-jMHI <*-^-/l> jj-jsJ ^pJI oLj^i^uJIIj T_,n,ti <Ah*jAI cH^" -^i' 

5 = ;u^;i i 

: Jail 

. (3.25) ,(3.24) ,(3.23) ,(3.22) oL^>Uil f \^c^u.\ 3 J_^UUL 

^^1^^^,(3.26) 

L=(0 ^ ) - ^ K0 ' 0) ' *-- (0 --^-^ ) 

. L7 i*Jll J^x(0) = (1,0,0) a^iJI ^Lb ^oJt s = ^IjLJI 

^ j" ■ " - U j Jj-ua^UI ^^iuJJj ^jjaaJI ^j 'huO Ijj 

A" 2 +X,=0, x 2 -x 3 = 0, X, = 0, 

.t_cJJpJI u If 

t(KT)Hii»> 

- i ^ i 1 
ds 

— =|x(/)|^0 uj-^ * =*(0 pk" Ul,^--^.^!]: LuiS 



• \ 

> . 

4- (jr^W^^' 3 cr-^L^Jl v >^-il u5-j <2>UJI j Gram Schmidtt chjll^ y>. 
•. Jul (T_,n,b} juaUUll ^jL*JI ^MSJI Jiv ^^'i p^flj ^lill 



/7 




Ifck. J>u^>Jl i>£=uu (3.27) oLa}UJI 



/ \ 



u =x "— < x ",T >T 



u 



\u\ 

t( vr)Lflj>jj 

.Frenet Frame field >*iU <ui^ jLM 

t( W.T)Jllt 

s = ±s * + const. 

dx _dx ds 
ds* ds ds*' 
,dx, ,dx , , ds , 



ds ds ds 



ds ds 



1-1 



ds . ^ ds 

=1 or — -=± 1 



ds* ds-* 



5 = ±5 + const. 



© 



/ \ 

s 4 

t(M.T)3&r* 

JyXjJI iU-^j (j^LaJLl 'U-^ CjVjL«-a ^Ir, J<.-i-»<j T ,Yl ,b <J i^-". , „1 . 

R 2 =x(s ) + jun ,A,ju,veR (3.28) 
i?3=x(0 + v& 




(n.r) j^i 



\ 



(T)jj)US' 

(V2, V2, V2) , (2,0,0) ^ j>u 

^yialjLJI JA<mJI <J (JjjIjJI !j^yi^>J\ u'lir'ia : jLijP 

= 2 ji ;i UtU .UnMLi L> j a j >J aJl- l j r(0)=(acos0,asm&,b6) 

71 

x \ 

v3 

* 

(a>b < x , = -j^cos? iX 2 =acost ix 3 =bs'mt :jLu.jJ) 
{x{t)-{at,bt 2 ,ct") u m.^i-U eyia^U? x, j^ijLijP 

I, = A'!,X 3 2 = 1 -X, 0<t<l7t 

(x 2 2 + X3 =l,x 2 -smt ,x z =cos/,x, =sin 2 / :jL£j1) 

T } ? ? 2 ^ 

x ~ + x ; = p~ , x f + x 3 = p~ ( jrc*j& 



d(F„F 2 ) 



5(x 2 ,x 3 ) 

■ ( X j — X 3 ^j l i-a l l i2_ s^jl J ^yJbtiil jji J^<j X | <J^J_i X 2 ,X j 

X |X 3 = 1, X 2 = X j ^ it i < i II (_£p^ljLJI J^'irt"!! O) 
Ja^JI t-LJL* (r) 'i_ u , Jt ^-,t| Ja (V) 

X , = 1 + W , X 2 = - 1 + 5*/ , X 3 = 1 + 111 ? 

.(5_uj,Lil,l 

Aj^LoIjUI CjVjiLilL) yJaaJLI (jr-btiil 3^ La (A) 

x , = 1 + sin/, x 2 = -1 - sin/, x 3 = Is'mt ? 

((2.2) & (2.1) cL^i : jLijJ) 

^ui> C\) 

x , = cose' ,x 2 = sine' ,x 3 = sine' 

((2.2) & (2. 1 ) ob^Ji •. jLijl) 

^itUI C 3 Sidlil! iiJoJI y(0 Jl 3 jJI J= ju>.y ( > • ) 

x , = cos/ , x -, = sin/ , x 3 =/ (/ ) 

L^ 3 'ioOjI^ Ijl C A i_ici= j-a L^il JLSj/(/) iJljJI : jLijj) 

• ( [x_,X ,X ] = JjjLs-u *_lUjl^=^ "Lu^I L7 J->- 4 1 1 ■">" " "J 1^1 LaJ 



Jj-Ja j^jtj <x_,x_ >= 4a ,x, 

.f Jlt = O t>a x_(t)=(e' ,e~' ,y/2t) cr ^UI ^ J> j^ji (\y) 
.t = 6 j\t = 0^ x(/) = (6?,3? 2 ,? 3 ) U M«g-.-,n CT ^ai jjL j^jl or) 

.or) 



e$ j^-sjlII ^jicuil £_!aS ! ij P LjjLj1>.i iki ^i x_(/ ) = (cos? , sin? ,t ) 

. X |X 2 i y i. H PQ ^njii" i ii (jl (j\J * ^ U>S i ^_ X j 

(jyjblll (j^J AJ^IjJI J->-jl O "0 

(i) ^2 = x* i , x 3 = 2-X| ({j*~~,o<\ ^-i a ^rt", <iji-> , 

.(1, 1, 1) ikSJI Oit 

• Cor; ."'*' '0 oi-V' Uf^^*^ 0">J 

cjL-btl«IJ ^jj-*jJI ^jloiilj (jjiLJLl <JjLjla j^>-jI ( ^ V) 

(i) x 2 =/(*,) , x 3 =g(x { ) 

(ii) F(x l ,x 2 ) = 0, G(x l ,x 3 ) = 

(iii) F(x,,x 2 ,x 3 ) = , Gix^x 2 ,x 3 ) = 



.(SLkjiil JljjJU CjVUJI LiiLlaj 

iL^sj-.JL^I (U) 

X j 2 + 3X 2 + 2X 3 = 9 ((^ jL^o) (jr^^ jJo-t*) 

JC, 2 +X2+X3=6 (" s ^= 

.(2, 1, l)ilaiJI Jl*. 
.((W) ( j^JiL a :jLljP 

JC_(? ) = (t 2 ,t 3 ,t 4 ) lj^x^aII 3jj-flJLl ikiill (j^UlII oU^I jL>.ji "\) 

V? 2 +t + 4 y/t 2 +4-t rr, \lt 2 +4 + t 

1 2 2 2 3 2 

(1,0,2) 

^=UI (^btUU j^MJI j£uJ.\ Ji^jt (YY) 
UaZU! jl^ J^MII ^j'.mU ^ X 3 =X 2 , X, = 1 - X 3 JUJi (YT) 

(1,0,0) 



• (j- W il l jjal^jl l?J>"' mil 3-4> l_£_jjj-ujs (j-i ^; i I Jj^^-H J jfti <A\ (jl (j-u (YO) 

.^ e^LxMji ^ylrr ' a ^jfc Cj-)L j" i ii a I^J^ 

(i) *_(/) = (2sin 2 f , sin2?,2cos/) 

(ii) x 2 +x 2 -a 2 ,2x { x 2 =ax 3 

*(/) = (4(f -l),-6(f +2cosO,3(l-e- 2 ')) 

Ij^fc J-^fc i (-4,-12,0) 4 Vin-,11 J^_Lc X,+X 2 -X 3 +16 = ^jImlJLI J-a 

x (J )=( V (5),-i-,-^log/- (s)) , / (* )>0 
2 2/(5) V2 



.(|— | = 1 jicJiltjL&jl) 



^L-r iall ^^p^aljUl J^aTJI Jla-jl (Y * ) 

x =(e' cos/ ,e' s'mt ,e' ),t eR 



'r.dx . , 



o dt 



(t=t(s) L ^ 



x = (Y,sirU,e' ),-ao</<oo;jc = (logw,sinlogw,w), 0<u < oo 

* 1 n ' 

( — = ->0 
du u 

x =(3cosh2/,3sinh2/,6?),0<? < n) cr L^X\ J>L a^i (vy) 

iJLili; i-^lj j-i^G x = (at ,bt 2 J J ) , 2b 2 = 3a (^-btioll oL^Uil ^1 0^ (tv) 

a = (1,0,1) oolUUL^VI 

.weR-{0} c-o. j 4- x (u)=(u ,1 - — ,— -u) (jr b t iu 01^(^0 

w it 

C :x = (cosu ,s'mu ,u ),u >0 

A' , = j-iij U ^LuiJ a Inn") ^1 JlIc C Ly l-*,.i all ^jj/LsJLI JJjLjus Jo-jl : jLijJ) 

.(a - , = 4- j^'i 



© 



/ ; \ 



Extrinsic Geometry of Space Curve 

j-JClm t ^tVi'/. i_uiL>JI SJI_ _!}_=>- (j-a tl fT ia (_a_jjju l_LaJ_l _)! JUU 

L_9j_-j '<-*■ iglt ">\\ (_£pjaljl_JI <Lji_i_ll ts\ ->-l (jjj--' ' Ml jl^i LiaJLSj JLs-lj 

^jjJI i_ijkL>oVI SJIjJJ J jVl «_i___ll JMJ- ill (___ iLjiu^ill i_L__ll JJb 

Ll3j_- .J _j VI 4 n't .a II J}t_>. (j-a i m II 4__»_La J_Uj L^L>_VI iZLii-ll 'o ill 

_, If ^1 Jl_Lc «_J t l C)ljjli,,i 1,| j (<_uj^a jLl_l) _J j___UI jLLsVI til! j__= 

*L__>_VI 4_j (j'ctj j ^jl i ii "t I 4 ->•" a . l_L« _)VI 4 m ii i — j t— j (_£__!! (Jlj i n tlj ^ '■ — i 1 1 
lj__j — II J^L»- (j_a <_ll_j £-j^_JI <__Is__aj ^gj" i nil 2— ulsalA (JO-** ' ^J*^"* 1 3 

. 4j^j i ii £j__>j (-JJIj *L_>_VI i_Ai.il.->- (3_h^° cr- - 1 cSj-^d _>-—- ^ V I——* ^3-*^ 3^ 3-* 

.^-jjjJL^JI i~-.il I (_— 1— • — JJ_ (3j— — J lj__-lj 4-uj^_ jl— sV <Ll».L__II 4._lIi_^1_i_1I <Luj^_ 

(,491a *Uatt I ( J2*. ) lit. ( u ) 

Curvature Function of Space Curve: 

:(U)t_J>_3 

_$_V— J1 _fj__U ^LxLLa <4_iLi j*__lL« £j>- (j-c—la La 4 Viii't JLlC »l iViVI i-SjJJ 

* 

.<___— II _1_ J if, ( j_L«J,l 1 1— i --»— ljLa__a ^ i i 1 1 JJJu a J it* 
:4_uVl (5 _>_^_JI J^is^laljL) SJVju) i^UoVI <J_L_ll 4J £_l>-!l 4- _,'"*•'"• 

x_ = x_(s) (4.1) 

_h,L_UI ^Ijjj Jjl__ jjk 5 = 5 j_~IjUI L,J <_^_l 4 Unitl jlLc (4. 1 ) (^---UlJ *L_>_VI 



i=Iim|.^ 



(4.2) 



R a*-»o As 

T_+AT_ ^Laij s o i U7,;\\ j-^. T_ cxh ^IP' A # 



n + An 



+ Ab 




x_ = x (s) 



t(U)jlJU 



,...0.5 a. 5 r , 

*(■*') = (-7= sin -,-j= sin-, a cos-) (^^Ul J^Jo ^IjLs) 
y/2 a y/2 ci a 



jlIc (SjjIjJI) ( _ y i*JUJJ cjLuiL«JLI uLsjI 



1 5,1 5 .5" 

(— ) i=s - =(-7= cos — ,-t=cos— ,-sin— ), (sjl^i**!*) 
as " y/2 ' -a y/2 a a 



• \ 



,dx . . 1 s n + As n 1 s„+As n . s n +As„^ 

(—X + As, = (-TTCOS^ -,-rr COS-* Vsill-S 2-) 3 

as V2 a V2 a a 

a /i s„ s„ + As„ . S . S + As 
cos At/ = cos— cos- 2 + sin— sin- 2 - 



a a a a 

_ As 

= COS 2- => A6 = - CLiliJLI cjUALalM JjlSbIuiL) 

Ad 1 ,. A6> 1 1 
.'. = — , i.e., hm - — 

As a as->° As Q a R 

i—i^JLLo Laj-aX-j j U n 1 1 t ti ir-i I i_!^_LLa i .1 a *l_L>jVI (jj_^=>j sjjIjlU A 1 1 n.ttL; ^] 

<jl Ja_>-V .^jLHI i_iLJI 4- i-fJ— lis Jjj i_3a_^ L*^= 4 l_L>jVI j t- a ■ * ■ ^ ^ » ! ,.,) *Ll>jV! 

.X| — X2 iS jyi 1 "U 4r- J 5 _^jL jjt W ill Ijufc 

<(U)bij>a3 

^LaJll <Ot!La o'jj- 3 (J- 1 -*-* ^JiL La 4 UiTi J_Lc C ^ i Tn.il «.l_L><jVI Otla <-3>*J 

ds 

■ C <*»• i a 1 1 ^jLjuiaJI 

(^J^-^jJI^ 7]_ 3_a P J_ic (jj/Lal! jlj C \ir„\\ \ ^JLc La 4 Uii't P !j\ ^jJij 
j^Lail J\ ^1 P Jj_a Lj^L= L^S <JJ>9 < UiTi Q jl ^^^j W >-* ^° '"Vl 



© 



.(Y.i) J£=ui 



n +8n 



T + 8T 




(Y.L) J^ui 

:ur k ^liji v ui 4. (y) ^u: ^ (v) 

01 = zsin — . A: 

2 - ■ 

|r I = \T + 8T I = 1 



8T_ _ 2sin^/ ^ _ sinf <%> 
86 ~5s'~~ '~' 



f 8s 



,. £r </r ,. , 

hm = — — = — .n , lim k_-n 

<V-^° 8s ds ds <V-^> 

cis ->() <is ->0 



:.T = kn 



(4.3) 



, . 




T 



(T.O 



j V / 'S+&S 

as as 



^upfl ^Ic P(s) i Q{s +As) UaUl 



r(s) = 



d 2 r c/r , 
— j- — — — = k_ 
ds ds 



(4.4) 



J>La oj-^j Curvature Vector *L^VI 

6^ (JT^J 



k=\T 1=1 



A 2 



|=[i- 2 +7 2 +iT, 



(4.5) 



u>^=j ^ convex 3 5_$»J! i_p*U « L>jui.l 1 jl 

oj-^j ^ ul-s convex Lij^i i^»JI 4^*1* n_ UjlvI lil U! 

^jiiL^j .radius of curvative *Ll>oV1 j u» , /C> = — ^■■■jj * .h_uu 

A: 



.(Li) J^.l.lLjgju. 





U.l) J^ui 

^.Ju ^1 ius;ti ^ } t^Ua*jl iki Inflection Point <j-bti.aU «_i}Li>l 4_ki 



7 «j 



.(o.i) J^i jJi^t) 



© 




k>0 



o'ji- 5 «L>ul (j^Ic jLalcVLi cJLo h-^->« uj)*^ -1 -' *L^»<jVI ^jJLjJLj (^XaljLJ!) ? 



U£= r '(0 4*^1 




t(U)lttr3U 

straight point i*.^, „. a i Wa\ ULpJ u * , ,^ .-al l-nV^l j! <_j}Li>Vt i_ki> 

'•' £ =1 — fl = => — 7 = Q 
ukitii i^L>JVl iJjLai Jiu3 r_(s ) = a s +b_ aJjsUII j ol^ia a , & c~o* 

J, i f ^ J_< I j iLcsoVI dj iJ jJI (_,-?„>■ i,U J I (J I 6 iiaJLLiLi ^>-4->5 Q_ 4_itL>ul ^ jJI fija." ■ nil 
Ja_i. Jj.-a (4 <ijrt"i i ,i a 4 « Uq) A->. allia ajj_3 ^jiVi . „.a . t-i ^ Lai Qj ^— ij 4 jlr 4_LuLi 

Torsion function of a space curve ifc\jti\ (9 iauX ( gU\'iJ\i(XJ.) 

Cc—ilj ^ i i a 1 1 Jj-iO^L!! ,11 Qj ■_' ^ 5" i u.U A. Cj 1 J i T i a U 4 n ii ilLi 4ji pit ) 

1 _ 7 J-*Ji O-^'j .4 , .I a'l L7 -btHI ^jJI jj)"..u.U >a Q.5 ^-ijj (6 = COnst.) Luta 

J ^ ii U I jijj Qj^-i ' 'uLs Liil j ,_^i^.5 LT jj*_lil JaJL o-° 4 t-i ii i <UkL>ol j-juu 

k. J-*-" li' (j-^-UU i^LUI Ja_«_«JI 0' J v^-fl^l ^--aj 4- 5-* 0' J3 J 

ds " 



:(U)kiJ>j3 



•r 

^(^jbtUJ torsion ^JUI ^.a.,,.-, r) t >jJW |ft I ■ J! u >j 

■ i I d ft . . . 

r=|ft|=|— | (4.6) 

(is 1 

t j aL^VI^ jljL^il O-ilj 4_*ia ft o' ft = = Oo 1 ^ Z" = JL^d Ijl 

* 

■.jVs r_ - r_(s ) ^ L7 i^iil <JjL>-a cJ>L== lil ^dJj ^^k. eLbj ft LjL^a 

T" <^),ft >=<L(s),b >=<T_,b >=0 
as 

(jt L ^3U I JUkj T_ J±C ft Q 

< r (s ),ft a > = const. 

ibl*-a I jl 4 V_ (S ) iJljJI CjLl!== j^i 4- S^ *- <J-iL»>» (jr^i 

jJaJJ ^jiuJLI 4- ^JU^aL L7 -^X\ u' ' L-^La < n_,b_ >= o' ^ — y -j 

^ jXujL-a CT _Irft,i,a iJL»J1 jt_& 4- (j '•"•'W (_, 1 "i Jj (j-uo>UI ijj'ini U) F, n Cj\ <}-»-"ILi 

* 

Lbjd J^=, 1 jl L^ul .plane curve 

(JJo^jlII o_^=y ^-Vj (jineiU i^k- Yl ( isr >-u\-^\ JjaaJI) JjVl ^Jo^jlJIj (j^/Lail t£also 

t =\b_\= 01 ^3 ft=^ = 

: 4_uVI <J^tiiII (jLa^j Jl I ilrnjj J13 jjj^aj ^lllbj 



© 



4j ^JU! jt j_A Ljlcu-a ^Ij-AJI (jj^-ij ft l ^-il lj i_£jj>j_UaJ1 Jo jJJI 

. r = r_ (s ) (ji^uiJ ^ju^i\ >i«bLJl 5 o 



dw 



t(U)l»>iii 

1 , r dr d 2 r d J r 



r|=TTl[ 



^1 



(4.7) 



A: 2 ds ' ds 2 ' ds 3 

^beiUJ (jr JuulaJI ^^Xal jUI JA*i!l >ft T_ = r (s ) 



.LL^VI jL^s I: 



Jl , V.VI iui^U (. i nn i P (5 ) Jy> I Jl>- 4_jj^Ji!l Jaiill J-J-*>- Ju£- ^lii^ill (_£jLjlj 



A (.V + A.V ) 




<v.D J^i 



' , \ 



j.Auo .11 > nl-^J r (s ), r (s ) oL^*HI <j^=3 & ^ ^1 .US'ill jl^ 

CjL^U ^ 6 ), tl(s + As) ,ji D^J-^ ■ ^ ) UailiJ SjjL** Q (s + As ) 

ji l — ^.(a_OJ^ — ^cwtUl^j — 4 jd—j i-^jljJI u — * Ay/ 

0^ oL^iix 6(,s ),b_(s + As ) 

|6 (s + As)- (j )| = 2sin (^mi ^Ul ^u: 4 (r) jjaii) 

+ As)-6(s), ,. 2sin^f 
.'. lim — ~ = 11m — 

\.*->o frs X '^ {> As 



= lim Sin ^ 



Ay/ 



= r 



O 1 



db d N , 

~ ^ = — (/_ a « ) (0 iJu^ jyj) 



6^ 



db_ dT_ dn dn 

— = a/i+7_a — = Z_ A — ((4.3) ,>) 

ds ds Js <is 



dn ^ dn • a 



(^5 



((4.4) .(4.3)^) o^j^WjW^ 



. . db . , db 1 d r . 

t\=\<— ,«>|=|<— , f >| 

ds ds k ds 

k ds ds' 

1 dr d 2 r 

b_=I_ An- a — y 

k ds ds' 

db_ _ 1 d r d*r_ 
ds k ds ds 3 

1 r_ d 2 r_ d * r_ 

k~ ds ds' ds~' 



k ' ds ds ' ds 
ijLLy\ 3 n_ J\b_ tfUJVI 4_ j^MJI j>u.,m.!,1 jlj^j ^ JjG io*>JU SjLi^l 



1 O-^ LT^ 1 ^ 



CJlJL \—uj\ i n a 



. Jfu^a ^^la-La o>^d O' 



i-a- - "^ ! «.Ll>oI (j? C i. p l 

r =(«cos#, asm6,b6) 

t Jail 

— — = (-asin#, acos6,b) 
, d r , n TT ofc 



\=Ja 2 +b 2 



k = 



dO d6 

T_ = — ^-L =±=(*asm6 ,acos0,b) 
ja 2 +b 2 

c/r £/6> 



ds d6 ds 
a 



(-cos^-sin^O) 



a 2 +b 2 

1 _ dr_ d6 _ 1 ,_ 
|r'f l d6 ds ~ J a 2 +b 2 ' r d0 

.'. A: =|^.| = — r-^ — t = const. (iJb^^colj <ul Ji^V) 
.a < cJL£= I3J k < *Lbs^l < a > cJL£= lil k > *L^,V! jji Ij^j 




b 

cos <p= <7_,e 3 > = , = const. (sj^ c^l^-m T ,e 3 ) 

yla 2 +b 2 

<p-cos 



Ja 2 +b 2 

Midlife-* 

.co.v) j^-i jiaj?) i^jjb oi>^ > ' o " 1 "j (3jL"J| jijJii 4-^>^' c? ..i.^-.,i.o 

t^ilihlflTt)Ad^.AJjM^i(U) 

Serret - Frenet Differential formulas 

cjU",.:. «u^j_ub A y\\ j— a (jVl l-ij) IUUj T^-T_(s ),n=n(s),b^ = bXs) 
1=1, i4»V ( (j) >jJW t ^MilJ> > i-^UaJ. 7LCO,«(s)>6CO 

•■0' 2, 3 

V, = ZL,V 2 = « ,V 3 = 6 

IljLa JoaL»Xa (^jLi£. (^^LlII Ij-A (jl i^-xs-J 

<v„v y >=^' (4.8) 

cr i£. 4_3eia J-is- S Jj 4 u,i ilL) V_ ( (S ) 4 ^-r'fl 4_!1.} ^1 J-^Lii LaJ !r £_JcJLl 

V_ . cj! ^-»"U jj-a 4__ix^ 4Ja>L«j=a v_ ( . (5 ) 4_)ll£= ^ 4_iLa oiljJj ^ ;-»-UI jIjoJ 

v,(*) = E^v / , ^-=.,V/ (4.9) 

; . 1 as 



/ \ 




•'• a ik =<tilLk > 

J~^> (4. 1 0) ^Ijl^Lj (4.8) ii^UJl J^Uuj 
<\L/.v y >+<v,.,v y >=0 

•'• a „ +a j, =° or a „ =- a „ ( 4 - n ) 

j^*j(4.1 1)4. i=j^x 
a„=0 (4.12) 
.aiUi« <^ui (a ) tejfi.^l] jig- ',;",„•) (4.12) t (4.1 1) 
:oi a*j(4.12) .(4.1 l) f ijL^ J i i (4.9) yjLai4./=l,2,3 j-^o^i 




V,(s)=r(s)= a n n+a ]3 b_, 

v_ 2 (s) = n(s)-- a n T_ + a 23 b_, (4. 13) 

Y_ 3 (s)=b_(s) = -a ] J^-a 2i n 

a n = k , a l3 - ji ju>o (4.13) 4. JjVl ibLdl cy»\'4 -T_ = k n o< L^j 

((4.6) ( >-) ( j-^j 6(s) = -a 23 « j J ^*j(4.l3)4-LiJliJl?JjLdl ( >.j 

, a 23 = ± r ijj |6 | 2 = r 2 

& = — rn ^JiJj IjL&j « 23 = T j bio <J\ S Juljj oUol 4-cjj*jAt 

:i_uVI Aj^JaiJI ij\jtjJ J] bJLajj JL3 (j^=j liUjuj 



T^- k n , n= rb_- kT_ ,b_~~ Tf l > - = 



(4.14) 



b*_uJ 4jl < LallJ 1 4_uj^a . 4j^j iii j^iin \ 

Sj^IJL. L^b^Q^oj (4.14) oVjIUI 



Y~ 




" 


A: 


0" 


Y 






-k 





r 


n 


z> 







-T 





b 



r_(s )=T_, r_(s )=T^- k n , k =\r(s)\ 

?(s) = kn+kn=k(rb-kT_) + kn ((4. 1 4) «>.) 

r (j ) = -k 2 T_ + kn+kzb 

r xF = A 2 rr + £ 3 6 

f'<f<r cjL^slUJ (^LiJI ^MiJI t-jjuL^ll J^U$ 
< r ,(r x F) >-\_t,r_,r^\ - k 2 T 

1,2 

■'^ = -rj[L,L,L\,k =\r\ 
k 



1 



(4.15) 



U " ^ f u' JiJ-" li' «- ."! «j ^-^dLh 1 UJ-^ V-ri^l lt-J^" 

(<JjL-uJ 4_L4-Jjj) JajjjJI J J <£.VjuA\ i_)jLic. 'J« '^11 J! i^JJj if 1 ■ .11 (_ljL2£. 





(r>0) 



(r<0) 



$ tt ^LoljUl <JVju (4.15) 
: (j? fiLu Jlj^jJI I jut ^yk. ijU-^U 

dr_ ds , d 

r (w) = — = — . — -Ts , = — ,|r |=s ^0 



.:r"(u) = —(Ts')= 7V'+7> 



^ j^o(4.14)^.j 
(4.14)' 

•.£) J^A^iilJjg^^ 




/ \ 



ic^JI | Y (u )| «Ca_L3 Uiu velocity ic >^JI 4^ ^....j r \u ) 
.acceleration vector y"(u) f jL^I v- = £ ' = — ^jL^j speed 



t(VJ)lU»»4U 



j^—a v =s '=— ^ ^ y"(u)—v 'T + kv 2 n 1 \ .^liill iLu^J! 

dt 

v jujz Jjljl^ (_)im-23 r "(w ) ^jl,„.'1l 5 'T =v T ij-^UJLI 4 j^-ijJLI 

j-a^ . r'(z/ ) <?L>ol jjju Jjl»ji (j-uj^j kv 2 n * j^jJLI L«_Lu .( r'(u) *-*^) 

t(U)Jlli 

(unbounded ^ oj-^) J^^ 1 o 1 -^ 3 * M ew L - JI J 1 -^ 1 4- 

. V ic^^^uJI >j3Ljj Jjj^t-ill ijLsoI mJ j-a (j .ijiij £ «.LL>jV! (jjjL-oJI (Jliil <2_ 

Lujd q j^j U Jl < >t ,aULi (4.14)' i^>UU S J^UJLij 
r *"(w ) = 7> '"+ A: aw 's "+ fa ' 3 n + Iks 's"n+ks'\zb-k T_) 

r"x r '" = 3fa '5 "/3 - A: w ,2 s "n - ks a {s "- k 2 s*)b+k 2 rs ,5 T_ 




<r , ,(r ,, xr ,,, )>=/t 2 w' 6 (4.16) 
r'xr" = £-s ,3 Z> 



, , |r'xr"| 2 , |r'xr"| 

ft = T «l ft = r 



ft~ = 



1 6 



r x r 



(4.17) 



^,^(4.17) ,(4.16)^ 



r 'x r " I 



(4.18) 



t(0^)Jlli 

1,1, 

r = (u,—u~,-u'),it e K 
" 2 3 



r'(i/)=Z> , = 0.w,« 2 ) . ' = 



^^i^. Ja^>o aJjLjus Jj^a 



= 1 + « - + 11 , 



du 




:. T_ = (l+w 2 +w 4 p (l,w,w 2 ) 

r' = (l+w 2 + w 4 ) 4 (0,l,2 W )-(l+ M 2 +w 4 )"=(w +2w 3 )(l, M ,w 2 ) 

r' = -(l+w 2 +« 4 )""(w +2w 3 ,w 4 -l,w 3 +2w) 
— ~ j ~ — j ~ y o' 

(35 as s 

£ =7 =-(l+w 2 +w 4 )" 2 (w+2wV-l,w 3 +2w) 

*=-i(l,0,l), or. +e 3 ) ,£=|*l = — 

3 3 3 

KlJDJlli 

r(w) = (3w -w 3 ,3« 2 ,3w +w 3 ) ,weM 

■(j- i - '^ i- U ^yic 4 In ill J_i£. £ = T (j( O-jj? ^<u (j-aj 

tJ*N 

^yk. J^>j (JjLJI Jlill Ji«) il 1 itaU-o (jja 

7V = (3-3w 2 ,6w,3 + 3« 2 ),'=— 

.\7V = 3(l-« 2 ,2«,l + w 2 ) 
.•.5 ,2 =9((l-w 2 ) 2 +4 M 2 +(l + W ' 2 ) 2 ) = 18(l + w 2 ) 2 



.-. 5' = — = 3y/2(\+U 2 ) 



du 



r = 



-(l-w 2 ,2w,l+a 2 ) 



V2(l+w 2 ) 



( 4 < r ill l3 



V2(l+w 2 ) : 



-(-4w,2(l-w 2 ),0) 



.-. T' = -^— (-2w,1-m 2 ,0) 
~ (1+w 2 ) 2 7 



5' 3(l+zr) J 



1+w 



b_=T_xn_ = 



V2(l+w 2 ) 2 



£1 



£2 £3 
1-w 2 2w 

-2w 1 - u 2 



6 - = v^ (( " 2 - lki ^ e - 2+(1+M2)e - 3) 



© 



* 

1 A\+u 2 )(2u)-{u 2 -\)(2u) (l+u 2 )(-2)-(-2u)(2u) 
~ VT (l+u 2 ) 2 ' (l+u 2 ) 2 ' ^ 



b' = 



V2 2 
= t—t{2u,U -1,0) 

^ = ^7= ,„ 1 2 , 3 (2n,« 2 -l,0) 
5' 3(1 +w ) 

-1 , -1 • , 

.-. 6= T ^(-2u,\-u 2 ,0)= —.(l + u 2 )n 

~ 3(\+u 2 Y 3(l+w 2 ) 3 

• a 1 1 , 

. . = r-r- n = -rn , r = — = k 

- 3(l+u 2 ) 2 ~ ~ 3(l+w 2 ) 2 

t(V^)Jlii 

r = (w 3 ,6w,3w 2 ) ,u € K ^l^iil ^iaJU i^JL 
(1,6,3), ("8,-12,12) ^1 jlJji c ^^j A U o^LjJI (jj-sj cut (ii) 

■ tjl JbaLOfl 

(- 1 ,"6,3) aJclLJI Ju£. ^..W.U.U (Jj-aMJI ^j'mill SJ.}L«-« JLa-jl (Hi) 
tfL>ol £_>a ilblj Ajjlj i^-ij A t-i <i i ^y a- > - Ju£. ^ i •> i «i 1 1 jj*L*il <jt Ci pi\ (iv) 

r_-(u\6u,3u 2 ) Uj 

j if-i-»o W J I 4 1 1 ni,lLi jj-uj-a JjUiluiVLjj 

r' = (3w 2 ,6,6w)=7V (4.19) 



r" = (6w,0,6)=7>"+yb' 2 n (4.20) 

d _, 
du 

:<JP k. LaU^I (4. 1 9), (4.20) 

r'Ar" = (36,18w 2 ,-36w) = fo' 3 ^ (4.21) 

:(<r',r'>=s' 2 ) ^J^* (4. 19)^^1^^ 
s' 2 =9w 4 +36 + 36w 2 = (3(w 2 + 2)) 2 

5 ' = — = ±3(w 2 +2) 
du 

jLa U '2— 4-11-5 5 o_^=^ l>' W Juljj oL>Jil ^ <_V"^ _jl_tL>-l ^^-L- LlIojI La ! jl^ 

. . . . . . ^ 

s' = 3(« 2 +2) (4.22) 

4J ^1 r 'a r_ " 4_aiLI <>L>ul UUj JjLLlj & oL>ul ^1 (4.2 1 ) 03^=^ 

6 lil .(2,m ,-2w) *L^VI 

(2,u 2 ,-2u) 1 ,020,,. „v 

6 =- 7 —== = ^-— (2,w ,-2w) (4.23) 

Vw +4i/ 2 +4 

Jl ^1 J^jJaJI J-JJpJ kiJJij (4.21 ) ^ Liu! 4_jk: J.^i-hj & t Li»oVI 

A: 2 5 1(1 =(18) 2 (*/ 4 +4u 2 + 4) = (18) 2 (*r +2) 2 

,, k , =( m«lpLy- (4 . 24) 



S ' jj-C (4.22) (jiajjJtllLjj 4-^>« «S \k ,j! 4_la».}La (Jr JUUpJI J^>JI Il>-L 

* = ^ — =■ (4.25) 

3(w 2 +2) 2 

b yjt j ^,,1,11 jl^ji yic J^j^jUl (4.20) J^LL. r yjl jUoV 

((4. 14) <UL > fl ^IjieluAj) (JT k. 

r - (6,0,0) = {...)T_ + (...)« + (ks ' 3 r)fc (4.26) 
^ic J^*j L^Li* (4.26) 4. (4.2 1 ) 

216 = £V 6 r =^r = 4^ ( 4 - 25 )' 

A: 5 

oi jl^ (4.24) ^>UJI ^Ijl^Lj 



3(« 2 +2) 2 

(-8,-12,12) LL\X\ jl^j W = 1 ji«!jU1 oj^; (1,6,3) J 3 ^\ iloitfl juc 

t^^l^a (4.23) ,> W = -2, M = 1 Jiic 6 uLo. ^a4J .W=-2 ^LaljUl ui^J 

2 1 2 1 2 2 

(«„=,=( ? -,3),(y„.=(3 >? 3) 

<(H=l»(H=-2>=° o't^'j 

6 ^liJl ^jljj (36,18w 2 ,-36w) jf a*j (4.21) iJjUl 
6 (2,1,2) jps ^Lijl . b (//) iijl>e (2,w 2 ,-2w) 4_*nlliil 

. (-1,-6,3) iiaiill JUC (jr be_Lail Jjj-o^UI ^ j." mi 1 1 ^flc jjfcj W = - 1 

* 



2(x+l) + (y+6) + 2(z-3) = or 2x+y + 2z + 2 = 

(4.19) i-bUI^ 
:ji^U u U^ 3 (u 2 ,2,2u) 

(w 2 ,2,2«) (u 2 ,2,2u) 
T_ = . == or T = - — - - 

Vw 4 +4w 2 +4 « +2 

e = (-)=,-)=, 0), <e,r > = cos 6* 

Qos6=<T,e >= -U => 6* = cos" 1 (-4=) 

/r 
4 

t(U)a&r* 

«J_4 J_j 4_3j^Ia]| tfjLjJ i. i i cilia i_jj_u/L>. J^C (j^~» <l_> ^J-ill I j-ft (j^a (jJ>*J 

. Jj^-i 1 <\*—i ^jLliil ji>.Ljj AjpjsljLJI it- ill iJjljua ■- I U<- 1 . ^jjjj 4_!L>JI 

:(A^)Jll4 

(jj;^-.j r_ - r_(s ) LukUJVI 



[f,r,r (4) ] = * s ^-(f) 

as k 



d_ 
ds 



t ((_>»! JjJo jILaljLi) ( _ 7 JuuIaJI ^LaljLJt S ^- y » 



r=T_ = kn (4.27) 

7 = -k 2r L + kn+rkb (4.28) 
.\r aF = k 2 zZ + k 3 b (4.29) 

<t_Uj^ . ij^j-.-.u £j-jus jJjLSB" ,uit J (4.29) 3 j Ut 5 ( J\ I , , ,i .;JLj (Jj-^-I 2>-a J-jisLflaJLj 



fA/ 4) =(—k i )b+k i zn-Tk'n+—(Tk z )T_ 
ds ds 



1 



{ ^e)b_ + ^-{zk 2 )T_ 

ds ds 



(4.30) 



^ L^L* (4.30), (4.28) 
3r£ 3 £ -k\ik 2 + 2krk)=rk 3 k -k 4 r 



<F,FAr {A) >=rk—k 3 -k 2 —Tk 2 



k ' .— — - — 



ds k ds k 



/ s 

> < 

t The Helix ^ijiah <,i*at ( U ) 

t(U)(-flJjJLi 

j_Lc <lJ ^Lcil 1^-1 _i MjjJI C (^-irtlil <*_j l_j cr _jj3-'- :,,, J ' u i -till, I i_aj_ju 
.( n.i) J^ui 4_ c^jIj oL>J! 

(_>j/L«J,I ^ — <jl Mil jjri^- ^^juj^X\ u W ill 4_j] I '?">jl i— (jl ^j^— ■* -i -j 

>LLa ,„b?l (ts-^uljij oL>ul iL. lS' ^J^JI <!UasjJU <?L>«jl i§_ aJus-^JI <La^La g^J^jt 

<r(j ),e >= cos a = const. = cjIj (4.31) 
.j3>i^Jl or tL? juJoj^l jliS > r = r(s) 4^uU ^Uil Ji^ r(s) o_p- 




(U.l) J^i 



( N 



, ,i o ^ o,,,,m1 C7 ;,^ m (j| t (& ^ 0) A: = L$js ^pJI iIL>JI A« Cmil ^-a 

.-. <«,e>=0 (4.32) 
.( ^ Y.i ) J^i 2_ U<= (^i^l I juk Uoki (ojliJI ^UJVI) 




b 



cr ic J-ua-xj <UJu^ j-j^uo ^Ijiiei^ulj 5 Jl 4 jinitL (4.32) i^MjiJI Jj-oLil) 

<(r6 -kT_),e>=0, 
:. <rb,e> - <kT_,e^>=0 (^l^l v>l ^JI ^l^i. ^ 

4-l>l!) ^_ '"">_' <M1"> ^-ij 7^ Of 4-1>Ij 4Jjlj £~u-oj £ ^-tP-J ^ 

Ji^Vi LuLb D_ (— — (2) LkjIjuLa 

<T,e >=cosa ,<ft,e >=si'na' (4.33) 



(T_,b_ oUUJiVI ,^k. dalL^il ^Ijl^l^L) 
e =T_ cosor + 6sirm (4.34) 

0-k n cosa -rn since =(k cosa - rs'ma)n 

k 

:. k cosa -rsma = or —= tana = const. 

r 

k 
r 

= ««-crn=U, — =c 
r 

r+c& . _ 

Vl+c 2 

T_ + cb 

1 I c 

<e,T_ > = . ,«L,b > = 



Vl+c 2 ' ' Vl+c 2 

C aL>uV! £.« Of iljlii <bjlj "->j 7^ .'. 



1 

cos a — — p , tana =c =const. 

Vi^ 7 



C : r - r(s) j^-iJl 



r 

C : x ' -x (s )-< x ,e > e 




or.o j^i 



:("\i)(-aj>jj 

jLj3 4— J^lj .ul^rt-l . n < , If j*J) '"jJU (-»-iU j— & i^gjJil J^JI (jjj l-»JI 

- 2 2^ 

(c^jIUI tfLsoV!) i_$jjljJI jjjjJLjJI J^=w jjfc oljUm^l J^Je-a UJ) g ~ l JJ ^ + y = 

.( ^ LI) will 4^uJl1a £yj 4f ^jjljJI JjiJJLsJI uliVjLujs 





(U.0 J^=ui 

flU > LiJa a ;^b 1 >. a , i i/ , () ^ t -^—=cotar ^ P o PQ cJiii4_, 

:. QP = z , P„(? = aw (^b ^LL^ ^ ^ j^) 

.'. z = o« cot a 

l^Vl^ P(x,_y,z)GC . 



' < 



x =acosw, 7 = asinw, z = aw cot or (4.35) 

<ya L ,U<" i^jjljjl jjjij-^' cr^*^ cA" ijjfcL^oVI <JljJI ^La tjjir j 

r = (acosu,as'mu,au cota) (4.36) 
Uniil.usM, =P xy P ^^^i^'cT-^ 1 the pitch 

(4.36) (X^ijLJi 

dr' / .,■ . , .^du dr du 

:. r = — =7_ = (-asmw,acosw,<3cot(0f) — = — . — 
ds ds du ds 

:. \T_ | 2 =l=(a 2 + a 2 cot 2 a)u 2 = a 2 cosec 2 a u 2 , 

.'. u = ^0 , (a ^ n7r,n e £) 

a 

.'. r_ = (-s'mu sinar,cos« sin a, cos a) 

r =T =k n_ = (-cosw sina,-sinw sinor,0)w 

1 2 1 ? 

k n=( — cosw sin a, — sin u sin" a, 0) (4.37) 
a a 



, 2 sin 4 a , sin 2 a ^ 

k = — =— or & = = const. (4.38) 

a a 

LujJ o3^i (4.37) 4- O^JJ^W 
n_ = (-cosw,-sinw,0) 

6 = (sinw cos<2,-cosw cos a, sin or) 

6 - -in = — sin<2cosG?(cosw,sinw,0) 
a 

1 . 

.'. -zn= — sin a cos a« 
a 

sinacosa 

r= = const. (4.39) 

A: 

— = tan or= const. ^ (4.39) < (4.38) ^ 
r 

r = (acosu ,as'mu,bn),b =acota 

. o>0,b ^0 ojI>; a,b tSj^^ 6i3^*- £L =*^ a >* 

.OjIj ^rUlj «.LL>uVI (j^l J^= jj) J ^^IjJI jjj^JL^JI ^rlitH 4 _i i ,i'ilL> 



/ \ 



HSU)?*** 

i^IjJI ^Jj^i^JI ^^-btiil jljdal ^^Jk (T_,n,b^ Ji^^U jU^I Ji>- US' 



r = 



1 



yja 2 +b 2 
n = -(cosw,sinw,0) 
1 

b =T xn = 



(-<2sinw,acos«,6) 



(6 sinw,-/? cosw,a) 



(4.40) 



.(4.40) ^La>UJI J! Juai (A.i) Jliil 4- 

tM*.t)JLi» 

i?L->ijl 2 Jl^-jJI 4_»Haj »L-LsoVI CjLaLs^jI ^^^rci-ii p . .. j i jjoj 

( _j M*^~l l]l { _ , ''"»•' 1 . U ^^JjjL-U^M J^aaJI «Lstlaj t Lij»u^l 
1 



1 3 2 



, dx 2 
x = — =e. +t e, 
dt ' 2 



.■.7-=— T = 0+r)'(*,+f * 2 ) 



© 



k ^ _d]^_dT_ dt_ 
~ ds dt ds 



=T'/\ — |=-2r(l+r 4 r 2 (re,-e 2 ) 

dt 



*l | r |(1 +r 4 ) 



(t'e { -e,) 



k =\k_\ = 2\t |(l + r 4 p 

2/(i+/ 4 r ,/>o 

J=0 
-2r (l+/ 4 )~v<0 



/ ->()' 



/ ->() 




A", 



x-, 



i 




► 


0/ 






A 






A 







i 


k / 









— ► 

A" 






7 













Oo.i) J^i 



/ \ 



2 3 

/ X / U U X 7 . 

r(u)={u, — ,—) ^JbtUJ A: *Ll>^V! o< c^»i O) 



jljL^al c/ J_I>. J-»-jJ 0*-J C I T — /"(.?) ^.ail 4 im "ilL (T) 

dT dn db 

= a a/_ , — —d_ a n, — = a ao 

cfo (is 1 <is 

t^ic ii^a jijj^Is 4. jijj /, g, /z rf=/ r +g n+hb £u> -.jLijl) 

(d_ =rb +kb- (y* u U^ 3 Darboux 

r(u)=(a(u - s'mu),a(l - cosu),bu), (a, b c^l>i) 

ji^o w = — oic r W2 w - jiic r ^111 oi u^j 

1 



.^^loJLI 4. <U^=L r(w)=(«,l + — ,— -w),w*0 ^yistai 01 U) 

WW 

cr L*JUlj sLL^VI jlvj! (0) 

r(w)=(acosw,asinw,acos2w) , c^lii a 



J^Ja ^^XoljLi SJVjL) Jl*>»j C 3 iioJo Jja C '. r — r(s) p tVi 'i a ^1^3 L7 jseju» ("0 

I ^jl C< u l iS ^yj^a}\ 

(i) <r,r> = -& 2 (ii) <r\'f> = kk 

(iii) r =-k 2 T +kn +krb (w) <f ,b >=-k r , .=— 

[rj'j"] , [b,b,b] ^LaJl ^Sttll ^j^l J^U <^ , ,„^l (v) 

C : r = r(s) ^ty,;* 
ulAs C : r — r(s) ^tv. Ul ^ 'itUI ^j-L. I Un'i ^ojll 4_jeia jf c^i (A) 

r2 j „ j2. 



d , ,d dr.. d ,g dr . pd r 

— (er( — p — T )) + — ( ) + — — r 

ds ds ds~ ds p ds a ds 



as " ds ds 



/ \ 



■ La ^jl^i-a igjljJ ^i-a-Ui! Ly^L-uVl S-U^Vl (ill) 
.Cj-iIj jljiiLa ^jL-uj t _ y Jbtia 
I J-A A- l^a- l"'" i il l (<u cP-" ^L_»JI jjjjjjjjl j^i. 4_ajl , ,i II jj^ol j_iJI : jL-iijJ) 

C:r = r(s) ^^i^ii ^ _^li]| jj^JI 3 ^Uil tg,;,,^ ^1 LI jjJt cJl^. I jl ( U ) 

r sin(9 „ 
— + =0 

dO k sin^ 

•vP^iJI ^ j^lj tL^j^l ^jt T,k v±_p- 

j-^o ^ijiit^Jj J-^UULj <e ,b >= cos<j) < <e,T >=cos0 :jLijl). 

.(c-jjIUU (_j I J-t^aj £ (j^j2JI JjJo^LaljLi gL JljJ , (f) <L~js>* 



r(w)=(2w 3 ,3w 2 ,6w) 

i_>-uL<m ^ U iij ( _ = p_5l i t-i ti i It ^ , iij-yll J-^l (jlj Cijlii tfL>ijl jji iiilj <Jjlj ^ ' ' — " 

.(^ylojj-^a £_L^2 j-& X — i^j" mil 

^jUuj (JjVl 4,.^-.^! i R — r(u) + At ^ (j^UJ.1 ibL** : jLijP 

Jus. j la 

£-JL ^-i- TK . il l j»>L»-a ^^ILox^s (_jjl aj ^ In" i a ^yj^tli CjLj/LaJLI O-il ^— i I jl <Ul >."< pt ( \ V) 

■ L gj T i, i„ i iU 

gL>j;i ^jii.M u ^^j^jlJI e <T(5 , ),e>=0 ^ : jLijl) 

.( <»JL»Jj r ^Ul (j^ (JT^LlJ 



© 



iJubliJl 4~*J_^I 



01 A^Ll.oVIj r ^uiji c^iKu) 



r (w ) = (a Jsin / (w )dw ,a jcos / (w )<iw ,bu ) 

.C 1 4_Ljo (j-a 4_<JiIia 4_I1j/(w) idul^J £7, t, C k —C T il^UJI Ji^o 

^1 Jla J-4^=ij r'(w) = (asin/(w),acos/ (w)j^) J^Vl iziAi! : ^LijP 

.(illjJI SJIj (JxiLjj 4_Lk^}La £_a <_]LJI I jui 'i- Jlila 

r(u)=a \R(u) AR'(u)du ,' = — 

ojiii jIjlLoo ,| 7? (z/ ) |=1, R \u ) ^ 0, ji^j; 4_y*u^i 4_ilj> /?(w) 

* r"=aR aR" ^liJU;-,, 1 ;, U ( r'=aR aR' J 3 M\ in-,.'-,, 

^ u.- ^Lli cjLIMjlJI f ijiid^Jj r"'=aR' aR" + aR aR'" iiJliJI -iiiiil 

d^li ^JJI 4J £-1^1 4- C fitV, la ^^-btli ^L^Vl Jj-wJI ^Jfi. Ui£> Cjoi-I ( \ V 
_J_^-^i ^ i ■> i 1, 1 fjt-C A L&jlj-JLa 4_1jLj i^L-u_a _V_«_i3 ^ 4_LaJii!l ti-_L>o T ^gjl i ii ij 
.6 ^^jliJI ^-ij-a-nJlj (5 4 t-milLi |»jjjijJLI C (jr Jbtlai! /3 JJ^jLill J^a-*J! tj-u "Ujl^-II 

^^.IjL—JI J AaUl 4 I 5 ^11 C u ;-Ull : jl AjP 

.(«— ijlUU J I Jj^aJ /? j-vjju^ ,gl a" i'iVLj C ^ iT.i a, I.I 4_u-ailLi u j * j 1 1-> 

lal mi a -1-<ljj C ! /" = /'(A") ■ * cr istili j^LaJ.1 lr 4 US'. Cj ( ^ V) 

4 (jjJI C L7 _<-u-U t _!l J_a-aU (j^IJIj sLLkoVI JL3._jI . C ^yJistill ^j-C ^ 4julj 

.C ^ i T U I JoLij jljCLal j^yin ^jjLaJJ ^il^j-Jtlj LaJLic Q 4_La2iII 
^Li >laljLi / : = r(s ) + /LlT (S) $JtQ ^Jl^JI J^JLI : jLijJ) 

.{C ^jjjtJLaJJ < j j In ^p-aljL 4 i 1 1 j C ^ .i-'fc-i-a.U 4 j.i..,J.1L 



I \ 



P 4 UiTi jJlCL C j_ 7 Jbejil «.LL>ul • \ j_a, p jjl_£= I jl JjjLjJ! (jj^_*l!t i— ( \ A) 

_d 

tf£ p + JU + JUp 



, . . Vl3 + 3cosw . . 6COS3- 
*(«)= r , r(w)=- 



a(3 + cosw) 5 a(13 + 3cosw) 

.^^211 i^ j' i.i il U iL. j-aj <j1 l£JJ e *-i-y>^ J^°! Jh&>- Cy* d_ IjjjIj <tsti<> j_|i>- j_>c (T • ) 

. * 

jji^. j_gj>jA£. j_$jlx^a j_yJLc. ^LxJI (j_g^JL>JI .UiiMiI, ft «.Ljj>oVT Jl>.jI (V ^ ) 

c/x _ _ 

ui^i =T-<T,e>e c _^(o Dei kihjl ijj) 

" ds 

\dx* 1 ds* , 2 . 2 <ir * ^ 

c — 1= =l-cos a = sin <2 I =T -ecos<p 

ds ds ds 

y * 

t>" cr^j <t j-* £ ci-^J-^ 1 jj j"" " a ^L«JI jjjj^JLsJI . Un.T . l K <.LL>oVI jjl C, u? (YY) 

I A: * |=| & |sin 2 « , a^O 

.(jjjjl>j| ijjlj >-.,j. H . 

tjLijP 



e 



Associated Curves of a Space Curve 

Lr iitjJl Ldj_*iU jLLVI L^zajM 4 V-mj-U CiL LbeJLU 4-lJjJ Jjl„.i,li i-jLjJ! I jLji 

* Spherical Indicatrix gfjftljgiiMWo ) 



j^Lalll 4 Uii'i d-J*j ^La-al! G |_£jlj-li,l J-iill liaaiej-^l |jl_3 .4 jlf 4_LaJij JLlc 

l>"JJ>-? f.*-"^ ^(7) cr-*-*^ 1 S 2 (1) « J-^^JI 2>-^= J! J-*-" er-btUJ 

j-tall J? 4_ku ^-i I I in 1 1 jl (jj/jL>. a mj ij ojuvjjl (jyic jJL T^LllLo/LaJll 

vi~L>- C ! _,)->■ 't < i \\ T ^La-all i^J^ *^~iH 

G(T):r i (s)=T(s) (5.1) 



/ \ 



t(Y4)tij>*} 

ijjlJ^JI Sj>^>JI tyA^J ^r-^UI I jufcj (JuoVl U^j^j) 5* 2 (1) SjLV^JI S 

G(«):r 2 (s) = «(j) (5.2) 
^liii jj-wiJ «y_o) < o .0 ) «§_ i_4J==) ^ji>ui jiUL. 

(7(6):^)=^) (5.3). 

Jl jjLJ iJiU^O L^J)^-! ^ l^u*l Cj ji>J G(6) < G(W) 4 G(T) OjJ^=JI 

CjI LjJ 1 (jt-iLaj CjL_tJce_La ,JA<u ^LilLij i 3 Jljv^JI Ljjljlal A_xikL>ol 

CjLuI J-lol iilij'l LA 3^=3^) »S 2 (1) 5jLJ>-^JI I if ^yi^. J-^JJ 0Jl>-_jJI Ijjljlo? 

^^oj^^i J ^ioLi st i a ji4:(5.3) <(5.2) <(5.1) ^u^MjljjJl 

'.-I 11 ^ li* ( jjj^_2JI Jj-Ls CjI^jjoIji— J * 5j(5) (^2(5) < S | (£ ) (j! ^po^-aj till 

.5 ^.ukuuj jljj i^ju J^jt_^jpjl (^ic G(b) t G(n) iG(T) i^j^ss 

t( >d0) Jilt 

C : r = r(s) ^tv, ;U ( _ 7 J^*UJ ^U^iJ ^ ^-.11 >WU A:, *Lb»oV1 j^jf 

.C ^ i-»- -l U (J-">9 Jjis jILaljlj 5 d..LV 



© 



^yjk G(T) ^jmVaaSI ^jij^-iII >j-«-«1! ijjkL^J^I 4_taL*i! 

r,=7>) (5.4) 

( _ T 1C J Jr-t-»Q 5 4 J t H.ijL) 

T-.sSW^.^.r,^ (5.5) 

as as as , 

T^- = kn (5.6) 

••• ^ = * (5.7) 

J^^i (5.6) ^^^j^ojLj 
7>h (5.8) 

^^k: Ji^<j 5 JI 4. ll.i'iILi (5.8) iJa^UJI JxiLiLi^ 

— 1 — L =« 

ek, ds 

!^l£- J ii-i-nj (/( 7"") It iUj C ^ I ■> I <1 U 4 j 1 1 1 1 I Lj 1.,^ j»l jifclu-uL)^ 



ds 

k ] n l —=rb -kT 



ds 



ds 



k 2 k 2 =k 2 +r 2 or k x 



(5.9) 
(5.10) 

^^Ic J-i^>«j (5.7) j»laitltuLij 



rb-kT 

Jk 2 +T 2 



(5.11) 

^ jxo^ (5.9) 4-cP>i^Wi 
(5.12) 



^ J^^i (5.12) <(5.8) r lju^,bj 
(rb-kT) 



b } =T { a n i = n x 



Jr 2 +k 2 
tT +kb 
Jr 2 +k 2 • 



(5.13) 



* _ 

L$J> ^— i JI ^. _L <1 ( U J i_£J>J_«J>JI ig j" ■ i i I I ^jlj-J C i-»-( .<l lt ^ jTmi. tl jjf (j^_J 

■4 Af <JgLaj ^1 Jj£ C^i^Ull G{T) 



5, < 77, cjL^»iII (_yk. (J>V*j Cz(7) Lr litl*lJ cpj-**J! ^jl^l n <u*UU Ji>. ^* <uk. 
l j\ i S\T i =n (j I ju><j (5.8) i2!vL»JI (jjaj . x /3| = ^ «lJ^ ^j_>*«JI ^LiJLij 

:(Yrf)JlJU 



<9 jdjba.. /a 






2.1 dnl-^j (5.13) < 




7 1 




' 10' 


(T ^ 






"l 




-k£ r£ 








A, 




v r£ k£ y 







Vr 2 + /c 



(5.14) 



2 a j A , ^ a S'aj A.^U jps ^yJLULij Sj^-jJI |_£jLjij LkJJLrta Jjjj^III I JUfc ^ jrti^ a ,j| jjjslj 

.(jLiJi >^>ji 4- iJaiJi cj^l^i ji ^j!) (5.14)^^^,1^ 

t(U)Jiii 

jlJ^ C :r- r(s) ^tv, ;« ^^-l^jJ. ^LmOJ C7(7) i£j>£=Jt ^WLJ ^iJI j^-ji 



( \ 



t JflkTI 

b ] =b\(s) 4_ukL>JVI U\jliS J\ im, ilLJ-^LjUbj (5.13) a-aMjlJI^ 

, _(ki -k z){kT -zb) 
ds {z 2 +k 2 f 

ki -kz kT - zb 
" r 2 +£ 2 V* 2 +r 2 
zb-kT d -t,T. 
ylk 2 +z 2 ds k 

= « 1 ^-tan- 1 (f) ((5.12)0-) ' 

as A: 

.-.r,=- — tan-'(-) (5.15) 
k ds k 

jot C : r = r(s) ^tVua (^irtii (/(&) iij_>^=Jl y^dl r 3 ^Ul <jf c^i 

1 . r 

r 3 = tan — (5.16) 

J z ds k 

G(b):r 3 =b(s) ^ G(fr) j-.^jJ ^UJVI ;Lbmi 
J'^c.i; "°i ^ m ^ 11 (4 1 R) jjj.-^ ti ... iv.... \ r 3 ^JLJI <-_il m-xtj 



„ JfvWW _ [b,b,b] _d_ 
r 3 xr 3 1 |o xo | / ds 



b=-m ,b - -in -z{zb -kT) 

b =-fn -i(rb - kT)-2rib +T } n +(k r)T + k 2 rn 
= (ki + (k t))T +(r 3 +k 2 T-T)n + (-3rt)b 
.-. bxb =t\tT +kb) , \bxb\=T 2 ^T 2 +k 2 

^Jx^o b ^e. ^^bj ,b ] = <b xb ,b > (ji Ujj 

[6,M] = £V +£r 3 r-2A:r 3 r 

= kr 4 -kT 3 t =T : \kr-kr) 

1 A: r — A: r 1 d -\,t . 

r, = ^ r = tan (— ) 

z z~ + k" t ds k 

t(T.O 

Vjl Jy-^ JU-JS- (1-0) JLAi! 4- Lfl^s 1 fljlr Jj.^ -wJI J ^-»-^ ^-a-rjll tfj^ 

.^^iWU jj J^> ^ Jl ^LcaUb JxiUULj T 3 (s )xn,(s ) = b } (s ) 

t("V.0)JtJu 



/ * 



G (T ) :r { (s \)=T (s) ^IjU! JA^JL ^ G{T) ><ai 



* |= ^1 + (I-) 2 (5.17) 

. b r 
a " " ' k 

1 1 1 



^ r=const. (5.18) 



yja 2 +b' 

t(A.0)Jlii 

1 afl t- 7 -'-' c-''- < » j-A j»L*JI jjj^JL>JI i ■> U G(T) ill o' I 
jl jl>u G(7) ^j^rJI >ai ^1 (5.15) £a!>U]l ^. 

Id _i r t 
r,= tan — ,—= const. 



1 d -\ , 

= tan (const.) = zero 

k ds 

t(U)Jlii 

•j-xai opa^L^L.j r,=0 ,A;,=const. L-^ ( A -°) <(v_o) jLi* ;l. 

j^kj ^LJi Oij^tiJ G(6) < G(«) iii>^=Ji jju<d\ 
r 3 =0,A:3=const.; r 2 = 0,£ 2 = const. 

U^d^j z = . =- const. ^f,.,M 2_ spb >a G(7) ^j^Jl (i) 

Va 2 +^ 2 " " " 

.J^oVl iLai U^^ajZ = ^/i.mU >A G(«) ,JjjJ=JI ^c«JU (li) 

z - , == const. jjixJil G(Z>) ^j^aJl ;^ai (iii) 




/ \ 



r(w)=(acosw,asinw,6w) 

7" - , — \ — =(-asmu,azosu,b), 
yla 2 +b 2 

n - (-cosw,-sin«,0) , (5-19) 

b = , ^ (b s'mu,-b cosu,a). 
*Ja 2 +b 2 

(0-_o) t c\_o) Jliii4_) (7(6) <G(«) i G(T)^ J ^\ ■j^ aa u'jj\^l^ 3 

r, =0,r 2 = 0,r 3 = ^1 ^1 ji.ua.tl ^jL^j <G? 

A: t/ i t „ d ~\ k „ 

— =const., — tan — = 0, — tan — =0 
r ds k ds r 



^,=Jl + (f) 2 =const.= Jl + (-) 2 

v * v . (5 20) 

* 2 = 1 , * 3 =^1 + (^) 2 = -| 1 + (^) 2 = const - 
J^yu G{b) <G(«) <G(7) ol^wu (5.19) L^uljUl c>L Ju.-,il ^ 



J5_^a J^->- 3j_jlj (^jjljjl jjjJLsJJ <_j->-LwaJJ jLLs^l !jjs <U*ILa JJi^. J^— 1 1 4jjj*— i II 



© 



>-o*l ,^X\ {T, n, b} jLLVI J>L>. ^j-a 4^1a J_i^ ijjj^aJI Sjjj^JI 

£-J>« cr^ L° j 1 1 1 ii a ^^jliJI J^jjiJIj (jjjLo.aU ^j^^-ull O""'^' (J'j-^l diLu^-a 

.^^Ju^^l ( _ 7 ,i.r^-i.<il1 aj.nj^ll aJb! , 
C £1 ^1 t^btli 6 = ^L>J! Jj.a-iU ^3>^3JI 3-u>-a-U ^^laljlJI J-jiaJI 

^ Jj-a^J^UJLa G(b):r,(s ^)=b(s ) Sj^l 4- U v . : r = r(,y) 

dr, ds, dr, 
— -. — -~ = -rn ,7\= — - 
ds, ds ds^ 

■ L>i>^=Jl o-"i^ J>^= y^b^ 1 5 3 ^^p^ 
.'. / , . — ---- rn , 

.-.^ = r (5.21) 

iSjajusJI iL. u l^l ,_yk. Jo^C (£.0) tJyjjOJIa (5.7) oMjJ! ^3 

OS OS 

. -J k ~ + T~ Lsi^ (0 i a ^j-^U *U>6VI 



Circle of Curvature *UflM*l3>5fo(r.O) 

:(0^)uu>j3 

.* Sj^Iju Sj^IjJI 

t(Y4)ajJLt£ 

p iUnWL jUI 3 jjIjJI jJL^ jljCLal ^ o^\n (^uLo/Vl ja^jJI jjt pc = i?-r 

.-. 7? -r(s)=pn (5.23) 

J l—SjJLJ 4_U-uLx9 I yO >^P- 

(R-r(s)) 2 = p 2 (5.24) 



e 




" 0J> u=JI Jlc lfo\^= c^=^i (5.24) ibUil 
F(s)=(R -r(s)) 2 -p 2 =0 (5.25) 

jjl j ft » Levi) VI 5^_j|jj ^...'m-lll (j-(_s iilliJI 4_ijjJI (j^a J}Lua-lll iiJl_L& (jj ^->j (jt tis 



F=F=F=0 ,F*0 ,.=— 



(5.26) 



iLsLoj uL)^-j J_>.jj F SJIjdJ Olju. ^>L5 J^ua jjL^ 

(5.25) iJjUl jlsiiL 
</? -r(s),T >=0, (5.27) 
-r(s),£ « >-<T ,T >=0 , (^lsji ^l^i.) 

>-l=0. 



f ■ 



<R-r(s\n>=— (5.28) 
k 

U^, T^UJLl ^ R-r{s) OfcUl gv».... (5.28) t (5.27) ii>UJ! 

1 

k " ~ 

:. R -r(s )=— « 

A: 



A 2 



Jlj£. i Loo VI j i n i^i '1 ^ I /? = jl = — ^ylg. J k-oo (5.25)AljLieI^uL)_j 

| A | k 

1 

| A; | 

/?=r(j) + p#i , p = J- (5.29) 

A: 

- ... . _1 

.( ( _ T 1JI *— ijlna ^ih^ 4-uj^=) 



J^L >1«IjLi >a S l jL^-Li S <J\ 4 u.,i.;!L> (5.29) i^Uo^l 5JIjJI JjLZLiL 
dR ds. 



ds x ds 



1 =T + pn+p(zb -kT) 
-T + pn + prb - pkT , pk = 1 



.:T l — L =pn+pTb (5.30) 

^ Jo^. (5.30) 4.>kJ ^Lai 
^- =y lp> + (pT) 2 >0 (5.31) 

Lojdo^=u(5.31) t (5.30)^ 
7> ^ +Pr \ (5-32) 

jl>-f- If ^jj^^-cj tfjLu^Li ft < 1 1 ^~»" i—Jl toll (^If j .*i_L>oVI S^Ij y~=i\jX T| 

La 

Sphere of Curvature *Lifli}¥l3)S( Y.fl ) 

i( V.0)L4J>j3 

4_ ^^JrtiJi (Osculating Sphere u, ,^yd\ i y ^10 ftL^Vl 3^= 

■ 4 to ii ill 



a jut ■ <j~ LaJLic ^jl^I ojjLatlLa JoLflj iLiMj (_*JJj^=j 
ajj-uaJI ^Ir iJjLuo (jj^-i"'"* 

<R-r(s),R -r(s)>=R 2 
F(s)=<R -r(s),R~ -r(s)>-R 2 =0 (5.33) 

(JT ji W 1,1,1 j S^^—i II J/u jLuajJVI Ja^^)-ii 

F=F=F = F=0,F (4, (s)*0,.=— 

ds 

Jl JjJj ilsji^^jiJI ijjuii jjLa (5.33) j»ljitl<j/Lij 
<R-r(s),T >=0, (5.34) 
<£-r(s),Jbj>=l, (5.35) 
<R ~r(s),kn + k(rb -kT)>=0, 

<R -r(s),kn +krb >=0 (5.36) 
(jjL: ^j^-^c -r(s) 4_*ni (5.36) < (5.3.5) <(5.34) 4 j_ojc_^lj 

4_*lU J_i>- Jl ^1 6 tfLaCI 4- 'krtm a 4j gjjj ^->j « tfL>JI 4- '^rt.„ a 4-J$ F^Lall 
4 jUt- 4 u^Tp^a <C_iLi== j^auoo ( ( _ r i3ejJLl JoLoj jljuxl i_3jjiJ,I) 7? — f(S ) 

R-r{s)=tf+f 2 n+& (5.37) 
^,1^,(5.36) ,(5.35) ,(5.34) jl^j^i 



6 = Q&=t=p&=p° 

k 

-g t Li*jVl 2 jX ^ (5.37) 5_ukL^Vl yi jji I ji 

R=r(s) + pn+pab (5.38) 



R =\R-r(s)\=Jp 2 +(pcrf (5.39) 

■ u \xJX\ ^3 *l_L>ol i — a^Ln^-Li i j.yL L a tLl>jVI <>j^= ^» < }< i n i (ji j 
3jjj^iJI ( _ y k. L^iil"^ ( }^mj (5.38) ixaUoVI iiljjl 

/?(s) = /?(s)+/?cr^/?(j)=r(s)+,cw 

jj^jJI jljOal (jic.^li/?^) - r(s) Sj^IjJ ^jlIjJ! J*JL! R(s) c_o. 

<*HI_5^jjlilJI j>*aJI jIjCLoI ^ ^ R(s)-R(s) 4jtlil Ulu (^L-Vl 

R (s ) - r (s )=pn + pub 
i-^upjl (^lc. p,pcr ^ n, b oL^eii,! ^JaiL.^ ^j^aJI ^",,,11 4- ^ 



PQ=R-r(s), PQ=R-r(s), QQ=R-R 




(T.o) J^i 



C :R(s) = r(s) + pn + /i>cr6 



(5.40) 



4_!L>. LijL^u L btj 1 <l*^-> C IT i<llt i_L3-jL>JI 4_uiJUjJI 4_<j/ljJ-> |»>-aj (j"^' 

~ ^~ ds i 

r =—7 , — = 5 ^0 

Jic J^a^ 5 Jl iwJL (5.40) HA*\\ jUlibj 



t s ={— + &p + <jp)b 

(7 



(5.41) 



© 



~ ds A _ . 

5= >0 jLa ^LJLij 5 4. ^JuljJ iJb S -S (S ) 

ds 

((5.41) iJWU ^Lai jLi-L) jLui.1 1;;^^ iil 

f=b,— =£ + />& + <rp (5.42) 
as cr 

j^al^-ij La _ji 

ds p , . { d ... 
— =^ + (p<r), .=— (5.43) 

as (7 OS 

laitUJj (5.42) 4. LuiL^VI ^LUI ^LZLibj 



~~ds 

kn — --in 
ds 



ds 



,~dS , — A A\ 

n=-n,k — =r (5.44) 
as 

^J^(5.43) 

k= (5.45) 

a 

■ J0 -^-.j ji^ jlj^ oLs L;^*-. ix.j^a j^=lj (T, n, b) jUo^l jLp^Vi 4- jLi-"VL) 5 

.( Lo) J-^-i A, 4- 3^ ^^jsje-o (7" , n ,b ) jLLo^/l 



© 



* > 





(Lo) J^i 

b =T An-b x (-n)-T 

;.b=T (5.46) 
^yk. J.,,^o s Jj Ll^i'iIL (5.46) 4JjU_U jLZLiLj 
—fns = kn , h = —n 
fs-k ^ J^=^ ((5.44) f-ijiiei^L. 3 D ^^(UJ^Lail jLi.Lj 

LyjJ Qjisaj ((5.43) f IjLi^b) lij 



+ (/xr) 



(5.47) 



(L^uiJL) ^ (5.47) < (5.45) ol^Ujl cy> 

k _r 
f k 



(5.48) 




t(Y.O)ll>&i 

a ^jJi ^jjlaJI L7 ,..;..^„;,« 1 !i qj-^= j-^jX ^^jj^i J^>J.l 

r - A: 

^jiaj^jaJLij — =cota li! . — = tan a qj^- m oj>jl>Ji ^la^u a , , „ iiL. 
"A: r 

— =cotar=tan( a) = const. (5.48) is>UJi ^_ 

f 2 

(spherical curve <s 3 j^= t^tia) 

^+(paj=0 ,.=-f (5.49) 
g as 

.(5.49) JJLsj jjkj i_5jjj-uiaJI Joj_jJI ^Jc J i^to (5.43) jj-aj = Ijl (jj^=uj 

-ai 0^(5.49) 



ds 

jLa ^LULj = ujj^j (5-43) ^ J2^> (5.49) ,ji ciiljJ 

' " ' ds 

dR dR ds 

ds ds ds 

U , JLoLSj ur-Lc JL-ftiLJ V ^^-l^. J_ojJ«J V) O-jLj 4.-*-,T<,a {j£- ojLa£. C ^ (■»- Ul lit 

4j|j ( j i.-fciU ^yireJll ilsLflj lij ■ t _ y lrT- i U l^jlf ^ojj Sjuvlj *Ll>ul o^^a 

^^^^(f.w/) t (T, n, ^L^^^IcjIjUoVI jrujJoLiiJI 
.(4.44) ,(4.42) 

; J5 ^l ^ {(4.46) 



(5.50) 



-aJI ^jL-uj Lao_Lai^ (5.50) Jja^elJI i^jfli^ia Jj^rtjJI IjLA ,j! jjislj 

The Involute of a Space Curve £tji<^^>&Lm<^*Ul(U) 

:(A.0)<Jj)i3 

■*-us C 1 ! J a M. > E j C : / cz M > £ J jl — jj 







(0 





n 











-1 
















0, 





.(^^n-a) C^tixdi Involute C, (^i^Hl iJUJl C, ^^irtUJ 



C u 'i-r- igU (j^L^JLl {j^=3Ji t-dj^jiill i ■ . ii->.j C IT — '"CO (_>'**• ' U (j-tc A U n 1 j-iUjJJ 



Op^Op+pPi <j\ Jl^i (0.0) J^-i .'Ml p x ^£^3 Jufi. JLaUnJI 



■ PP\ = AT j^^ j r=r(s) £j±$x\ 
.\r l (s l ) = r(s) + M(s) (5.51) 

A,C, (jr JbtiI,l J^Jo^LaljL 4 US III ^Js^U <Lxla 




(o.o) J^=ui 

^ J^=^i 5 ^_ iJb 5, jl jLo£.l 5 J! i_L^JLi (5.5 1 ) ibUll JlSljiLi 

dl] dS] -T+AT+Akn 



ds , c/s 

.-.r,.— !-=(i + >i)7 , +^« 



(5.52) 



' \ 



: (Lu-uLl3 T A. (5.52) i 'n i) J in">«j (7^ _L 7^] )C] j-iIiLjJI i ■> i U i_dJ^JU 



<r,,r >=o=\+A=>A=— = -1 

: ^ J^,(5.51) 
r l (j,)=r(5)+(c-5)r (5.53) 

iJjLc ^IoIjLj c ^jLjIs-I ojlii cr l£. |jjj>] (5.53) aJjLjJ.1 (jV) jll>-j ,j-uJ fk^Lca 
dv ds 

:("7— =T ) ^ J^^s, Jl iju^L (5.53) ibUJU jLsiiLj 



ds, 



ds, 



T x -k (c -s)^-n 
ds, 



(5.54) 



7>ai, (5.55) 



= & (c -5) 



(5.56) 



LstiU cyJUl J^j£. C ^ 5 pi c-^jo Ijj L ^0 j 1 ^-^ 

ds 

. k > iC > £ Qj^' i)\ i_^>o <ulfl 5 2_ijJu1)3 ill J 5, =5,(5 ) 

JL. J-uajO A.jIr^LlllI <^ij>3 ^J<^» ^ljLa-"r»lj (5.55) ia^LtJI J^LI'miLi 

(is, 



Ml 



(5.57) 



LbjJ qj^-ij ij^jial] (jLjaU J? JjUll) ^Lill .Aa-Lj 

:,^Wr 2 +£ 2 (5.58) 

LbjJ u_j^=u (5.56) (j^aj 



(5.59) 

/r(c -s) 

^^lc J in>'j (5.57) t _ > iaJj),t"lLiJ 

«,=-_= (5.60) 

.Cj t _ r ictil,l (jja ojjuLU 4^->>JI 4_p.U <La-"o <t~x>- 

^ J J ^>±b l =T i x/7, ia}U]l 4_ (5.55) t (5.60) cy> o^^i^^ 

zb-kT 

o, = nx 



jz 2 +k 



2 



. 7 rr -£6 

• • b \ = / , , (5-61) 

Jk 2 + z 2 

J^>0) 5 J! ix^JL) (5.61) a^>L*J! ^Lsr. r„L 
ds x _(zk -zk)(zb-kT) 



-z x n x 



ds (k 2 +r 2 y 

zk - k z zb - kt ds 



k 2 +r 'Jk 2 +z 2 'ds l 



r > 




>- 








(jM- J^»o (5.56) ^ ^ ^^j^tH 

CIS | 






fA: -A:r 
^ = 

k \c-s\{k 2 +T 2 ) 


J* 




-1 zk-ki 

A; |c - 5 | A: + r 






-1 d -y.k . 
. . t | — tan \ ) 
k \c -s \ds z 





A: 

^jls T| — CUjli== talj L^p^ji^a ^^^i^I/a ^jj^ |->- 1 1 u it )U (jf Tj = 

— tan (— )-0 
(is z 

n k 
r 



OJ (T,n,b) jLUVl csh i^MJl <^Ly^ \r,^ v (5.55) <(5.60), (5.61) ^ 

o i o Vr A 













V 



r£ 



n 



1 



V/t 2 + r 



(5.63) 



t(V.o)2&9-)U 

.( (J ^JI j ^l4-iJ^lo>L i> ^l £ ^lj) C, iCj- 

i : volute ^t^ka>^ui(^) 

C, ^l>a ^^tixj <uL C £1^ t^-btii Evolute jj^uii 



.jloLlIII L7 I^. 

o-c^ C cr irtlil L7 _k. iiai /? Jl C, j .n'UI i-bU-a -sL^;^ 

U= o/?, = r , c__p- C, ,^-btUl (j-l^ L^I s^Lil iL2JJI j^'lj op=r_ 

^joJI op, =op + pp x =r+pp i o' J^JI i-,^ub. i >-i 



I 03- 



oL^lLL) jd>ll ^ji^-ajJI ^51^1 tij'w PP\ 0' J! Lp>^ ,:>jS >3 PP\ ijM- <S^r^- 
C, U-uj*"' f>>ij Jl 3-a u, v =un +vb J\^\b,n 

:. r ] (s ] ) = r(s)+un +vb (5.64) 



.S i§_ JljJ U, V j£=> 3 C| ^1*. Lua/^UI >^aljij 5| 




(V.o) J^i 

^le J^*s*j (5.64) aI^UU 5 J I ^oUL. J^UUL, 

.•.r,^-=(l-^)r +(« -vr)n + (v + wr)6 (5.65) 



(5.65) * (5.64) fijiiei-Ujj .p { Uo^ji jl-Ic C, (^-jjeju-U ,_^Lai r, ii^uLS 
(l-w£)r + (& -vr)« +(v +ur)b = X{un +vb) 



1 - = 0, u — v t = Aw , v + u t - Xv 

^L^=lj La jl 

U -V T V +UT , 1 

= = /t ,u= — -p 

u v k 

uv -vu 

uv -vu 

T = - 



UV -VU _ y 1 



u 2 +v 2 , v 2 
w 

:.t=— tan"'(— ) (5.66) 
(is w 



fr<&=tan~'(— ) 
» 1/ 



f — V 

rds=y/+c => — =tan(y/+c) 



dy/ 

— = r c-p. v = -w tan(i// + c) ,u =p 3 \ 
ds 

:.v =-ptan((// +c) (5.67) 



/ ^ 



<>i (5.64) JuaUJVI iJjUil lij 
/*,(*, )=r(* )+/?(« -6 tan(i// +c)) (5.68) 

3D oL^»uVI ^^u-aj <U C| ^ ig " i a U 7"| (^LaJLI (jl (5.68) >t 3^a Ajj^m j i^j-j ijJL! JL 



p 



-{n cos((// + c)-6 sin((// + c)) (5.69) 
cos(i// + c ) 

« cos(y/ +c)-b s'm(y/ +c) so^yi <u*ia rjjl^jji 

t(o.O)3b>Ii3~ 

£_a I// + C "-i j C| JjLa C (j- i-a -It yU (jl^ "ia Cj 4 C'i'o'-^ 3 Ijj 

j ' i Li j,,-!^- s^IiLijII i U It ill ~U£. C — C (_$jLjiJ_j 

r,'= r + p(n cos(l// +c')-b sin((// +c')), 
r/=r + /?(« cos((// + c")-6 s'm(y/ +c")). 

r/= n cos((// +c') -6 sin(i// +c'), 
T"-n cos((// +<?") -6 sin(t// + c"). 



cos0 = <T;,T;'>=cos(c" -c') => 0=c"-c' 

7", — L =sec(<//+c)(p + prtan(y/+c)). 

(«cos(y/+c)-Z)sin(y/+c)) (5.70) 

r, =w cos(y/ + c) -b sin(y/ +c) (5.71) 



=sec((// + c)(/? + prtan((// +c)) (5.72) 

^yic J^^S Jl 4 y.,u,]\-> (5.71) ^sMjlII jLSliLij 

k x — L /7, =-k cos(;// + c )/ , — - — = r 
ofr ds 

«,=-r (5.73) 

— = A- cos((// +c) 
ds 

ds x 

_*COsV+£)_ (5 74) 

/> + yC»rtan((// + c) 

oi jl*j(5.73) .(5.71)^1551^1^ 



' < 



b { =r, a n l = n sin(y/ +c) + b cos(i// + e) (5.75) 

-A: sin((// + e ) 
(p + pr tan(y/ +c) sec(i// +c) 

■ _ * '. 1 . . 

Lbjd (j ji^-ij (^LllLij /? — ~ lj| p = — (jl o~x>-j 

~ " ' A: " A 



k J sin((// +c) cos(^/ + c ) 



(5.76) 



1 1 








A J 


V 



k cos(y/+c)-A:rtan(y/+c) 
C, > iiUI_ 9 C^btlil ^ J^= jljCLal ^k. ^=^^11! oljLLsVI utu^MjlJI 

cos(^/+c) -sin(^ +c)Vr N 
-10 « (5.77) 

sin((//+c) cos(f//+c) )\b J 

:("U)JtJU 

Opl LlJJ j (^-kj \// = Qj 1 = 0^1 ^f^j;-,,, a (jr J^ia C (jL^a lij 

r, = r + pn - p(tanc ) 6 , r, = n cose -6 sine 
<T x ,b >= - sine = const. , <T x ,n >=cose = const. 
i -fl-j>*j n 3b j£=> ^ iuli ijjlj jJ^sj C, ^ .m'U I cr i=tJUJU F 1L>0 LaJLI (^1 




.C\.0) i(A.O) J>U. t>a dUi 




Tractrix 



Lame' curve 



(A.o) J£=ui 



e 



/ \ 




Deltoid 



Bretrand Curves Ju1>j >j uUbu* ( "\.o ) 

r*=r+/U (5.78) 

r* — = (l-i^)r +An+ATb,.= — (5.79) 
<afr fife 

J^^>«4(5.79) i^Mjji4. > L^j >L i 1 _j i <T*,« >=0 lit «=»* o-^i 

. /l=c = const, jf jlj^j J^L£=xULj /l=0 j^k. 



.a^JiLuXI doLS-I)l 

((5.78) Sj^uaJi j^L C,C jjl^^ ^^3^ L>>^bM' JtA-*^' 

r*=r+cn (ojISc) (5.80) 

(5.79) ^>u% 

T = (l-dt)r +crf> (5.81) 

ds 



— <T J* >=k <n,T* >+k* <T ,n >=0,(« =«*) 



.'. <r,r >=const. = coso' 

. (X <LuLj ij^jlj 1 <i^ 'J,' ^)\j-usl>^ C ,C JuI^^j-j ^LuJtla Jja J^=J ji ijf 

T jLa ^Uj^j « = /7 ^.Li j^i^ '<L. T ,T ,b ,b cjL^hi u> 3 



n -n 




(>-.o) J^i 

■ (T'2- L^uLlS (j^a^JaJI Sr>>" a ^ O' (5.81) ibUJtl ^3 



rr, ^* ClS 

<T ,T > — =\-ck 
ds 

ds* 

:. cos or — = l-ck 
ds 



(5.82) 



:( b 4_ L^uLis (5.81) ^>UJI 4->Io v>^) L^j' L>i..'A'i 



<z>,r > — =ct, 

ds 



ds 

:. sma — =cr 
ds 



(5.83) 



© 



n -n 




(n.o)j^i 

C <C £j>J! Jk, i^^iU oljLisV! Cru ^>Ll!I 



(5.84) 



T* =T cosa+6sinar 
b* - T* An* - T* An =bcosa - a? sin or 
i-uV! sjaiji ^>lji ^ (5.83) is>LJi ^ (5.82) a>LJi 4,,,,^ 

sin or 



rcosa + k sinar = 



(5.85) 



£_ui>^ juu liJJjj C i-fr.u.H 4 1 1 ,i,;,JLi i5a^L«Jt "JjLv* JJaMc ^^ic Jji^i-»JI (j^-i <ijj 



r cosa - k * sin a 



sin a 



c 



(5.86) 



^jJLl ^ . <^>" (5.83) t (5.82) cj12>l»jl! s^JoUjli ^La iJLjJaJi ^.iAIjj 

(5.82)' 



C0S<2 — r = 1 +ck 
ds 



ds 

sin or — r =cr 



(5.83)' 

^J^o (5.82)' ,(5.82)^ 

cos 2 a = (\-ck)(\+ck*) (5.87) 

^J^(5.83)' .(5.83) ,>. 
sin 2 <2=c 2 rr* (5.88) 

: (jJJjJI (jjd^aVl diij) ojjj-aJI ^JlCL k tjjic Jjin-»ill J*^-- (5.87) j^o 

c£ -sin 2 or 



k = 



c{\-ck) 



T =■ 



sin a 

TV 



(5.89) 
iji i*j (5.88) 
(5.90) 



:(cos'or + sin-cir = l.) J^>(5.88) <(5.87) 
c 2 zr* + (\-ck)(\+ck*) = \ (5.91) 

c(l-d:)A:*+c 2 rr*=c£ (5.92) 



: <LuVI <Lj^ hill jjLij-i {_J I I il ifri j3 jJa ' (^^^3 

.jjl^j^ CjLlsiio (5.92) 4_Jsu»JI 4-3^L»JI Jjiso (jr^' <j£l^ J i]| CjLlLsbJJU 

-.i-u^M Ajjiaill O^Ji {J\ Li^=>j (5.90) A^MjlII ^3 

t Jul>3>J uh Wiii i nn ml 

jHT + vk+r = (5.93) 

(o^i^ oLi^ia) v-y = 0,r = (i) 

(^jn-,„u Ja^k^Ji jLi = y-0,k=0 (ii) 

j i /lit + vk = oLi^i* L-k^ y = 0< /.i ^0,v ^0 (iii) 

r v 

■ 4_^j)JL>JI vIjLlIjcJJU J^a AiiLc i.kiAj^ ^Ll^ = = COnSt. 

- " " k jli 
ojli ^Ui l^j oU^ni > ^.^^j / ^ O'V - 0<T - const, (iv) 

j! (5.93) ^juji ^ijjj^ . v * 0,y * (v) 

rcoscr + /: sinor = /; (5.94) 



• > 



v -y 
tan a = — , 77 = 



v ju 
sin or = , , cos or = 



n- 



-y v _ sin or 

r 

_s'ma v 

l] — tsr^ J C — *-us 5JJ 

Sj^l ai.*G (5.94) <2>UJI Lj 

. . sin« 
rcosa + /csina = (5.95) 

c 

CjLuJtla i hi<~n ( _ ? jJI (5.85) <uj}>L*JI (J-ujIJ <jr*J 

4. ^ycjLj 4JUJI « L-^ljjd . or = — < £ = const, (vi) 

C "IT HI f^yAc La (>_J <jaLu-U C k — — ,^l£. Jjuartil (5.95) 

c 

„ * 

*Ll>jI >==>* ^yk. r*jUi yUJI «jub \ 3 r* -r +cn C* Lr is*Jl\ ^ 

£jj Lij j^j 4jL>uI JjssIjJ, (^jjajjujjl Jj>J.! ^jjjtlaj c1*jIjJI *L>uVI jj ^.'lst Ul 

■ ^J**" hi kill eJJt (j"*"— <c.j JuIjj^j tliLiise-Lo jjja 



e 



4_L>lfk)l 4^JlJ>I 

« < 

LJajn.^U ^aMtJI LajJ^^ij t!al t n -n $ vi~p*j (5.84) c^MjJI ^ 

Sj^l^ic (T*,n*,b*) jLL=^lj(r, «, 6)jlLVIuru 





/ 


COS Of 





sina^ 




* 







1 





n 


U* J 


V 


-sina 





COS Of y 





n — n 4jtHI Jj_>. (7", n, b) jLLsVI obi- 1 d-^f >*i (v^j-*) lSjL"^ (obi- 3 

. d£ ^Jjlj-I (C i->i^ll (j-mLuVl JjJ-qjJO 

jljjjJbj^ij V invariant V « = n jl jjjJI J>it a £-^b 



/ \ 



Lr i^n G(T), G(n), G{b) ^i>^=Jl cjULl^I £s}UJI jl^j! ( ) ) 
G{T), G(n), G(b) '^ 3J ^\ J3 ^\ ^ J-^J<^-U1 u^. i^UJI jl^i (y) 



' \ k - 

j-ia^ll cL-LjoVI (^j-iai liiir-i 't (jl ul (0) 

b 

U^IjlvjI (1) 

A; r, 
r r, 

.^u^i ^ G(7) , G(&) tij>^=Ji >,w-cii ^ui Ua r,,r 3 oij Gct^^UJ 

O' C*_uL3 0>= (J-"-^ L?'^ (JJ-^- i^Sj J^ 3 ^fu^Xl ,jL£= Ijj (A) 

Q j^J j « >^=JI j~=2y±> Jjj^oM-ll iJ^ILuJLI b (_iJJ3-«jlI1 : jLuijJ) 
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.c^jlii iU^VI 4J *Ll*jV1 >=I>1 C, (^jujjl 

{k { =k 0^ /? = opa £ = Const. jL= 1jl :jLLjJ) 

sLl^VI^^I La £ ,r A: 2 / r^Uaj 4j^jui o>^=y 3^=1 

((5.47) 4 p = — = const. ^tjLijj) 

^L^dl j-kiJ^ 2-1^5-1' 5 ^iiUI *_Ll2JI j_a J_^J ^LUI ^yisJJLI juvjt Or) 

.(j>=^«t jl) ^ j^I . - .l I I JaJ>Jlj a^ljjl^ 



.Ajjl Lxiul 

X«u^ j^uo ^laiel^lj* J! J^LiliLj =T (s~) ^ tjLijP 

LlaUJIVI JJIjJL ^fl>*ll y-btJai (jl ^» OA) 
r(w)=c, Je(«y« +c 2 ^e(u) Ae'(u)du 

. '= — < |e(w)|=l,|e'( w )l= 1 J 2 * 2 iJbe(w) ^-p- 

du 

< JjVl <s-AU juu^a^i J^l^tll -.iLijl) 

0^ 

4 Uni ^1 CjLuIjl^I JL^jI .^jl^^^tlx r(x)-(f (x),g(x)) C)L£= lil(Y') 

i r' = (f',g') t r=r + pn flj^J : jLijJ) 

C : r = r(s) 
.((5.32) ,(5.28)^0^1:^1) 



. s u*oVi s^b j^ai jJi ^jl^ii >ai ^^i^ ^uij *u^vi (yy) 

.((5.13) c (5. 12) cLa>UJ! Jl j^jl : jLij}) 

(k~=k Jlc J^^i (5.45) ^_ p=—= const. ^^LijP 

x (w)=(acos 2 w,w cosw sinw,asinw ) 
.(spherical curve 1^=*-^) » >^= g-U,,, <^k. ^ 

/9 , . : „ d . 1 1 

(7 as r k 

•L>i>= f»L«JI Jj^-^' U j^i U' J° >" 

/ • ; r> . P , . k 

" " cr " r 

(p(j= const. 



e 



/ > 



|l j uLuxUU 2UwUVl AJ>kiJI 

Fundamental Theorem for Curves 

informative ^ ;y,i « v ^r. - i um : ^ i r,u r> ^ ^ -„-,n 
j>lp c_*-j>S3 ^jiiei^u.') oltjLjj i_jjLui-l 4 ks'i (j.* i_i >HLi approximation 

a Jl_l£. jL-Mj (j-U'j «.L-L>oVI i— Jl JJ-== l -r i d>^" '- ;Ljk (j-^- J ■!.'-*"' ^ J (jyistlail 

L3 _lrt_ca 4_uljL>-JJ JSj_>-jJ <U i nL-uVI «Lj^ to ill {J V\*\ i-jLjJI (j-a ^LUI *j^>JI <L-J -AJctSjJI 

Canonical Representation of a Space Curve: 

unit speed curve so^jjl <Gc >^ (.jJbtia sjLc. ^jJI 3 C : r = p^jlj 

( | — 1=1) <^^J\ ^ AZujs 5 velocity vector <l^Lo T = — 

ds ds 

*l>vL> £1 j-iJj^rC pk" Ul ^7-i^al ^ic <Ja£j p q\ j^j^ .speed 

<Ui J _ u Ljj/VI CjI $y~ 1 1 j-uuaj ^ ^— » p ij^>- jj\-><1\ (j^JJ^ •(J- L '=^ ** 1 (jj-A P ^ ; 1 C~p>«j 
(7^,n_,b_) CjI g 7-11,1 J_Ls* ^^ic iiikLa CjLuI Jus-VI jjL*^s jljdal ^Ic (g^^,^) 
5 — yLaljLJI jli>\-u p (jl C~_ij>o 5 C ^ i 1,1 u If ^_yu$2l\ jj? ,__>l3^jijj jf? JUC 

r(0)^0,r(0)=r o ,(Z: o ,^,L)=(e,^ 2 ,e3), 

r(5)U=r(0)=r( 5 )U =^L. (6.1) 
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dT d 



ds ds 



r(0)=t o =k o n o 



{kn)=-k 2 Ti + kn+kzb_ 



■f{o)—kXo+k n +k z o b ( 



J' 

(6.2) 

(j^^aj JUL) 

(6.3) 



ZL,=Zl(0),/i o =«(0),fe < ,=6(0), 

* o =*(0),r e =r(0U B =t'(0) 

Sj^^Ji ^^k. /? suv.t i ^(^) l^u^VI ill oU Taylor j3 lg di^na ^1 '^-.^ 
r(s ) - r(O) + sr(0) + y^'(0) + — r o) (0) + ... 

:cr k. J^l>^(6.3) t (6.2) <(6.1) 1 >> l> ^ j lul !j , 



6 2 6 

+(* o r ^- + ...)& o 
6 



(6.4) 

^L^=jj La f\ 



r(s ) =/,(* )T o +f 2 (s )n a +f 3 (s )b a = £/>, 



( <;r ^LiJI) ^L_ZJ! J_JU3ll ^m, (6.4) ai,„ I.n-.IL ^j-^ai Lr -Ju*iX\ J-A*: 
« loj^a j_iLua i jJaiJ! canonical representation 

CjLu1Jl^>LI jjUro^-, /? 4 Un'rU Jl^ (7]_ ,i± ,b_ Q ) <Lxij^ jLLs"^ (jjl i nil LjjLtl>-Lij 

UAju* ^Juz Ju^o (chilli jUoVI) cLplj^Ul g-.ll f l h; H (ox, qy, oz) 
-.Sjjo^JI ^ (6.4) ;i,„l,.,-,ll i_.l^= euliUI jUd>U i^JL, ^.i^! 

^(^)=/i^)e, +/ 2 (* )e 2 +f 3 (s)e 3 



k 2 s 3 
6 

1 6 



+ . 



(6.5) 



SjO-uJI^O^aJjX, ^ZCiL^jJLl^i^,.. J^^JjVlc-oj^UI 



(6.6) 



2 6 

Jj-*- C (jri-^Vl ^Jc t - U U t-^J^OJ j_A ( j 'ii r 'ii L £p-aljLi J-j1«J i-3>-*J (6.6) Cj^jL*Jt! 
<— ij-aJLi ^1 S = t j_a 4-1 >i^L^Cy L? i-a-?.JJ <lxi-^a (—iJ^-aJ (^^-u-jj C J^j'j JJoJiill 



C:f(5) = se.+^j 2 e 2 +^^e, 



(6.7) 



.<u) J^i 




HA 




0.1) J^i 

(jLa^ju r (s ) 4-^^19 J/^ 1 o 1 -^ 1 • (best linear approximation 

sjj^ji ^ parabola ^i^l* 



r~(5)=5 e ,+^-e 2 (6.8) 

k s 2 
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"oj^o^JI ^ Cubic curve ^,,.<^-, ^;-,; a ^f^.j r (5 ) 4- cJli% JjVl o'^ 1 



A: o r o 5 3 
6 

j^raJI 5-taLJ.I J^^'' 



&„r„x 

z = 



3 



6 

cubic parabola m ^L^« ^r-L^ia o^Any v± Jlill _$ ^LiJI <jl j^JI 

~r^ k -4-e^ k -^e, (6.10) 
z o 

k s 2 k t s 3 
^ ^1 1 L-^IjLJI cjVjL^II cr _^, y = — 2 — , z =-2-2 — ^. ^ 



4- j^J-a >-<*> 1 g^-i 5 = J_ic r o ^JUI J k cLLajVI 4-!Vju UUj J>Jl*Ij ( ^i-irU I I Juk 




f \ 




(T) (V) 0) 



(Y.l) J^i 

.(ll)J^il^ 

: £! >ll ^LxU lu\'JJ\ uV JUil ( Y.I ) 

Intrinsic Equations of a Space Curve: 

t(W)hjj>a2 

^ijLJi 4. JIjjj^ r = r(j ) ^ui^ £ = k(s) > uj^i 

a'j^ik 4-3 er^stli' JUjLrtU Lji>L= o*^ 3 J'i-^' jP 3 jj^l 4- C 5 ^j- .^ 1 

.Intrinsic equations (luuJili) Lui jJl 4^VjU^ ^1=^ ^yiaJHi ji J 1 -^ 
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(■^jl^:) a - UAjm ^-o, (j-l-^uU natural equation i ^j.^tl UA*X\ 

^rJJIj sLL>O^I (jl JJi^J ijjJ\ u "i^- J^jl 4 J^-I^ jIaIjIj ^_(jryJb \ nlif I IjJ 

lijj -(r = 0) aj^jj cjL^tiAU ^lal ^-ij Jj>- u Ut- 1 (>j» Jjt Euler jJbji oL^j 
0^1 <9 ^ x j>^> j ^LUI oru tangential angle s^Lai SjjIjJl c^b=> 

.*L^M ub k = k(s) c_c. 
x = jcos6>c/# , y - js'mOdO 

t(Y:\)h2jj£ 

.Cesaro jjlj-u- ibL** u <> , „- k s Li*^i jt p *l*j}M jJL^ 
.Whewell Ji^ ibL** i^Lai 

<_^**j <i_uljdl Up eJl^aj^iJI 4. C,C pLu^JLa LbjJ cM= lil 

••o« 



k{s) = k (s),t(s) = t (s) (6.11) 

^^^3 4- L^.t_<^ j^a Ijlc symmetric jL^Li^o o^*^? u^u^il up 3 

* 

C* =RC=AC+a 

»<Y.l)afir* 

F I (*,r,j)sO,F 2 (^,.r,j)sO 

.^uui^jL (Ll,fio,bl) ^^'^^^-^ (Lo,Ho,D Traid 
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^jLL=Vi cJt-v Rigid motion (ii^UJl) 4^ ,„l«-,il ^»JI * I ^1 juu" 

* * * 

iaLiiii Jj= jJlc ^jLLdVI ^ -s o juic liiliij (r ,b_ ) * (T_,n,y) 

* * * 

^Uuj 1$ l^-. L-^^l b,b_ i n,n ^T_,T_ cx-> # 3 ,# 2 ,6>, LjIj^I J^o^y 

— (cos^,)^ — <T_,T_* > 
ds ds 

=<TJL > + <L>L > 

=<T_,k n > + <kn,T_ > (^LLMJ 4-ujps 



(cos 0,) = * (<£.,// > + <«,?:* >) =ic') (6.12) 



d i n \ d 

(cOSt/-, ) = < ^7,A7 > 

ds ' ds 



— (cos^)=< H,( T il - kT_*)> + <(rb_- kT_),n > 
ds 

= -k(<n,T_* > + < n* ,T_>) + t(< n,b_* > + < n* ,b_>), (6.13) 

(k = k ,r = r*) 

d , n \ d * * * 

— (cosd 3 ) = — <2.,o >=-r <o,w >-r<«,0 > (-uij^ i^,) 

= -r(<b,n* > + <b*,n>) , (r = r*) (6.14) 

^ J^>(6.14) ,(6.13) ,(6.12)^ 

£^ _ * * * 

— (<r,r > + > + >)=o 

<7]_,r' > + <'«,«*> + <6, A* >= const. = c (*) 



< Lo ,L„ >=<io,io >=< L ,L >= 1 => c = 3 

< T_, T_ *>+<n,n* > + <b,b* >= 3 (6.15) 
-1< <L_JL > =cos0 { <\ 



f \ 



-1< <n,n > < 1 ,-\<<b,b* > < 1 

Jl ^jp (6. 15) l2u[L^X\ ^ yJUWj 
<7,7* >=1,<«,«* >=1,<&,6* >=1 (6.16) 

7i=T_\n=n\b=b t (6.17) 

cfe ~ ' — (is 

Ai(j)='r*(5*) + c (c = const). (6.18) 

* 

^LLlL-l* C,C urva-bcilljl r(s) = r (5) (jic J..^--^ ^ULij .c = Oji^j 

.(_ ijJLLaJLI 5-^3 

The fundamental Existence and Uniqueness Theorem 

t^LstiJi intrinsic ^ijJ! J_;i*ui .^.^ £ = £ (s ),*r = r(s ) oV^UI 

U^g ^ c^u_J ^1 extrinsic i^-jLi- L»*.^> j u ^UJI ^LoljLJlj c^LpI jl^VI j^L^o 
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:( \.1 ) Jli» 

k = const. , t = const. 

t(Y."V)Jll* 

•> s j^Ij^I] i_uloJi oVjUiil ^ A; = const. ,r = c^uai 

1 

A: 

x(T.-V) Jilt 

r = (2ae" cosu,2ae" s'mit ,ae" ),u eM 
= ae " (2 cosw , 2 sin u , 1) 

r_=(2ae" cosu ,2ae" s'mu ,ae" ) j\ U> 

r = — ^ = (2ae" (cosw -sinw),2oe"(sinw + cosw),ae") 

.'. r —T_s , ,= — («ui)^a j-f^=> 

/. / = (-4tf e" sinw ,4«e" cos?/ ) 

= T_s" + ks' 2 n_ (cluj^ j^) 

:.r_ - (-4ae" (s'mu + cosw ),4ae" (cosw - sim/ ) 
= 7\s "' + k ns 's " + k s ' 3 n_ + 2ks 's "n_ + ks' 3 (rb -kT) 



L =(~-)T_ + (...)n+k ts b_ , ('^l^ i>») 

.'.s' 2 =« 2 e 2 "[4(cosw -sinw) 2 +4(cosw + sinw) 2 ) + l] 

s' = 3ae"*0 



i/ 

-.5= |3aeVw=3^" (6.19) 



f ff ~j -y i 2 2" 2 2// 

r xr = [2a~e~" (sinw -cos«),-2<2 £ "(sinw +cosw),8a e "]* 
= ks°b 

A:V 6 =72aV" 

.-. ks' } =6j2a 2 e 2 " (6.20) 

(6.20)4-^^^ e" =— j^(6.19) t >o i ^=J i 

3a 

k=^ (6.21) 

^.inLtaJI (^iiill ,JioL>. i 

[/ , / ,r ] =[Sa 3 e 3 " (cos 2 - sin 2 u ) - 8a } e 3 " (cos 2 u - sin 2 u ) + %a y e 3 " ] 

LbjJ (jj)^**»J JjJ-xJI £JA3toJJ 

£ 2 rs' 6 =8aV" 



^ j^(6.20) 

8a V" 1 1 



72a e " 9a e" 3s 

.: r=— (6.22) 

3s 

3_^u Lr l^iit Iju* .JLi*Jtl ^IJJ LuloJI oVjUI! Ua(6.22) t (6.21) oLlblxilj 

r 1 



A: 2V2 

;- = A(u )(2cosz/,2sim/,l) , A{u)-ae" 

<JL»Jl <? j^A (jJijJ-^*^^ (j-LTr lU ^ lr Jm-i-ll A(l4 ) = ae" jljJL»J Cj^jjlj L^LLij 

.(oUuLiJi j ji ^LSu ^i) equiform A c/\ JLSj 

r =acosh— e, , a = const. , u e R 

•.^yic Juixi U Jj 4 J 1 .illL) ^^LitiU 4jjLt>s J^sLiaJ 



/ \ 



i dr . . u 
r = — - sinn — e , +e 2 

d« a 



2 «a , w 



r |=(l + sinh — )-=cosh — (ijoSljJl oliiUaHl 



» 1 , U 

r =— cosh— <? , , 



f " 1 . u 
r_ Ar - — cosh— e 3 



2 it at 



" |2 



1 



i'^'i 6 a 2 cosh 4 u 



(6.23) 



du _ __w 

(jl J_>ij (jj/^ill i_aj_>-*j J>^3 • — 21 — CI ^ ill — — 



du 



a 



s = \\r'\du = Jcosh— du 
J J a 



o 



o 



u 



= asinh— =asinhw 
a 

:.s 2 + a 2 = a 2 sinh 2 if +a 2 



(6.24) 



2 — 



s " +a = a" cosh u 



(6.25) 



: ^J^(6.23), (6.25) 



5 +a~ 




s +a 

»(Vl)afir5U 

i(V.i>a»r* 

£_>3 <U ^LsJU tfltii^J j_pJI ^~£>- ij j)" < " a (jr-^ 6 -" 5 C = -*" {0) 0^=== 

^jja (jr Laju (jjjLJLl oJl>-^ 4j*ILa pLb X | 

r =cos#e, +sin#e 2 (6.26) 

• /! x /> ^ d d0 
T ={-sm0e x +cosUe 2 )U , .- — = 

d0 ds 

w=-sin#e, +cos#e 2 (6.27) 
w =(-cos#e, -sm0e 2 )0 
=(cos#e, +s'm0e 2 )(-0) 
:.n=-0T 



r -k n , n =—k T 
3 \ 6=k I '4 <^ ^^jU T, n (ji ju»o (6.27) <(6.26),>.j 

# = t/5 +c 

LyjJ J j (6.26) (>a !i! 

x (s ) = |r (is +c 

= j^cos^s )e ] +s'm0e 2 )ds +c 

c ds 
= J (cosd(s)e { +s'mO(s)e 2 )— d6+c 

r 1 

;.x(s)= j-j-^(cosOe l +sin0e 2 )dd+c (6.28) 

:( 6.1) Jtl* 

. k =— ,r=0,s >0 ijjljjl 43VjL*^ ^jJl (^tiil 

^ J^»j s Jl i^iJL J^l^tfbj £ (<9) = # = - (6.28) IAa\£=^\ 

s 

6=\ogs+c x => logs -6-c x 
:. s =e°~ c ' (WujliL^iJi u\jj\ 3 Lu^Vi yui a^UJl) 

:.k=-=e-^ 
s 



(6.28) ^^^^bj 







x = je° C| (cos6>e, +s'm6e 2 )d6+c 



v :os# + sin#)e, + ^-< 



a" =^V ; C| (cos# + sin#)e, +— e w C| (sin 6*- cos6)e 2 +c, 



jl JL>j Mia C, = — . C, = Ujl^i lijj 



1 0-* 



x -—e 4 [(cos^+sin^e, +(sin#- cos#)e 2 ] 

1 7T 71 

x =—f=e 4 [~cos(# )e,+sin(# )eJ 

V2 4 4 ' 

Cr^- Jj^^j (/) = 6 

4 

A" =— Ue**[cos^e, +sin^e J 
V2 

.Logarithmic Spiral (jr *i u Lc4l]i jj>L>Jl UA**^} 



' "\ 



:4-uVI (j-uljJQ 4jtut~.ll Lixj-Ugj (jjjfciJLI JLa>jl O) 

k = coss ,r = sins 

4-uljijjVI Jaj^ Mill J \c, 

T -(-1,0,0), n Q = -^(0,1,1),^ =^(0,1,1) 

.5 = jjuz. jl«LlUI ^MiU! T_ ,n ,b_ r fc^t-p. 
5 Jl Llcu_JLi (^a^JaJI J^oL^Gj 4_Jj>a cjVjLjl* 4- ' £ o-c- o^j-* 1 '• -»LA)1) 

A: = — - — ,r=0,5>0,a>0 
as +b 

.((o.l) jliUlot^^^l :jLijP 
^^-SJI ^1 jLi 'A- Lxjt[j>Z\ U\a£=, (j-k^ (j-btli ^UuVl J>AJ iJI jL^= I i| (Y) 

Lu^llioyj* u^jUl J-l^Sj n(s )=T (s )= oSUJI *jls*lJ : jLijl) 

■(s J] 

^1 J^Ia^UljL 4 4>U3I illj^s ^liJI jl^a |jj (£) 

.(o^>UJ l >L£=Ul i 6=7" AH=T AT ?jJzl^\ :jL1jP 



s . 

jJI <_jLJI SJlal cjj (jiJI CjLLtlI^U Lul jJI o^j,mi jl^jI (o) 

.C ^ (J7 i^x G(b) iG{n) < G(7)t5 X ^ a ji.>^aJia3iaJicjVjLai j^f c\) 
C ^ip y^JL G(6) <(7(h) iG{T)^ 3> ^i\ >^0J i-jjijji oVjUju ^ (v) 

(>j> J-^=> 4- JIjj k { ,k 2 ,k 3 oI*Ll>oVI jljo (j^aLiJI i_jLJI J! j-^-jl •. jLijJ) 

.( r,,r 2 ,r 3 ^j^= 3 k ,t 
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Regular Surface 

«_!ljij|j ^^^jijLjJI J—jixuJI I , j , ^ ^.j 4_i£ieJ,l oMj "io'iII J^Li. ^j-^a ptVr Ul ^liu II 
Jol n i 11 u \c i— 3^_t" 11 j j» t-» ■ ,■ U 4_ o^jjj pi tVuVI pj J / 'l U^-J «"< .^-Jj^a ij^ioj ^ j* n ■ V>t| 
i_iL_u_>. ull! j_==ij U m II ^^-ic .Uj U-Ltlj (j^LaljLdl »l Utll UdJjJtJ •Aolc a jUUI 

. 4 «i In" i a 4J&IL1 JLcc 4j ^LoJll ^gjp i .iUj U i nil i£-Sj-a «- )l «Jl»-jJI 4t-"i a (Ji>- 

Intuition Surfaces j(£^Wt^ul^JU)l*JLuO.V) 

aJJt, <jjjjajk Ajj/IjjJj S_uLjjj}3 ^jLa-i (Jli«j uP^\ J (j^jl '.-til CliLcLaa (Jia <Lflj^JI i_ui£.^/!j 
^I^^AJt 4r «J>^-_«ya ^jl-. , „ II e '; a, .<Laj}*UI CjLL-uj>JI JjixI CjLuljL^I ^li>u , ,.11 

\ '<*W* I j] JLiUI J.ji_^ j^Jc . juxJI i-uMi; L^jL j-^=Lflj jl p V o-^ 1 o-j^ 1 

flat Ajjl^ ^luVU Unroll \ ^U,„> jl LAJjja J ^nj <Ul3 ^jla £kia ol^Jeu^l 

l^jj inherently <3l_»JL> juJI 

liLij lU'nj ^ m. j_j->- ^"lu-U (j_a i >^ spread JjL>j jljjlsciJL) II 
(bending t L_b*M 3 \ squeezing .l-,; (^Lkij Mj) stretching jju*: 

oUL^ia j a tvi < -o-i^= ^ jj ijukj tearing jl gluing j^J ojjy twisting 

^, If J-al^-Till j J-uiLaUl i—iLui^v J-4J1J CjLuljUwl p,> rtj J^_oJI I j_4> .^lj_iJI jl- H 
.—ll 1 Ji^a ^V-l 1 nil u 1 njLX^JI ' ^ ' — J 1 1 i^ya I a_> ^r.t*> 1 ntl ^If, JjisLfljJI L-jLi n->- .^r l-> 1 nil 

■(j i *» i a 1 1 A ec u ' T L> 1 fi i 1 _j^sL>JI (JjJsLajJI 



^U).-,. ' 4_JL: jj^a-sJ! o-^e regular surface (Ja^ui ^u.„ 11 
o>^=j jjL-U! J^=uUl cu^j La i^kj Ujjjjjj ijji^JJ jj^l (>a jiai deforming 
L_ujai ^3j_^Vl ji cusps ljLuVi 3 \ sharp point kLzui ,>_* oJI—^- 
self intersections (4.. ...a:. ^USt gr. u .,.11) o:l jJl cjLtisLiJ! 3 \ cuspidal edges 

•J^~i '"ill JoLaj J_ic (jj/LaJLI ^jloiil J^c CjOjcIII (j^auiu ^Lilbj 

K ^jlJ^vi ^iiiJi j-i j^i 4. oi J>sji o^=«e crJ^Wi 

.JUuJI LuLDj SmOOth e L-ula j-ji^ JU^ahJLij 
4_jjJa>a J_,t i„( I <_uLiii j_Li La LjJbe-a _aj_ u l-i i » ,J^L>. ( j_ a ciJ I j jjj 

.U.v) ,(r.v) «(y.v) «().v) ji^iVi j>U twisted sheet 




:O.V)j£*A 





Irt i ii l*i i iijt S_Ljjj». ic j-g-'y^n : (T.Y) |J"~— 




j^^laj ^- j to i ,i 1 1 4 j in i^jJljus j-uL (jjiLu^a <L^La Jj^>-j lt"-*^ (" ' 1 1 i?-*-"*-^ 

.well-defined jl^o^ ■ «~ i ^ ^ * (j^iL*^ *s S' * " " 



. i 

\(j 1"i<i1 ij\ Willi ij JljljJI 4_uLij jij) Ti ( _ t _jMjJI £-Jj— ill iL. ^J)^i i 'i II I J j ■ ' ' 



^j-ojjj parametric ( LUun j) Lp^ljlj 



x 




(\y) j^=ui 

jjjl^l £_« l_£>i«l jL> 1 ^ In <u tj 'i/ 5 J ^1 1 MLa^ mJ^oIjLJI J j."l<ClJI J . n flj JuS 

J ^- i mi 4- P iiaiUl ait j-^ts3 ii^aAil ^_x>. nicely lsj^Joj 

.(v.v) 



$A i t\^-~i .A rtl' i i e^a o^ILaljLi ili^t /i <"» <j-i_j (Overlap) ^ ^JoL23 SJlLai-a Jj»- jj JuS 

.(VV) J^UL 




(VV) Jf^i 

t(Y.Y)a^)U 
:(>.Y)kiJ>a3 

.ij^jJuV ixuoL>- L^ji ^1 <up-a1jLJ1 Cj^,jri<i"11 LoLjj 4 I n" i n a L^ji 1 i^-- IR"" ^ ' <1qVI 

.invariant 




• \ 



* 



The Concept of the Surfaces :£>Wl^i4( Y.Y ) 

La o ^L>.lj Sji^vjJU 4 iiU il l D (jlj La ^ jILuu-a (j-a cjjv. Z) (jl jjisjjij 

ot l£| open disk 

< k ^ uL-^j u 1 -^ 3 ' foj... j 4 sti'n Z) ,ji elementary region ; 

^-io^a I i t M j.3jj.a ^-ea 



o 





y 




X o 

— w 

O'.V) J^i 

Jordan Theory ji ^ .^^i 4 ^ ^W. C o'\ J~j>J± 
juJl >^V!j finite jjj-^ t ij^Vi oj^i jl^I Jl ^>....,ai ^.^Sj Cqi jl^o 



^^Jli-a ^ya^k Djj in ajl i"r I < «i > <UL>«JI <jj_ii 4- JjJlj>J.I *j_>Jlj Infinite .ijJLu^a 

t(Y.Y)kij>j3 

elementary surface^jVl ^U,JL u ^,,nE J ^\jJii\ 4. a .Usui 

CT |jl yi. ^^J^jjj ja_u)lj ^ l-» . ..Ij 1 La (_£ 1 ii, a eL. D 4_La-u_u_> A <U-i U JJl*>5 I jl 
. t ya.jJjjjj ja^ulj fjL-JS*. (T = f (D) it-iS'q jU=3j Ijj l-ii 11 
Jlj 5 USUI 4- 5 Ui A j3_PjL^=JI CjLuIj »VI <k 1/ ',M 2 (jl 

cjLuIjlj.VI .JaLtcii-iJI ^Ui„ II ^yit iyl i ^IbLUI 4, Un'.ll cjLuIj^J x ',X 2 ,JC 
J! (Jl £> 4SUUI JoiicjLuljL^i 4- Jlj-a^ Ja.LmJI ^rUinJI .Uv.t x l ,X 2 ,X J 

■ x l =f l (u\u 2 ),x 2 =f 2 (u 1 ,u 2 ),x 3 =f i (u\u 2 ) 

tfj—Aj i—jpjiljlJI oj^uaJI 4- O" U 1 .1 II CjV^I hi (_y ■ " J Cj^_il_*JU jj^a ^LLalil I j_A 

i-uiUoVI Sjj.^JI ^L^aj cjVjUJ.1 
r^ = r(u l ,u 2 )=(x\u { ,u 2 ),x 2 (u\u 2 ),x \u\u 2 )) (7.1) 




K- 2 



/ \ 



cjLplj^-Vlj single valued sjl^j r_ = r(w',« 2 ) i^UJV! sjIjJI o-p- 
jLi£.j curvilinear coordinates ^L^ai oLisl jl^vl, a 1 ,u 2 s^uljU! 

2 1 

.^ r t-i 1 n 1 1 u -i^- j-3j cr irtlo tj-ig. J in V ) Lola W j? W C i , j m 

simple surface c^j^Jl ^k^JL £ 3 j-l ^aji Jaii <>» cr icj^dl 
iikia Jib ^ x g cr 4Un'i J^=j connected iLuljX« i^uUt ajl* cJL^. Ijj 

tdJj ( _ 7 J£. Jlilaj 4 l^ij ^jlinill 
!(t.V)jUU 

t(i.V)iij>«3 

^ Un'i aJ>L£=, I jl complete J_«L==a« «ut JLSj ,Uj,m,.JI ^..,..11 

.^t-i 1 nil 4 n ) 1 i^>_il ^^jfc ^ t-w nil ( _ T l£. lia-fljJI {jja 4_jjjLiij 4juIjjjO 

t(T.V)JLLi 

j-j==Jj LLai^-.-p ^k,,, peraboloid ^l^-iU ^uail fi,,,-^ 2 >^=J! ^U,» 

■j^i^-.'« jia^ (j-j (J^-pai jjj) open ball *>>Jl 

!(6.V)(-4J>j3 

.closed 
t(t.Y)jii* 

.4_aiLa ^-j k ■ " tOrUS oLacJI c-JjL^ »j s_^^=JI l-i i n 



t(1.V)kij>a3 

^Ij <T tjrt_! oJp^J.1 tj-^JI CT ^k,„ 11 ^ X_ aU^IU SjijUJ.! SSU'.l l 

m L^j ^yj-iu ' Uj i .i ill ^Ui.ill L7 1^. Lo ^Unil SjjL>J>1 a ei U ) U jjjc <GLa ^LilLj 

■ 4 infill iJjljJ JjljCjO 

C;( _a o_iL^= I jl j»L»JI i .i 1L ^ a i .i" £ J £J>iJI iU ii'i (jji (T <Lcjx->«II 

. E £-Jj_ail ^_ ( _ ;T ^.^J_a-i_aJ jajjlj 4 t"w nl i Uj , „ i . ,,t 

»(A.Y)<-aJ>j3 

<T /.Lull yrU.,.n /, : CT > <T ,/' =1,2 ^uA 5> i\ jl JLi 

tjjj-y! SjJoL_iII,l l Uti'i I I j>-^> pi >z~-ij>o (7 -, i C7| iU n\ J/l-i ^gjLjvi ^Llj J^>-^ 1^1 

■ "a Vi < _ ' ii .t r-^la^ CT C-p. i O" ^U,,i1l ( _ r k. jJa-u j< >U ,.,l l 
/~ • CJ y (J (jj-L*-* ^^k-jjJ^JjJ («jjjIj 4 U i ill ^ to < a CX ^L*JI |» tt . ,,11 ^jl j^a^jij 

i? jt_a iL. .. U 1 1 ,i ,i r ^ ■ - <T 

4 t-i i ill jJ CT U i ii II Lsr - X_ 4 loiiill 3jjL=K-a 4 rtt-iil, Ij^juS ^ » <T ^L«JI I I 

/" ^I^JI 

3jjLjtxs a e}]n'i a \yi f (x_) jLa x_ a [~i7i ill 3j^L>J,l 4 ii U 1 1, 1 iL. ^^-^^j^j (<u^lj L*- 3 

Regular Surface in&mijWKr.V) 

J-= jL= lit (oip.1 JoiLilLI JjLs) p ; a Tr.Liiu <Gl JLIj <T ^-Ui.ill 



( \ 



x ' ^x'{u a )=x i {u\u 2 ),i = l,2,3;cr = l,2 (7.2) 

Del 

* 

/ 1 2 X 



r =r(w"), 



i' 

or = 1,2 c~p- 



jc'" = x'(w a ),/ =l,2,3;ar = l,2 

(J I I — J^J i_ul ^^lo.l.M II A J^Ja-J 1 1 1 • A ^ jL^tJ 



.jjVl ,-jLJI 4. d_jj jLHl Einstein's summation convention 

SJlaVl jjHaj <_dJjJ L-*-ui»aj . 1,2 jjk LaljLaj OC, ft,y,S uJj^-lj 

+ a 2 6 2 + a 3 6 3 , A a/i B a =A a] B l +A a2 B 2 
A ap B aP =A n B n +A n B n + A 2] B 2i +A 22 B 22 

:O.V) 

o^n » Jl^c^ x' =x 1 (u a ) -x ' (u\u 2 ),i =1,2,3 cJU=, lij 



d(.x: ',jc 2 ,x 3 ) 



a(w', w 2 ) 



(7.3) 



(7.2)^^10^ (w',w 2 )gD U-^ J£= jl^ 2 i^ji! l^J 
.(7.2) oVjUL, cr k*3 L^Lolj^l 4 ii=^ (u\u 2 )eD 



/ :(u\u 2 )eD >r=r(u l ,u 2 )eac:E 3 

JL^JJ tiUjJj ^jL*.! jj-C. («_lJjJ1 (jl (jM^*]! iJ^J-^ -(jr^" ((ji^^) l^-i^s-l 

* * t 1 2 \ 

^ L»^L^= IjjLus Sj^aJlj LjJ ejjL»JU SJa^JI ^-^> ( W ' M o ) * ^nlM 

dV'jiaiji*:^^ (« a ) = (w 1 ,w 2 ),(v Qf ) = (v l ,v 2 )eD (jyi^l jLui.1 
jc''(w a )-jc''(v a )=0,/ = l,2,3;cr = 1,2 

^al^-n La jl 

x>V)-*> V)=0,/ =1,2,3 

x'(w 1 , W 2 )-x'(v , ,v 2 )=Jc'(w 1 ,w 2 )-x'( M 1 ,v 2 ) 

+x'(w',v 2 )-x'(v 1 ,v 2 ) 

= (w 2 -v 2 )x^(w',6'') + (w 1 -v 1 )x;U',v 2 )-0 
i^JU^Jtl ( W 2 — v 2 4 u ' — V 1 J_ui>L>JJ 4-) * jU^JI oVjLxU |»Ltu LbjJ ^1 

(w 2 -v 2 )x;(w',6'') + ( W l -v 1 )x 1 '(i',v 2 ) = 0,/ =1,2,3 (7.4) 

x_ = ,cr=l,2 

(7.4) CjVjLjJLI O^vlj jl 4- j'nx-i H o^i 1 -^ V M 1 -V ',W 2 -V 2 jl ^^-aj 



/* \ 



x\{X\v 2 ) x\(u\6 x ) 
x 2 (A 2 ,v 2 ) x 2 2 (u\6 2 ) (7.5) 
x]{X\v 2 ) xl(u\6") 



oiijjj (7.3) ^A.^-gH Transpose iLaJI ^a^a-U ^ (7.5) ^Ayn, U 
oL^=j u^= lil t 1 ^ 11 4- ^ ■■■ Ji«e (7.2) oVjLai f Lt»i 

.2 (JjL^ij (7.3) 4j3j)<ii^>ll 

(i) 

, dx ' 



" du" 



=0;/ = 1,2,3,^ = 1,2 



o'i£i 



lis jJu: (7.2) i-c^^i tiinjj x ' - a' = const, ^-.j^LULij 

.E 3 ^l\-± r (x i ) = (a\a\a 3 ) 



© 



cjLsMjlII jj-a 2 = 3-1 ju>.jj iJUJl oj_a> 'jl ■ 1 igjl < m" (7.3) i'^j^^ n 4_u>« (ii) 
/,(x 1 ,x 2 ,x 3 ) = 0/ 2 (x',x 2 ,x 3 ) = 

3ju>-ij a2>Lu x ' JIjjJI Jojj^j jj? ^fi^-j 2 ^gjl i n"i (7.3) ia^jLuall ijj>-a (iii) 

jl ^1 j-lj^iJI 2_ L-rU ,., oj^ij / (l')=/ (l',X 1 ,X 3 ) 

(7.2) c^uju u o,„-, uuji ^ .j-i^i 4- Lk^ Ju: (7.2) oVjUI 

4_ui>L>uVI 4_bL*J,Ll (_,U«ja grUmU Jj1»UI 

r(u\u 2 ) = r(u a ) = (x i (u a )) 

= (x \ii\u 2 ) ,x 2 (u\u 2 ),x 3 (u i ,u 2 )) (7.6) 

J\ i^U^L, jjV a,^. oLSl^ (7.6) i_u*UJVI UIjJI .-.M^ IjJ 

r„=— = 1,2 (7.7) 

. p In" i a ,_£p^j1jL> Jjlaj ^ a ■ nj (7.6) ^5 (7.2) (_£pjjijLJl J. /i o. 'H 
12 3 

^J- j . ' i. a . r u 7t <i i .i "i ^jtn i ii !l < i jl_ a A ,A" ,A ciiLuljL-^'i/l jjL_>J. >, ■ inLLa jl_<i>.Li 
A' ' = W ' ,A" 2 = W 2 , A =/ (U ' ,W 2 ) (7.8) 



© 



/ \ 



.( \ y.v) 4 ^i^a ^ U^= g-U,,,!! Mong form 




j^ui j^"g ajuji tfOA 4 (7.8) ^LaijUi 

r(«V)K«V/(«V)) (7-9) 

t(WV)iig>£ 

y3JI (x ',X 2 ,X 3 ) EE 3 I ^jl^JI J->J,I 4JL' CT ^coJI l^j-aj 



F(x',x 2 ,x 3 )=0 (7.10) 
. E J ^i^iii 4. ^-kL,.uU implicit form ^j.n' l; iL>mi 



^rJLi X ',X 1 ,X 3 cjIj-l^lII 4- £a>^ ^X* ',X 2 ,x 3 ) = e^L^= !jj 

^JJ_4J|JI ^1 jJli\ '2- ^"lojlU hi ^,0 I.O-J ^rl-li.l II (jL-3 Q j X ' + Q Q = 5jJ)l^> II 



1*1 " 

i^O L^liJi i^-jjJl ^ Jul F(x ] ,x 2 ,x "') = ibbji c^L^= ij>l 

Sjjo^aJI X ',X 2 ,X 3 ol^j-tTtU iL. (i-ullll <^-jjJI (>« JjJo- o^ji^rs 



■■a j, 



a tj x ' x ' + 2a, x 1 + 2a ()2 x 2 + 2a (n x J +a () =0,a (/ = i 
g-U in Jla ^l>iJl 4- quadratic surface l*. jjJI ^ U,„ i ^....j ^.kcJl <jUa 

...!j^=ufcj ^L^aJLl ^U^tl i n^ca j Joj^ieJ,! ^ o .L. i^ a j (__>-aibLi!l jJsLaJI p.i n-»-aj 3j^==JI 

t(Y.V)ll>fi5 

dslij icj^tA M j X ' Cjl^aijil 4- 4 a h" i a iJb F (X ',X 2 ,X ') (jl 

Uj ;<-. « (x^,x 2 ,x 3 )eM j F(x 1 ,x 2 ,x'') = js ^ ^p-Jl ^l^-^Jl 



,2 3. - dF 



ox 

.^yj^i 1 1, ^^-i" L,J SjljLJI A/ JaLaj J^= ^-j->>j »jjL=tx 
it n /123\._ . » ' . 



dF 

f (X ',X 2 ) 4 ak'ull iJljJIj F i = Jjl_cVl J^-^ 2y^.~ 11 JIjJlJI i-JjJi^ 

dx' 

i_bl*JU j-i^ .ha; 11 ^.l^ ji o_l>o |x " -x" \ < S ] , or =1,2 4 su-.n ^_ ^^1 

:(^LuoJI (Jjl>l«) irtU'.U J^b^jiUnill ojufcj ^(x ',X 2 ,X "') = 



' \ 



\x ] -x x \=\x 2 -x 2 o \<8, ,\x 3 -x 3 o \<5 2 

yjUL. ljLuu ^jjVi ^u...n iy 
x 3 =/(x',x 2 ),|x a -x a |<J,,a=l,2 

4ji<i iMI JJjLhILj Ji*>s i nil (JjLjJI (jLkjjJ! 12_ 

F(x',jc 2 ,x 3 )=0 

F:McR 3 >K 

F(^',jc 2 ,x 3 )=OeF(M) 




Special Parameterization of a Surface 

i— ^.IgLi.n.ll La (JJ^pjsljLi (JAoj j-A (7.2) ,jl iJ^jXLi .^U i nil I Juk liaLij {_ya J^=J ojjL>JU 

/^(v o iL^ lijj P{u")=P(u x ,u 2 o ) i k^iiJ ijji >x\ i ikui 

J* 3j jj\ ji*; JIjj^ /? = 1,2, or = 1,2 

^=/A( v r),^K|rT#)^o,«,^=i,2 

5(v ,v ) 

o^LUI jlfl ..(v^,V 2 ) aUo'dl jut 
x'=^(/i(v'v 2 )/ 2 (v'v 2 )),/= 1,2,3 

juij* j^* L«= zA/ 2 U 4- ) SjiL^J.! £/ ^U;1 I Jl V V 2 

.( > Y.V) J^i 4 



o 



▲ ^ 














► 




x' = x ' (w a ) = x ' (u l ,u 2 ) 
d(x 1 x 2 ) 

lil . p jj*. Det( ' )^0 jtj p luviii SjjUai ssu-.t i 4. 

d(u ,u ) 

X J =/ (X ' ,X 2 ) ibUJJ l-JlJJJ^ j^MJ (J ^Umll (><» /? iUV.II SjjUJLI iilaiU 4- 

j^J\ 3 x a =x a (u\u 2 ) u ... ^-..11 J-^JIj a a = (x ',x 2 ) 4 o ty-iU l JIjj^JI 

a(x'^ 2 ) a^V) =/ 

d{u\u^) 5(x',x 2 ) 
o(w d(x ,X") 

CjQ}UU U<3j V ',V 2 Cjl^laljLJI JUol (^=l«j t^Jl^JLij 

w"=w a (v',v 2 ),tf = 1,2 • 
x 1 = v ',x 2 =v 2 ,x 3 -jc>'(v',v 2 ),w 2 (v ',v 2 )) 

.jU^JI J*£=j ljufcj X 3 =/ (X ',X 2 ) (^jji Sj>^) iial^-ill 5 j>uaJI 4-jl 

t(n.v)a&»-^u 

In" 1 1 ,1 In 1 nil JJj-a jJjjaj lisj^ji ^U»«* ( i.V) ij^iaill 



» . 

4 jlc ^ h" i a (_£^Laljl_j (J-jIxj X = X (tl ) (jlj p i a In . (J jjl ^^^.jij 

:2-uVl (u^jL^a) lA^i^\ oVjUI 

^ a/? (« 1 ,w 2 )J M Q ' = 0,D^(^ a/? )^0;a,^ = l,2 (7.11) 

J - /' i'i.i ^ o uL jff ^t-iin I I JLjJufc . (w " ) = (W Q ,Uq ) 4 Uinill 3jjL=ta J_iLila iL. "_a^_*JU 

^t_La (^— * U CjLuI Jl_>-^/I CjI ji*>-ia jl ■ " J**- ' ^>ILaljL_i 

■<U';H a jy] SjjUdl ~sU;t l 2_ (7. 1 1 ) 

^a/? * * P o' a^>^ ^^J' 
Ji>o ^jJlj^.l 1)4 JjVl iuL^UJI <JjLuOJ,> w 2 =/,(v 1 ) p ^jl j 

t^jJIj (7.1 1)4- ^>^" i-fL^UUt <]A<Lj] J* >A «' =/ 7 (V 2 ,W 2 ) L<ljjl^3 

// 2 2\ 2 
2 (v ,w )=v 

|^=1*0V = W ^ = 1, W 2 = W 2 fu, 

W 2 =/,(v', M^),«' =/ 2 (v 2 ,M 2 )=V 2 

: J>ua ji jti.L ob (^o,« 2 ) iio-sjj 5jjUai <skui 4.V 2 ( v' 4_ jstij *Li"» 

v a =v a (« 1 , M 2 ),a = l,2 
ibLdi ju» (7. 1 1 ) a. j jVi «j.»u» >i^3 ^ v 1 (w 1 ,w 2 ) = const. o« u. 



' \ 



, i 5v' , 9v 2 . , i \ A i 2 

av - — -du H r = JJjUil ^oc-^Liu + Ai.au = 



:0 



^11 


A -j , 

Z 1 




av 1 


aw 1 


a w 2 


^•2 


^22 


av 2 


av 2 


a«' 


a w 2 



= 



a(v',v 2 ) 



a(vV) 




■ Aj^hill qUj-i Jl*^ ^lal^-i't oljW.a ^ V = COIlSt. 

t(Y.V 

4_!I_)JI 4ji<i i>> II 4_JI jjl i-j^jJij ^y-Lc J—a Tn j iajLjiJI i_j^JajJI (jl—A^j 



Directions on the Surface t jkJI ^ uULaktfl ( e.y ) 

j\ 3 F(x \x 2 ,x 3 ) = au. ,,MI ibLdL, £1^1 4. M ^U,„ jLLtil 

i^C :r(s) = (x'(s)) L7 i s ^ i^^^M^ = (x^x 2 ,x G 3 ) 



_ ( dr_ _{/dx ' . c£c 2 c£c 3 

•* o — V~~ 3 /d — VV J /o / ~ V ' '-, ' '-, )p„ 

as as as as as 



(7.12) 



j(N.Y)uu>j3 




Oo.v) J^i 

F{x\s\x\s), x\s)) = (7.13) 

( c/F = ) ^ J^»0 S Ji 4.1.1.0^ L> J^LiUL 

dF dx 1 dF dx 2 dF dx 3 

— r + — T + — - = 

dx ds dx " ds dx ds 



' > 

2L*JLjii 



dF dx\ .dF dx 2 . dF dx\ 
dF dF dF 

i ci I I c U e>'°\ J_4l»j iJL^JU £ 4jtlil (jl dajs*}Lja 7]_ (Jr ic i^cJJjj^ (jt 

.C ^j-Laililj p o jUSillj c cill ^^Ic Jla1«j 7J_ jjt <j-u>. cL. . P () llsJul\ iJ ^£-^ 

c^_p- F 4\,,u\\ j al\ <Uljd] jljL>oVI j! ^jJcjJI (Ji^ 3 ^Umll jjric (_$Jjj^jl1I JJJUJ 

L=(VF) Pa ,<L,T o >=<(VF) o ,T o >=0 (7.15) 

^jqv. I 'jj ■ La I jib 

4 j m La-U Jo j ) U-k JI £-x*3* (jL-^ 4 Ac j Z/ <L -*•"(, U j.. A< £_a J_aLCi7i J_ic I g"l - ..I g a 

(jj/L«J,l i^ j)" c c i q i n ,j J_».lj ^ jfu h a -^L. I ,*-flJ jt? 4 j.lx, ^ US » \ ^yjs ■» U , ,. II 

JojJaiJI j-j-a^- ijj>4j«JI L <l*iU .7" A7 j-«>!Li <u /? o ju£. M .»u,„n 

i .ill ^Lsll l U AjjLua I jj Uinll ^Jij-QJlII ^-S-i-uJ jE? o 4U(iill Jui£. ixi-uLaJ.1 

<(VF) A ^ -x c >=(|^Uy' -^) = (7.16) 

/? jj^iL^UI I Urt'i j (_^Lai,l ^ jI l u - U (jJIx. Laic i ]r>7i'A £-uoji\ 4jeILa Lut X ,}> <L~±>- 



.(Ja_>JI ^jk. ilaJij (_y ' ) (^jk jt? Q aUii'iII JU£. U.nll .^k. ^Jj^xll Joi*. JJjLjlxi 

112 2 3 3 

y - x o = y - x o .. y -*» (7l7) 

(££L\ ( JUL} (UL\ K ' } 

Vv''A>„ y cx 2 >/>„ ^Wft, 

t(Y.V)jLU 

JS-^t <L ^k. i-kij jdjl X X "X 3 = fl 3 ^rUmll ^UII ^jy, , u.U jl C-jjI 

.(«Jtj>JI OjU (^^Lj f-j-H oLul Jl>-VI i"'I^" ■ ■■ * 



r/ 1 2 3\ 12 3 3 n 

r (x ,x ,x )-x x x -a = 

' x !, x o x o= ai u^t^ 1 ^^ p o (x l o ,x 2 ,x } o ) 

Lj jt A Infill eJJt JUC i nil ujlc ^Jj^jlII oLsol i. . r, ,ij 

(f^U, (7-18) 

3jj_uaJI jj>-tjj (7. 1 8) i (7. 1 6) /? Jiic (j-uLall ^jTk.hU 4jjU^a Ijl 

1 -*» 3 + (y 2 -x 2 )x> 3 + (y 3 -x 3 )x>; = 

7 '* 2 * I + y 2 * l x I + y 3 * l x o = 3 * > o 

.^jioJll ^JLi LoLi (_y ',_y 2 ,_y "') 

I 2 3 

y 



3X o 3X o 3X o 

3x,;,3x o \3x; uHfcoLSljuvVl J3 L^ 



3 l*$3 



jjfc (^LajjVI SjicLaJI ,,i.<i 

F =-.3^.-3jc 2 .3jc 2 
3 2 

1^ — ' 1 1 1 ^3 
K = — xxx' = —a = const. 



27 
6 



o o » 



/ \ 



Parametric Lines t gU«JI ^VjuljLdl fejhsklK 1.V ) 

jl^-i ^Vl U«;t . (7.2) (X^ljLJI J-jlUTJLi u £l>ill 4- '~ u ••■j. , "*' t 

La jl r= r_(u l ,U 2 ) ^Jm-)-^^ U l <j^-><\j ol^aljbJl 

Jt' =x» 2 ), / =1,2,3 (7.19) 

cJlj^jjO j-x i-jJLiaLua 4li^~aj Usijjla JIj.5 g\ * ' = gj (^ 2 ), / =1,2,3 ^1 

j_a 4_ik. 1 'ilno (jr-l^U i^p^ljLJI J-ilalJI jJal^JI A. j_a> I X ' JljjJI 

U ^^JjCjI^IjUI JoJ O-uib ^iJjj X ' = X ' (U°) U , ,iU ^^ialjLJI JAaUl 
^^k. jJalj ^1^3 ( _ 3 -btla <-3>*J U X —U X Q J_o2JI 4-us>li>~3 .^U.mII jJL ^ttUI I jub I jj 

^u-^Ji ^_La-> «' sLkcL^ w 2 -parametric line^^ljUl y/ 2 .u-^ ^^... J ; -u...t t 

2 

// 1 dz}L^ i£ic oii^j u 1 -parametric line u^ljUl u l 1^ ^ j^^JI 

.(V\V) J^i^ 

(J^jjJI jjjo. I jl ^jLw! jJoLu jjk (i/ ' ,W 2 ) («jj3 j'jj'j jJojjJI 1 1-> <t'i j>u jioLill! jl C..-t>- j 
3-4 1 ^Uih II (jri^- (i-uljUwVI) i-jp^aljLJI ila^JaitiJ 4_uVI ( _ r ajLua_>JI £y • 

.(U.V)J^1^ 

£_lsL3j Mi-a i LxlsLjjj (ji J ^-i <ij V £j_ Lll (j ii ii t j_« jjp-aljL) j< ^| (J) 

« w ' ji ciU j ;.aq i Urt'i 4- or, ^ a 2 , « 1 = a 2 ,w 1 = or, j t 

CjJjo V ljuka (Of, , <J 7 jLl»jj9 J^^l »JL>-lj 4<ijfl ^ /.-^l LJ iUf.W 

. . ^ a jA^s-I^ 4_La^u I «UI ^i", i jjj jljV ^ ^ I* *► " jj_a l j£p J a1jLj ^ t->-- (_^l (ii) 

ibi-'G 2/ \li 2 Uju£. Sjl^Ij ^U^". "j9 jl.UI u l =11^, U 2 =U* jLkiJI M '.-i'^ 

I 2 



© 



Vj £j\ nl" -W-a Cj^C- _$-> tj-^ U^iP-^J^ L-&> J-*J U^J ^-La-cuJI A U 7i ) (ill) 



II ' I 2 

• J — o - O 7 o 



• ** . S ~ Q ~ O 7 O 




u ' = const. 



u 1 = constr 



V 



<>i o^ljUl JojUA.1l :(n.V) J^i ,V 



( ' 



Curves on a Surface tjWI^uLuaiJIfY.Y ) 

1 2 

£aia i^l VC '^J^ lJ'j J U , U (j «J <j -C >; «JJ 

^ J^jUi(7.1) a>u^n UjUI 4. t^aj^Lj u a =u a (v), a = 1,2 
L=r{u a {v)) = r_{u\v),u 2 (v)) (7.20) 

jLp£.^/l 4- j^^M ^UimII jJL ^^ctla 4j| ,~U,„tt (7. 1) ^^pjaljLJI 

(0,0) *(^-,^) (7.21) 
av av 

I 12 
J-UL .^^LaljLJI U Jai. JjC W = V ,11 = CuLj ( Lili-I lit i-coU- iJbt^a 

^ jo^. (7.20) i^U3Vi yijdj v j\ LlcuUL j^ujl 
— = ^"+L 2 "' 2 , (7.22) 
, d 5 r 

= — , r n = — — ,or = 1,2 c-o. 

(^).^,)>'\+(£ 2 )>'\ (7.23) 
' dr 

. IjU-> - A lii" i 7*| ,7*2 oL$3tlU (jjo i_jlx>. ijLcSajj 7/" =( ) 

dv p " 



- 

Tangent Plane: jUJUIjU JIm jtW^LUl^^uUW A.V ) 

1 * 

^^p^ljLJI u (t-i ^j-l1ju <_dJjJ Lj^laljLi JJl«j» ^-t-wH I ^LaJLI ^jlm-ll i_taLco 
w 1 =v , u 2 = ul = cJu < ?/' = l,w' 2 = 

w 2 =v , u - u\- euliij u' ] - 0, w' 2 = 1 

.(r 2 ) >A p Q Ua2iJI jLk: t^k. <l jJolHI aUo% 

p jJ*. ^WII ^ r o = (r') A *L>,au ^Ldl J^iJI (7.23) UjUI iij 
7 , o=(«"X u (21.)o+(«'\(t2) < , (7-24) 
I I cr ic jjjpxIjLJ! jr^IaitlJ (jLu/UJ.1 L*aj (r 2 ) o , (?li) o-* * j^ 1- ^ 1 *N 

<J j-^jj p o jl^i Tangent Plane ^Lat ^y..„ u 3 jl 3 p o 2 usm u JV 





(w.v) j^Ji 



Normal Vector Field i jWI ^ £4>ttlt 4$Z« J2* ( <>Y ) 

(J' l£' (^2) a , <-M= Cr^ liP>^ J^-Jl eric L ^Jj^wJI 

t^Jut /? I I TV^j^lII Sj^J liiljtJJ cfijljJ (^li A Ll)p o 



TV =( 



A, 



(7.25) 



^rU,,, 11 Jic unit normal vector field ^jaJI sjlv^ji J^v qj^j LdJjuj 

N =N(u a ) = N(u\u 2 ), sL-* 
r , a r 2 



tV = 



r j a r 2 



(7.26) 



:(A.V)aiiriU 

J I a,,,, ;1L Invariant (^^^ V) ^j.^ c^Ij N <j\ <y* j^bJi J^uJI ,>« 



CjLu!jL^.yi (Jl (ll l ,U 2 ) S-j^LajLJI CjLuIjljw^M Ijl Lr U^i jjlju N 

J*0 ^N(u a ) = ±N(u a ) o&(u\u 2 ) 

i(A.V)Jlit 

t 2 * -r(0>r,(0>>: 2 (0 ^Miil^L^il </?«) = /?(w> o 2 ) yosui 

-l(O^,(O^ 2 (O] = (7.27) 

3-4 I i p(u" ) 4 Urtill Jlj£. Uim It ^LJLl ^j"iii<iI1 i-c4>L>uV! JJjUIl ojutj 

.(U.V) Ji^i^ 

TV 




(U.v)J^i 

t(^-V) Jilt 

Ly Jc ^un -i (7.27) <_bUJLb ;t U.u /HQ 4 ha;tl j^^U... It^UJU^-,,,, U 



= (7.28) 



y x -x\u a ) y 2 -x\u a ) y*-x\u a ) 
x\(u a n ) x, 2 «) x 3 «) 
x\{u a Q ) x]{u a ) x\{u a ) 

dx J 

(y')eT p {M) .x>= —J =1,2,3; a = \ t 2 ^ 

du 

t( >*.V) Jilt 

jJisl (jJ>>« Sj^us '2J M :x 3 =x 3 (x ',x 2 ) ^U,,iU u^Uil ^jioJLl aJ^Llxs 
x 1 = u\ x 1 =u 2 ,x 3 =x l {u { ,u 2 ) 

3/ a- 



1 o ~ i '- a 
o 1 



*2«) 







(7.29) 



»(KY)Jtii 

|VF| 2 =(F,) 2 + (F 2 ) 2 +(F0 2 ^0 
^LULij ,^ln,.,t.U CT lubL£ jl smooth ^^1*1 ^Lal jLi x ' = x ' (u a ) J\ 3 

■.ill" CjI^asIjLJI 1L. 4mj\ ojjjuoJ! JL>-lj ^.ti 1 nil aJjLl* (jLfl 

F(x'(M flr )) = F(x 1 (M , ,M 2 ),X 2 (M 1 ,M 2 ),X 3 (M , ,M 2 )) = (7.30) 



:((V) 

F,x \ + F 2 x 2 + F 3 x , 3 = 0, F,x j + F 2 x 2 2 +F 3 x 2 3 =0 (7.31) 

3F ck y 

F: - — -,xl= 1,2,3; oc = 1,2 _~l>. 

OX ou 

JL. S^hj = 1, 2, 3 F, JS iwJL(7.31)^Ul J*j 



F 



^2 _ ^3 



a(.v-,.v-') I | a(.v J ..v') I I d{x',.\-) 
d(u\u 2 ) ' ' c?(u',u 2 ) ' ' S(j/'.ir) 

1 „ 2 „ 3 > 



(7.32) 



sj^^ji p o = (* ,x ,x ) i___ui ^mi ^..aU ij_L_4 i_i 



C*(* 2 ,* 3 ), , 2 2m^V) 



3 . I> 



d{u\u 2 ) 



3(«',w 2 ) 



+(,3.^,^^)1=0 



(7.33) 



d{u x ,u 2 ) 



. . . . . . a(x',jc 7 ), 

d(u ,u ) 



d(x\x J ) 



d(u\u 2 ) 



dx' dx' 



du l du 2 
dx J dx 1 



=1,2,3, i*j (7.34) 



i(*.Y)lt_r5U 

.<Uk. 4_=__ mJ? Jl__ ^U.mII ^Jj^jlII J_j* tfUul ^Uil (7.32) _jl_>Lf_1 



' ■ > 

iOt.Y)JI±i 

.a LtjJai 
tjah 

»lj)"< ..iVi ..a 4- ox 2 ,ox 1 jjjj^LjiH! ^j-^ai ai]jL_^=j equator plane 

jUI meridian JjJaJI d^i. ^r-i^j 

' t-i ^ ' H a .0./V j-LaJill i i r, \ j Op Ljjljjl (Jr _A $ ^jl ^j^jJuj OX 3 j^seja j^a jJoLaiU 

M , M 1 ^ x 'ox 2 ^j-,,11 ^Ij^uVl ^jic-Jll ^yicj ox 3 j^a ^ p iUn^l 

.( } \y) mi £_u>lj jj»> I <i^-i .c-UJpJI ^ylc 





(n.v) j^i 

PM' = asmO=oM 

x 1 =oM cos^ = <7sin#cos^ (7.35) 

x 2 =oM sin^ =<7sin#sin^ 

x J = a cos 

O<0<2x,O<6<7T si-p. 

.Latitudes s.j;i>m ^ .11 ^ u.- /9 = const i-^UJl iJUJi 4_ 

.meridians j^kJl ds^ki. <f> = const 

t(\T.V)jUU 

2 



/ \ 



ijfth 

J^^ll oi-'G ((7.35) <><>) 3 j^J! jkJ LukUCV! ibUI 
r == (asin#cos^,asin#sin^,acos#) (7.36) 

jua^ j! ijLoJL (7.36) ^aUjvi <jjLat j^sii^ 
r # = (a cos6>cos^,tfcos#sin^,-asin#) 
r_0 = (-as'mO sin <j), a sin # cos ^,0) 

Lff A = # sin#(a sin#cos^,asin#sin^,<acos#) 

^J^(7.36) 
Lo A !!</>= asm &L (7.37) 

£o >* V. t^J^' <U*^9 ^pJI p 4_kZUI J_Lc Sj-^aJI (^UJU ibbus 

<(L-r ),(r (/ Ar 4 ) Pa >=< (r-r ),« sin 9r_ >=O,0*O,0*x 
<(>l-r ),r >=<r,r c >-|r G | 2 =0 

.(^Uil ^jluuil ojLc j-iisjJU <L*la r ) ^yA'^UH ^j',,it,l aJjU* .". 

< >=k 1 2 , r = (x \x \x 3 )er ft) S 2 (a) 

i-bU* <jU JiULij X 1 -a = £_u^3 ^jloJLI ibL^> ops r o = (fl,0,0) e^l£= lijj 
^^i^ai ^jl^j ^ji^, ±j* 3 x 2 - a = ^ (0,<3,0) i_LiUI jOc ^Ull ^j-,,.. U 



> * 

4j_lojVI S^—^aJI £c_La_<_u_! 1 "'^~* ^ ' *»" ■ ' tl -» U. , .. t r it II J~' i" II 

iJJjJsj CjLaL>ijVI JLjJusoj Ij ^-ill ^Ui i m ^ If <i Un'i J-^J-« JJ_j>«j 6? , (f) CjLuI JuvVI j 

(J j" i o T i J I t _ J « i i i i j Ijjj A_ijsljJL>JI ^^jjiLiil (j^a I , > frj 3jIj_j>JI CjLa-jJ Cj_j^^1!I 

.Geographic Parameterization ^IjuL^^ji 

i(U.Y)Jti» 

i-JUjI OjL^k ^ iUl C-_^ ((9 = 7t) ■.■ "j (6) = 0) llyi ii v USt l 

O^ljJ^ ji LJai.- cr^j-* r ,r^ ^ ((7.37) UjLUI <>«) /'„ a = u>^=e 
.sj^ajiil lUtiill ails ju£. ^UJU ^j" i.u.1,1 .sL>ol j^^mj "5? olljuj 

Singular Points on a Surface 

^lr» i n I I Jl LLu i-JjLuj JM-i. J-A ji 4_jjiL>ul iJlj J}L>. Jh 9 jl (_£>j^!jLj J j'i i" 

(L>LaljL>) LykU]VI 5JI jJL. (JilUI ^L-cJI jL^= Ijl (i) 

tf(«',w 2 ):Z)cR 2 -»M cl 3 

(J)=Rank ( ^''f \ x3) )=2 (7.38) 
d(w ,« ) 



:(« ua^l) 3 otVuU aJIjJI JMj- i_a^a ^h"iU ^UimII pl^3 llaj (ll) 

F(x l ,x 2 ,x 3 )=0 

Jam <bUs 

••• VF = (|^)*0 (7.39) 

ox 



^' dx 2 ' dx 3 



lil regular ^ui^h* iJoi L^i JLSj ^jx\ ^^JLi ; u^;ti 

>LiLai ja^i gji ,,m^ ^ (7.39) ji (7.38) ji*: cJb£= 
.singular point (i^L^t ojUl s 

LkjLj£. , i. II If A Urt'l ^^-a jLUI 4 Inriill Jl JL>U t.JlJ>>UI I jut u If «LlI 

R=R(u\u 1 )=R{x i {u a )) 
jjn^J\ lijL^ F(x ' )=0 iob^LsJl sjIjJ! gradient (^jju) jIj^oI 3 \ 2 ^ jsi 

^ A W 

■ -=0,VZ ,'j5l^=Li loA, 

t(^o.Y)jUU 

jJa^l 3iLi (0,0) iiaiill (jl (j^j 

7?( W , , W 2 )=(( W ') 3 ,( W 2 ) 3 ,(( W 1 ) 6 +( M 2 ) 6 ) I/3 ) 



e 



t Jj*M 



I „ 2 „ 3 



3(w') 2 i( M ') 6 +(w 2 ) 6 )" l .6(w 2 ) 5 



3(w 2 ) 2 -(w') 6 + (w 2 ) 6 )" f .6(w 2 ) 5 



^jJLlJLij A-J^rt tr> a'^jA,^ ^ ( *^-« l-^IjOJ t/^jLfl (W ,W ) ^(0,0) LoJLt£. 4j| ^r.i>> Ij 

4- >« >a ^U,,,!l ^ S jLi iia^i (0,0) ikUl ! jl J = < 2 jP 3 

.(Y-.V) J^j, 



(o,o)f 

(Y-.V) J^ui 



t (n.Y)jiI» 

L u , „ \\ ^ jjLi (0,0) <k 

.1 ..2n //1\2 /..2\2 ,2 /„.l\5- 



R{u\u z )={{u ') 2 -(w %2w'w \(w ') 3 ) 



3w' 2w 2 5{u x f 
-2u 2 2u 



R(J) < 2 j^IULjj 4j^us ia^Luaja ^uaj i/^jLa (0,0) p i\nci'A\ VLh"" L»jLi£. 

JI (0,0) Uaiill ol 




(0,0) 



(Y>.Y) J^ui 

t(W.Y)jLU 

1 „.2\ / .1 /..2\2 /*2\3> 



*(k\iOk^(«t-(«o j ) 



L^J (w',w 2 ) >(x l ,x J ) ^Ij^VI J^t-JU ^y£=L*. iij 



1 „ 2 „ 3 



1 



2\2 



2u A (3u l ) 



^0 La. 



1 



o, 

^(W =0 

<jrk*J>' jtixcJI itaL*_a jjjs L&JjC Jj-cukj) 4l!jLta 

R(u l )=(u\ 0,0) 

.(yy.v) J^i^^^a (cuspidal edge 




(YY.V) J^ui 

:<U.Y)JLU 

^UmH jj.tu.ULi SiLL JUa'i (0,0,0) iUv.ll jji ( 2ru 

F(x,y,z)=(jc 2 +.y 2 +z 2 )(l-jt 2 -.y 2 -z 2 )=0 
J_^L». F = iJljJl o^zlj x, y,z 'i- i^uu± UAjuv ,,n 

* 



' \ 



x 2 +y 2 +z=\ 3 \ l-x 2 -y 2 -z 2 =0 
x 2 +y 2 +z 2 =0 

5F 5F dF 
(i^f_) =(— ) =(— ) =0 

V ^ Jo V — /o V so • 

ox oy oz 

.J jLi 4_Ujij (0,0,0) iJaiiJI (j| tfLuca I jukj 

isolated singular iJjjd* ; iLi «,,■-) JjLJI JIU.1 4_ ; jLill iLiUI 

.2j^=JI ji= J* ^ Jj s j^JI g-U,,, ^ ^ V L^V point 

t(M.V)Jtli 

4ji<i i^>H «UjL*JII Vt 
F(x,j,z)=(x 2 +>- 2 +z 2 ) 2 -2a 2 (z 2 -x 2 -^ 2 ) = 

4_»JJ_>JI Cjl TTl 1*1 Q l_iLi.il *KJ j» J ' 

dF _ 7 2 2 



dx 
dF 



= 2{x l +y l +z l ).2x -2a\-2x) 



= 2(x 2 +y 2 +z 2 ).2y -2a 2 {-2y ) 



ay 
dF 

=2(x 2 +y 2 +z 2 ).2z -2a 2 (2z) 



dz 

oV (0,0,0) iujLUi ____ ^o^y I VF | ot c-^lj 



dF dF dF 

(—) =(— ) =(— ) =0 

ox dy oz 

.( YV.V) J^=ui jj* L*^= SiLi 2U*\ Jj^a VI ila^j (jl 




y 



(YT.V) J^=ul 

jV canonical point LAz 3J Je* a^ii u « , ,,- JjLJI jliui 4. s jLUI ;uv.t i 

2 2 2 



Orientation of the Surface tgfauJI 4g>) ( W.V ) 

T M ^L^^y^ji L,J M :x =x (u l ,u 2 ) ^tv. - >u ... p ; ur, 

J-^= J>>- ft I *^-> >«-^> ejjii ir>j A tilt a oLiiaJLa jljiJLal ^ If 4 ^^^jtU >. ,-wjJ.I «L>uVI 




j(^T.V)u*J>a3 

4_o.jU! Ijla J*£. o^-i<U (>» I j' oriented A/^U,..tl JL2j 

.nonorientable ^^^L <ot JLSj M^.k,.,,JI 

w 1 = u\u\u 2 ),u 2 = u 2 {u\u 2 -) 

J-j^^tll] oj^U JJl_*/> ila_a£ jL^sj o'-^ = i3 ^ **•".' I JUfcj _ 2 tliL^atlllj 

lt/ i ^ , d(w',w 2 V 

(j 'l-tj I a_Aj i_j_3»jja L)£ty — — — — : — ) 

" •' d(u ,u ) 

* 

V 9 \ <UkL>JI 

© 



C/j fW 2 t^t- 2 ^ 1 4- c^L^= lj! coordinates patches {£/, } 
4. ^u... tl j M^Um.u orientation >s ^o.-j j-^JI ^ UiUJl * ju* Jla jLo^l 



W 2 ik 




(YO.V) 



/ 1 



t(Y*.V)Jlli 

Lt^Jj J 4 * J — *l laij laJu (jl <j — ^-i <| J (_p 1! t- i i n — II J — £=» 

.trivially orientable 
t(Y\.Y)jLU 

tO0.Y)du>«3 

N:U >R 3 

q jJlc M^£. ^jj-^ TV (q) e M 3 i^^-tuxi* q eU I J-^J ^j^s 

.(n.v) J^ui4. 




(Y"\.V) J^i 



t(M.V)uij>*J 

4jtJLa Ji>. JL>.j lit JaJ&a (j^= !i! ^J-* «Gl JLjj £/ C M (Ualill »U.,.tl 

.(3 jLi 
»(W)jti* 

.4^0 ^i. Mobiiis strip 

(JJ^IL«ljLjJ! (J-LUmJI <Ll t _y*JLLA lLuj_ui ^-Lu-o 

1 1 1 

W 14 14 

R (u 1 ,« 2 )= ((2 - u 2 sin — ) sin w 1 , (2 - u 2 sin — ) cosw 1 ,u 2 cos ~) 

, 0<u l <27T,-\<U 2 <1 

.(YV.v) U^=^>.l Jl 




' \ 



t(YT.V)Jll» 

F(x,y, z) = JuLiLiJI Ml illjJ! J>U. (> ui jjiX\ phT.U ^ t-,, ,,11 <ji 



^(*,^,z)=(- 



F, 



F„ 



F. 



r) 



ix^,^ ajj^>Lv J_> ^tV, ill M locally i_<Lt/j o-uoU- (j^J <Lp^jl!l 

j^>Ji ^h" il l jJa^Jl "-i^jG ^ 4J1 o_p. .<d^i. jJslcJI J o a-, i^it u ;mi globally 
J>U. ^ji^JLl {y> is^^Uui diffeomorphic L^y^s <uf 



^platjLJt *Llu£ ij jJI £>«JI jvLa^u jjkj (TA.V) 4_(jruua Aa.j.a ~U,.,t 

x (u y v )=(u,v ,u 2 -v 2 ) 
,z)=z -x 2 +jk 2 =0 



(YA.V) J^i 



(Y)&>Ui 

i Ua'tW jJlc / ( — ) =1 (_><aSli!l *-L£JI (tucu^JL ^LJtl ^jl^JU iJjL*^ jta-jl O) 

3 1 * 2 

4 li m x = x f( — -) i^NUU. ^..ll ^U.,.tt ;j.„ ut l .-.ij j-....t ! (v) 

3 

jl^UUI ^LLsi; ^(x' ) 2 =ajX J J =1,2,3 aJiMiJI ^u,,, HqIc^s! (t) 

(t_^jjpJI ^ X l X 2 < X ] X 3 < X 2 X 3 oLuljuOM ciUf, , oa ^-^j 
L,J Lj-^UII objli-JU c^jl^= I jl jusUHI ^^Jc jioLali iliMUl ^U... I I : jLij]) 

■ (Sjuat- Cui 

. OA' 3 J>;t « jiai: x v =/ (w')cosw 2 , x 2 =f (w')sinw 2 ,x 3 = g(w') 
O (*,jy,z) = ze' vv -x -y -1 = 



' \ 



^UmiU (0,1,1) iUrt'lll JU£. (ju/UJl! 5JjLsc« JL»-jl (V) 

F(x ,y ,z) = x cos y - y cos x + z = 
F(x ,y ,z )=x 2 + >> 2 - z 2 = ^U,.,tt <o>ai) siL&II JaliiJI o»jt (A) 

>x-a (^JjjulII L&Jij^. <_j^JI <LLaJii!l JuJL>o jjfc (_)jlUUj t_3j4L« 

^ ^ 3 r(u,v ) - (w,v ,u 2 +v 2 ) ^U.l„ 11 u—v Lr ^X\ cLLsjJ Ji^-ji O •) 



r(w,v )=(acosM,asinw,v ) j^JI ^ w =v (^.^1 j^jt O O 
(a, 0,0) iU7i'A\ jiit <u (^UII JJjljua a^jlj 
.(ij^jb oi>^*" cr^*- 1 ^ >* <J^L»^a \- U = V jjLlSI ^ i?- ill : jLijJ) 



1 ft \ 2 



Pseudo-sphere ^_j>^=J! <u^> cM- 

.1 „.2\ / • I 2 • 1 • ..2 .1 W ' 



I,, 



R(u ,u ) = (sinw cosw ,sinw sinw ,cosw + In tan—) 

y =flx) ^JbtULI ^k. o*Uil ol ^ubU ph-,;U Jnn'.U Ji».jt ( N T) 

• X 2 +^ 2 =l opijJI oljU.,,kl ^h'i.UI (Xh^I jLJI JxUUI (U) 



© 



.X + y —Z — ^jjjJLl ilaj^^U fityiia t _g j p^ljLi Jjlgj J^>-jl "0 

.^lyi,;.« cj' 1 '*''^ ^l^La^l oj^-'ll ^l^"",l,t ^gpjaljLJl JAo'ti Ov) 
^u: j^= x 2 + j 2 -z 2 = gh,„» Ja oa) 

(w ,v ) = (u 3 sin 3 v ,u 3 cos 3 v , (a 2 - u 2 ) - ) 

U-iij ^JiitL^lj (W Q ,V ) A-oLc itaij ^| JlIc ^UII ^jTlulU itaL*j» JU>-jl : jLijJ) 

.((V.V) JH04.cj_5L.Vl 

2 2 2 

x y z 

a c 

Ha ^g^jjaljlj Jj1«-i J^-jI^ joJaltia i n 
.{ in ij - uo iJlj J^L>. jjja ^IViiU jviojjjl i_njjju ^jJtlxjl : jLuijJ) 
V 

s_ki>^_^_3>^ z=yf (— ) r^ 1 " U <J ■ ■■UXIoby.,.. Uo?Qg > (YO 

.concurrent 

juJl L<Llj jlju j-^j JLia i^l 4- L-*^=> (^«LJL1 ^jlcJLI iJjljua : jLijJ) 

7?(m 1 ,w 2 )=(w 1 ,m 2 ,w'w 2 ) 

.(Jl!t<J i^l L- \-*£=t Jo^-ilj v_jj^->La. ^jfli^io : ^^AjP 



R(u [ ,u 1 )=(u 2 + cosw l ,« 2 +sinw 1 ,w l ) 
R(u,v)=(u cosv ,« sinv , 2v ) 

Jj^-J (jj SiLiiJ! 4l»Laj jL>.jlj (0,0,2) JUC <U (JJ/L4JLI ^gjj 1 11 lil Jl».jI ^<u 

2 2 2 

X V z 
^ + £ = 1 ^J^i u (Yo) 

2 3 4 

2 2 * 

(jj siLiijl <SoLaj jl>-j!j z —x + y ^WJI <ji (vi) 

^ tUlmU ^ylj^ (^Jj^aJI <3cld J2>- JL>-j1 (TV) 

F(x ,y ,z )=x 2 + 3xy + y 2 +z 2 + 2xz +yz -5 = 



- 

- 

Intrinsic Geometry Surfaces 

4jljjuoJI j-xj ^.ta.n It 4_tli.|jJ| jl ^Lul jjl i^jjjjl j»J_£j c_>LJI I Jlj* iL. 

tl»ii»(U) 

differentiability juiLsj! iuLU j^ki* ^ — tt l JjLJ! ^ui 4. 

^If>" i II If <u u<jlLa i — oJLjT 4 ^IjJIj la— ij < «j Jl I j a 4-i 

•J jVl 4-uAu,Vl Ucu^Jl oj^? geometric constructions 




' \ 



.Mj^JJ (oliljj ixusLiO I'M ^ljJ3 t£? 4- ^U*uu 

t(U)ub>a3 

^^^Jl ^j-xi <-,- > p iT^M x7^M >R oi o^-^ 

.Af^u.-n ^uji IR 3 

:(Y-A)uu>*3 

r^L^^j^JLIj I p (v):T p M >R ilUJI 

/ /) (v)=<v,v >=|v | 2 >0 
u ti j^JLc The first fundamental form j jVl i^L^Vl aijuaJi ^...j 

.FFF jLual>-Lj j? filViil,! 
in U L$j £->j-i (jP-JI <L-uLj£=>JI jj <U ii'"! ljr Jt ij_<-uL-u^l iiLu-aJt 

7ria.u., u l^Jc measurements oL^LUl (metric form i^ai 

FFF 4-J>UI iijiirt II If Jo_ai3 J_»1*J (^J-llj ^U,n II ^-Ll Aj_uiJUjJI <U_uoL>JI 

.intrinsic property Lul j 

.h ^Mj ji o ^-kij u resident ^1 o' <^«j jJl ixuoLiJI 
^i > jjj appealing £>>->)l jt *>^Jl oj-^> *^>LiJi J-l« detect > ^i;,:^ ji 

~U,„tl ^yk. £al mil 



e 



v dt 
Metric form t 2^1<^^jUt2*uA)t(X.M 

r=r{u a ) (8.1) 

^ = r_ { u' l + r_,u' 2 =r_ a u ,a (8.2) 
eft 

yds i .d /' . i , , u .a 

dt d t 



du a du^_ 
dt^ dt 



,ds . 2 ,du\ 2 
(— ) =£,.(—) +8n 



dt 



dt 



du ] du 2 du 2 du .du 2 

— —+ g 2 \ —--r + Sn (-T - ) 

dt dt dt dt dt 



,ds v2 ,<iw 1 



du 1 cj?w 2 



^cfr ^ ^ n ^ dt ^ n dt dt 



+ *22(^) 2 (8-3) 



jjf ^LixuJI ^Ir (^rujjLscILa (^rulaij Q\j iJaLjJLl j i^iif Jjaj ds 

I =<dr,dr>=ds 2 = g afi du a du /3 (8.4) 

J /VI Lj-o.L-Vl iLu-aJ! / ^ metric form opxi w^ll 

cjU^aJL g ff/? ---i M^n^-r .-jthf 1 st fundamental form ^-U.,.11 

.(8.1) ^..Jl t^k. (metric quantities iipJH oLai=JI) j/VI i^L-VI 
) i_»pJil oj,^ 11 discriminate «_« ^ (8.4) i-jpll 11 i^-LlL. 

jjji ^ 1- ^ ^ajJL) 2 jLc <U j^ajjj l-i i nil (j^jVI 4_L*_upJI 4jut^<aJI 



g=Det(g a/3 ) = Det 



8i\ £22. 



= gug 2 2-(gn) 2 (8-12) 



:(U)Jj>j 

-u^JI Sinn I I o> li' g =g|| ^22-fel2) 2 ^t^ 1 ^J ' ^ 1 1 1 

.positive definite juo^L> I j/vi quadratic form 



I = = g a/J du a du /} - g\ X {du x ) z + 2g l2 du l du 2 + g 22 (du 2 ) 



.2\2 



^yJLllLjj ~ U . .. tl ^ If (^ujjLaGja Virt'i in I I j <n if j-jjjj t/s (jl < k-» -V 

^[zllij du ] ^0, du 2 -0 qj^-ij t^^ljLJI w 1 JaitU Ll^U .USb 

(jj_^3j (ji j ij V j >-lj 1*1 «>j i=L 2 > ' ol> x - a — f*^ — **y o' o ~~ | oj 

.i^j^ Ljilo^ 4- 1 j--^ 3 l^j 1 -^ ds 2 Vlj (t/w 1 , dw 2 ) = (0,0) 

2 2 * 

(j£. ' *l"-»" 



ds l ={du 2 ) 2 [ gn (=^y + 2g 12 ^ T + g 22 ] 



^2 + 2 g 

K du 2 12 du 2 



du 

(j j)~~-'J V — — ' ' 

ds 2 =(du 2 ) 2 [g„v 2 +2g 12 v + g 22 ] 

V-^>« ^nV 2 +2g 12 V + g 22 J 1 ^ 1 V-^-J- ds 2 ,(du 2 ) 2 (j^ Jj=(j! O-^-j, 

* * 

i_ull!l i^vjjJI Cjli j_JjLU,l i-jjJaj i.^i.i -v- lil .Lajb ^-^J^ g]| <j V (ft-t2 J-J-4-»J 

jl^^v-*^. 4(g„ g 22 - (g 12 ) 2 ) oiiii-^^ 4g n g 22 -(2g l2 ) 2 oi 

■t-^v^ 4j>U,I ^» (jl ^1 io>>« ^11^22 " (^12) 2 

: gWl ^ ^Lm I & ( Y.A ) 

(^1 (8.2) i-taUJtb (_, IntJ (j? (j^-l«lj *Ul3 ^rlliiill ^,1^ *L>Jil JUjL*^J 4 l i . ut L 

^j^o^^(8.2) 
= rju" (8.5) 

dw 1 , <sfw 2 4j^Laljcaj r 2 ,r| pr^-i ^Lpjl (>£. 2jLx. s-tL d r_ oL»JVI <ji ^-^Ij 

SjLtC P 4 Uil'l J-LC T 2 , r j (jrUJ u U-»> JoLjJjl (j! ^ i« Oilj^S (j n^tl lj 



' : \ 



.(8.5) Sjj^JI ^L.jJ^JI a u>.:i b .(8.5) 
(/L a ) = (A',^ 2 ),a = l 5 2 (8.6) 

2 2 

IjLJI w .ki. tfUJI JUL .( 1 ,0) Sjj^JI 

. (0,1)3^1 4 

U^ijj i-jjI^JI ^ 6 o^=^3 A ~ A a r_ a , /.i = //r^ d-p. U^tjrukUJVI 

< A,ju>-\A\\ju\cos0 (^liJI ^LJI j>a) 

\A\ 2 =< A, A >= A a A p <r a ,r fi > 
■ ■ \tf = Sap W (8-7) 



u 



y-=^//V (8.8) 



a/3 



<*,//>= (8.9) 

i^>UJi (8.7), (8.8), (8.9) ^3 

cos 0= . (g.lO) 




Jai- oL>o1j (1,0) (jJ^LaljLJl w'jaiw ^^LjoI <jru SjjIjJI i-uaLs. iJbt^a jjl*jJ 

jl. jo^(8.10) ^>uji jj.u-mj (//") =(0, O^ijUi w 2 

£l2 



cos 6 -■ 



(8.11) 



:4_uVI i^Jai!! ic.Luo ^ i ■ . < 1 1 Mj .AjpjiljLjJ! Ja^LiiJI AjjI^JI (j-Aj 

.((8.11)^ 0=|og 12 =O)g l2 =O 

.Ml 'iU'i 1 jVl ^j...l ,,,Vl aij.^illj L_S_iLL^ gp =0 J^T-Ti j 

\=ds 2 =g n (du l ) 2 +g 22 {dicf 



■v 



Orthogonal Curves on a Surface tgWl^SJUUilluljWk*^ ) 

<L!jiL*J.L) SJsjjlILI 4 «i U I oLj^eJJLl iljLc jl^-jj (8. 1 ) 
f(u\u 2 ) = const. ,|V/| 2 =(r,) 2 +(/" 2 ) 2 ^0 

.(«>*) U^lj^ a = 1,2/,=-^ ^ 

ou 

^riaju ^LaUO^I ,> jljJ ji_«IjuJI ,jLa (<afw 1 ,du 2 ) jJL ijilitl i&iz. 

^V = o 

3 j>uaJ! jLi.L juLoJI ^L^i lij (//^) = ifi,-f\) , {A a ) = (du\ du 2 ) ^ 
g l f 2 du l + g n (f 2 du 2 -f x du 1 ) - g 2 / { du 2 = 

.j^uui^ / (w',w 2 ) =const. 
oV^LUI . |V/ f = (f t f + (f 2 f * J^l < oh-,;, JJI j/vi-p. 

w 




df = or f.du 1 +f 2 du 2 = 
(#11/2 -gnfx)du x +(g, 2 / 2 -g 22 /i)^ 2 =0 

ol j si UtU iJ$L*j| cjl^btia ^ J /VI ibLuJJ ^u i^-t l oLJbtJ.1 

* 

:oi UUo (du l =0,du 2 = 0) 

&\ 1/2 " £12/1 £12/2 " £22/1 



2 



^.1/2 +£22/, -2g 12 /,f 2 *0 



^11^22-^12^° U^^i 

t(TJt)ttrJU 

^L^il J^Lj-^^g^ oVg 22 =(r 2 ,r 2 )=|r 2 | 2 < g,, =(>-,, r,)=|r,| 2 

fL«j c-^-ja. £-* c-^uUlS g, 2 U-LuiOT;*/? (I*" = COnSt. 4_j>i«1jL]! JojJaitlJ 

Element of surface area igkuJI^lSb-mi jjai*(0Jk) 

* 

it~x>. [41 ^ . 1 .1 ^ \jj>. ijJ^aJI P l ,P 2 ,P i , P 4 lUnill ^ <*-^jjj |^ jdl j j LbfcHI £>Li» VI 

/> =r (k V), P 2 = r(w' + d u\u 2 ), 
P 3 =r(u\u 2 +du 2 ),P 4 = + du\u 2 +du 2 ) 




P|.P 2 =r (w 1 + du\u 2 )-^(u l ,u 2 ) , F,P 3 =r (w',w 2 + du 2 ) - r(u\u 2 ) 

tj! J^-><j ((Jj^O (_,U->JI i_u^JijJI JliJj j^Jlu Lilj'—i j»l JlscILujIj 

P,P 2 = r, a? w ' , P,P 3 = r 2 d u 2 

H^dll 2 , r_ t dlf ] jrl^-ylU ^^JL. Lllll ^>LloVI i£jljla Aa-L-u^a 

r^w 1 Ar_ 2 du 2 = |r, Ar 2 |<iMV/w 2 

(8.13) 

r, at, =|r,||r 2 | sin6W_ (8. 14) 



I ; . 2 



^Jk. ^JjajJI tfUol 'A.CjI^iXI oJl^3 ^V_J ^2'£l iW^' 0^ ^d!i'j-" (jr* ^ ^-rP 

JU£- 7rt~l,.iU ,j-uLiXI ^jlxJll L ^L£. ^JoaC TrUml 



^ J<^(8.14) ^MtJJ^upJL 

I .2 I |2 I |2 2 

1^.1 A ^2| = |-i| |^2| sm & (8-15) 
= |r,| 2 |r 2 | 2 (l- cos 2 # ) 
= tifbl 2 -(|Li||>1 2 |cos#) 2 

fc, ^ Lif = g u8 22- <>l^r 2 > 2 =gug22-(gnf 



•'•ti a r 2 \ = Jg^g 22 -(g l2 f =4g (8.16) 
A^=-^(r,A^) (8.17) 

(jjf ^Jj_«jlJI J-iLv ^ji ^ A/" 2 L-^-Lu ^- U , M II ^yJLl (JJj^-nJI SJjvjJI <U*ia JJLs ^ a i ii j g 
a Un\ jlJI^l (w',i/ 2 ) 4_ulj^.VI CjI^IjLJI 'i- i_Ib La^ia J_= jV ^U,,i II 

oj^uaJI cr l£. (8. 1 6) (j-a 4^-»-"U b-LiII ^.r-iif ijLl^j 1 ii^-i <ij 

dA = Jg~ du l du 2 N (8.18) 

■ 4"i->-Li.ii,a <-__> i i n>. >—) j) I In U ^l^i i nil (jj/LaJU ^j )" mi l 

: ^j~~(8.18) ,(8.16)^ 



' < 



dA=\dA\N, \dA\ = y[g du'du 2 (8.19) 

.« xy ^jfi i ii U ^^-Lc iii II j'^'' - 4jbj-o - Us.. .a 

t&dy =P xv dA =(dA,e i ) 

= < |jV ,e 3 >= \dA | < A/' ,e 3 >=[<aL4 |cos# 

(8.20) 



|^ | = dxdy — _ sec ^ 



<N ,e 3 > 



\dA I = — = dxdz sqc6 2 , 

<N,e 2 > 

\dd | - dydz — _ sec ^ 



JUL 



(8.21) 



(8.22) 



<jV,e,> 

(LvLuJll oIl-A Lg-tk. lUn.ii U CjLuI JLs-VI CjLjj'hh a (_,_!£. 2 J_4£.Vl) CjLuljLJw^M JjL-=« 

.U.A) j£=ui ^ 



e 3 A 



z 5 




ft- 



■ 

t(U)jd« 

z=f{x,y) gj>y> y*u<*> ycum ^U.,.tl Ijj 
V? = V 1 +// + /, 2 = )/Vi r (8.23) 

z) = 

N={F x ,F y ,F y )/^=VF/,fe, 

^ = ylF*+F y 2 +F : 2 =\VF\ (8.24) 

Isometric mapping J^Uill gjUZM ( 6.A ) 

t(0Jk)U«J>JL} 

<E>:M >M diffeomorphism ^i^uui ^^j^i <jt JL2j 

lil isometry ^^Li ^jL-j M ,M 

<v„v 2 > / ,=<fl?O p (v 1 ),JO/v 2 )> a)(| , ) (8.25) 

./? gM < v,,v 2 tT p M J^J 

.isometric Lj-^LS 

differential 



© 
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d<S> p :T p M : >T 0{p) M , 

Mia V | =V 2 = W cJL^s Ijlj . lJ7 li.\ jJI ^-jj-JaJI ^ cLkabsj 

( w ) =< w ,w > p =< d <& p (w ),d (w ) > 0(p) 
= / 0(p) (JO>)),Vvv e7» 

/> )=/* (/ ^> Gr p (M) (8.26) 

:CU)iiJ>j3 

u ^Li^jL^ ^ 0:KcM >M f > ^1 



du>jO(p)eM u^uV j-iLua jl^s. jo-j Iji/? jlui locally isometric 

.(_^Li ^jLuj tjj^au O:^ >V 

>(V.A)M£>a3 

.M g-a t^JL^a ^.L^ e;jLu3 2- M^U,,,!! pi <JLJI 

t(AJ^)kij>i3 

t^L-J 2_ M^L^ I jj ^^-L^ ^Lj^ lSjL-^ 4- L^^lj M ,M qU,., II 

.M £A fj^stjn (jj-^Lj^ mJjL^ <4- ^ J A/ ^a (jla^ (_j ' ill J*> 

£ ^ ji u l^-i u ^LSmjjLcu : jj O lil <p eA/ i ur. j 

.globally isometic 



ph'Ul *LLjLILi sLkUlj x 2 + y 2 = 1 ol^Jo^uVl 
/?(w^« 2 )=(cosw l ,sinw',tt 2 ),0<« 1 <2n,u 1 eR 
/2(m 1 ,m 2 ) = (m 1 ,w 2 ,3) ^j)i,.„.Uj 

Sll = f|| =l,gl2 = #12 = >#22 = #22 = 1 

. LaLoj (j^ <i I" a (j-La- t-i i n 
(_j-ul inVI jLujvLi 1 *m La_i3 t fll'ixi ^j" 1. 1 all ^C,j^>-'\ 5_j^LaljLi Cj^Ltii^_i JUs-^j 

4_i-aL*uVI 2JljJLi i_3^ju« U jL== Ijl Ml*^ l-» i nVI j ^gj)"iiiU ^yjrliin 

R(u l ,u 2 ) = (u i +u 2 ,u l -u 2 ,5) 
g,,=V3,g l2 =0,g 22 =V3 

£ll = &22 = 1,^12 = j>£=u SlWll ol^lxo-VU Ulu 

. ( _ 7 JL>iJLI jj.LuLtflJI (jjl i ."ill ^^iia jais oj ljutj 
4_d_>J.I CjLjjI Ji_>-^l J^Li" jv-« ^^JL^J,! ( _ T jjjLiiII ^jl i n"ll ^jusfi Aj^jiaj jVI ( _ r laJ«-) 

■^U,„il ^ locally coordinates 



( \ 



t(U)l)>ft 

# :£/ >M,R.U >M 

gu=gn>g\2=g\2>g22=g22 ( 8 - 27 ) 

.j^^Li^jL^o^ <3> = RoR~ x :R(U) >M ^l^JHil 

t(U)jLU 

Catenoid ju^LuL^aJ! ~u... ^] ^ 

M :R(u\u 2 )=(a coshw 2 cosw 1 coshw 2 sinw \au 2 ), 

« 2 gM,0<m'<2i 

Helicoid 

gR 

C^^^M .M^^kJI^ g a p,g a p JjVl 4a«L-Vl CiL*£=JI 

g u =a 2 cosh 2 w 2 ,g 12 = 0,g 22 =<z 2 cosh 2 w 2 
g,,=« 2 +(w 2 ) 2 ,g 12 =0,^22=1 

(^jLwl ^LG) (^jLxVl Jj>*UI LLaJLiel^l I jjj 

(u l ,u 2 ) >{u\u 2 ) , if 1 =u\u 2 = acoshw 2 



M :R(u\u 2 )=(u 2 cosw 2 sinw '),0 < w 1 < 2;r,« 2 



a(aV 2 ) , 

d(wV) ; 



•'• ^ r v ~,"V )=o cosh w 2 * , Vw 2 
3(w ,W ) 



f 

R (w 1 ,u 2 ) = (a sinhw 2 cosw 1 ,a sinhw 2 cosw 1 ,<2w 1 ) 
g u =a cosh w ,g 12 = 0,g 22 =a cosh w 

»■ lr> i ii £— a ^ i nL-tS [^Cf\ i ii "i ^_ JL-J^^aaijj I ~ ^" ■ ■■ (jl— 5 ( i_A) iJLLui—ll ^ ^ b»;11 LaJoj 

.(0.A) J^auU! 'i— ^Lo^a U^b jLjj'ml^-tJI 

(«" = COnSt.) ^.inTim-ll Joy_LaJ»JI J_2-u JjjLuiJ! mljrtl! 

.ju^iul^Jl ^ {u - const.) meridians Jl^l lL^I^ j i ju^=^ l ^ 





> 



Conformal Mapping t gjl*<Jt <ju JAlalll (u* l> ( ) 

o^-j / :M, >M 2 diffeomorphism^jJ^j^JI^I^JIoM 1 -^ 

c>-^ ^Lj>- lij conformal JjLL: j (j^ «l In" ' a (j\3r In < h 

■ AjjI i n" a LjIji3_i jJoLSjj jj-ia- U i nil (jjj-A S^iaLuJll dilj'o- Ul (jl ^ it a.' t ilil j it Ul 




u 



eT p M <peM J^Jjl^lj! 
< # p (v , (v 2 ) > = A 2 < v , ,v 2 ># , (8.28) 

y' 2 =df p (v 2 ) *v\=df p fy x ) 
— >M ^j—J^jjUl uui^Jijijl Sj 



./:£/ 



lil /? -L^. locally conformal ^^JLta jjLLa: A/ J\ p e.M UxSjU 




. M ^U.,,11 

4_Ioj^t« ((Jl^Jo^fl ojj^jiaJLj O i njl) LjljjJI (jl JjjLjJI i—aj^jjLli! (^yjjjjjjjl 4 _ r iitil 

^-J^u?j C, :/•, :/ >M ,C 2 :r 2 :I >M ^J^j—^ 

i r, = c w = ^ \ 3 jjlj 4- 1 «.kL£bj M ^ U ,„ .11 

<>» u = j^l 6 ajjIjJ! I ij . u g / 4 r 2 = r 2 (u ) 



< r,' r ' > 



cos6> = — l -^^,O<0<7T 
i mi 'i 

C,:/(r,):/ >M , C 2 :/ (r 2 ) : / >M 

cos ^- = <#(, 1 V / (r; ) > 
l#(>Y)ll#(r 2 ')l 

((8.28) f lj^L) ^ 



cos0 = A \ <ri ' r2> = cos0 (8.29) 
/Nr,'||r 2 " 



t(VJt)3&r* 

UJI 



j^u.^^pjlyjt # :£/ cM 2 >M ,R:U cM 2 >M 

£n £12 £2 

.yJbto JjLL^ ^Ij jjb / =R oR l .R(U) >M 

t(A.A)2&»-* 

g u =X\u\u 2 ),g n = 0,g 22 =A\u\u 2 ) 
.isothermal ^ji ^ ^ 3 \^ cu) L L ^i\ 4. oLpio^Vl r Uii 

* 

M^*-" (Jj^iaj ^Um I I I j_fl> jli ^j| ^j*. i^jLuiJ L^laljLi JjIw <U Juvj I jj 

'(gi2=°.£ii=g22= const. ) ^ji-it 



t(0^)Jll* 

L$j! (0,0,1) LkJ^=>^aj SJls-jJI U>^ia3 ( h jJclu iS "(1) 

^yJj— 1>JI < i lirttLi ^^--aj 2 j>-*-a i ^ L }3 <J-*-=^l i_IaJij Ji_i£. OXV ^j'n.u.tl (j-u— aj 

m; j lo i- l l ^yJ^. A^(0,0,2) (jJl <i iii II n liiill (j_a ^-tll ^.t-i m Join mb (»j-<ij .^LajUlj 
(tttfllcuJll 4_Iaiij j_4> X} 1 Jjlin II ^jJ^- /? ^ 5" 2 (1) iiaij mJI iUnm a C~_p- OXy 

ijl ft(pj ~ P O !i <S3~ 1 " ^ .P iioiiJij (jJl a mi II < i Uinll j>u Ju^ljll 

I a^~i X j^scji V <J}lj ^'"~>J ^5 JajJI jjlj Z Jj^ta ^a W AJjIj ■ -> « £?p Jo->Jl 

■ CM) J^-i Mill eL j* jA 



7r(p) = p 



(V^) J£=xA 



/ \ 



P 




AT 



p,(0,0,z) 



p 2 (x,y,0) 



/?s = 2sin« , /?5 = 2sinw cosw 
z .= /J,^ = 2sinw sinw - 2sin 2 « 

jjl^tx oLsJI 4_x, >* uy.'^j-^ J I ^JLtbt^j ^j^ajxy ^jin. 11 ^ui^P'i 

:<jr iVl^= ox, oy ciLuljL>.yi 

x = 2 sin u cos w cos v , y = 2 sin w cos w sin v 

• Sjj .-.tl jo-L JJLsJI ajjt Ij^-tW Unit IjLJ I JjiUlJI lij 

7? (w ,v )=(2sinw cosw cosv ,2sinw cosw sinv ,2 sin u) 

■ Un.nU Jjl-o-U jg-fr^'j Ujj j7S -2tmU (fuLSJI oJHI j>o) jjf^rP-J 

.'. x = pi cosv = 2tanw cosv , _y = sinv = 2tanw sinv 
i? (w,v )=(2tanw cosv ,2tanw sinv ,0) 




(jjjLj 3 JljvjJI (>-« /TIiS" 2 (1) — {N } >]R 2 JoL£_<-ul fs-o/lj Jl^jJ ^yJULij 

L^jl Ju><j ^gjft i ii U j S^'—iH (jjs J*— i 1 J_9^l <s_u_uL-u"}M ii-u-saJI ' ■! • -^.'J 

I - 4(du 2 + sin 2 u cos 2 udv 2 ) , 

/ = 4sQc 2 u(du 2 + s'm 2 u cos 2 udv 2 ). 

si_o- ij^uLila (j^a-Uinll J i-u-uL-ubM CjLui^=J1 <jl ^1 

^ = ^l = sec 4 w *0,Vw 

£u #22 

7T '.{x ,y ,z ) GiS' 2 (l) — {tV } >(x ,y ,0) e M 2 JoLi^Vi ^1 

^£<fi.i n U ^LsviJI ' . ■ t*>rtll jjJ-i '—ill JoLflj J-d-y JjjLLaj f> < "Ij >A UjjLoj i_3^jlI,1 ^ 

.stereographic projection 
t(UJ,)u*j>jj 

SjjLuio jrya-u.,,.11 ^ s^Lmi jLLUi c^L^=, I jl equiareal 
lii isogonal trajectory ^ji fu> jL^> H ^ ji jlsj 

jJoLSUI 5_jjljc^iL== Ijlj .iljLj *-jjlj4- < I ) (w 1 ,M 2 ) = COnst. oLJ^lil ^ U:Lc 

.(8.12) JuaU'U jl , nU ^Ic J<^i-»o i-ajli 



:{ *VJ<) Jtl» 

R = (acosu ] ,as'mu l ,u 2 ) 

^LJLj w'=const. jhLn Jo»la^j| ^ ^IjUm.Vi cjIjJ^ 

A(0,1) l^t{^\o\^\du =1 tdu=0 
J*. J,r.v. (S.lOjjg-^^oJLj ju=(du l ,u 2 ) 

du 2 



:=±cosor=const. 



yla 2 (du ] ) + (du 2 ) 2 yfi 
<-o J_ooLs. — j^ii j_LaJ! ujjo J_»^>L>.) Luj_! ^ ^-ij jjj_^»J! j__uij>oj j^upJLi 



/<^\-2 2 2 2 

( — p) =<3 cos a + ( — r)cos a 
du du 



/i 2 \ . t 2 

.'. (l-cos <ar)( — -)=a cos « 

du 1 



•'• ("Tt) 2 =q2 cotan 2 a 



= ±C0t<2 



du x 

w 2 = ±fl(cotor)w' +c 
r(w l )=(<3cosw l ,<3sinw l ,±(acotcir)M l +c) 



oljUai (jjc J^sj OL = 7t 12 c<JLf== lj>J .(jjI jJI c_iUI) oLjjjJL>JI ^ iljLc 

*> jj) <<->tl (j-l^. 2 Jbal til I 

r (w 1 ) =(a cosw 1 ,a sinw 1 ,c ) 

U 2 -U 2 {U) i U X =u\u) t^JbtUI (jL^a li| >Lj-»il gU,«JI ^IjoLxistla 

x (w)=jc (w a (w))=x (u l (u),u 2 (u)) 
ds 2 = g n {du x ) 2 + 2g n du l du 2 + g 22 (du 2 ) 2 



,du\ 2 _ du l du 2 .du 2 , 2 .. , , 2 
aw aw du du 



:-ds=4g n {u " ) 2 + 2g n u ,x u ,2 +g 22 (u' 2 ) 2 du,' = — (8.31) 

du 

opjMia w -u (u ) J}U. ^ ^l^ui C ^X\ o^= 
^ 2 =gn("' 1 ) 2 (^ 2 ) 2 +2g 12 w' 1 (^" 2 ) 2 +g 22 (^w 2 ) 2 

aw 

jlisMla U 2 =U 2 (u ] ) J>U- <>» L Jcuu a lib 
ds 2 =g u (du y ) 2 +2g n du l u' 2 du l + g 22 (u' 2 ) 2 (du 1 ) 2 

••■ A =>/gu+2g 12M ' 2 +g 22 ( W ' 2 ) 2 aV , (8.33) 

a w 




x {u ,v )=(w cosv ,u sinv ,w) 

Oul3 /? < 0<V <;T c_e>- 

., v (cot/J)/V2 ? , 

x(v)=e v(cotA,/V2 (cosV5sinV;1) 

<jl JU>o (8.32) iixuaJI |>ljic "u iiLij 

ds=yjg u u' 2 +2g n u' + g 22 dv ,'=-£- 

, COtytf V (cot/?)/^_ r COt^ 

W = 7=^£ — W 7=-, 



2( — fJ--) +u dv 
V2 



=ylu 2 (cot 2 fi + \)dv 



:.S = j + « =yjl + cot 2 j3 \e v {cot ^' r2 dv 



V2 ^^-(cot/?)/V2 _ ^ 



COS/? 

.£9jjjJ,l iailiil CjLjs}L*J! ^loiel^/lj Jjfll'E-i'tLl Lillij 



(A)jj)Ui 



4_iji_flj ^ If ^" i ii 1, (J7 -ui\^tk ^£Cf\ i ii "i ^«_<_ulj (jl Cl p| ( \ ) 



.((jii^— i«JI J I JLZub £_Jp-« "J^ 1 ^- CJ- 4 *"^ = > = *^' : jluijj) 

(X^ljUl ifljino'ijbfclQ^. M 2 ^,^10! (Y) 

M, :R l =R x {u\u 2 ),M 2 - R 2= R 2 {u\u 2 ),(u\u 2 )<eD cl 2 
R ? ^ = AR l + juR 2 gr^M.n ijjj ; ^kUi* gj^-i't oji (w',w 2 ) 

ji.in Ti JjjLLaj ^_<j<Ij jJ*- 1 in (jj-Lc ^ i" Jj-js j«jjiI^JI I jj 4Jl c»pl (V) 

Ju>.jj <ljl i.-. pi (0 

R(u\u 2 )=(f (?/)cos« 2 ,/ (M')sinw 2 , /?(«')) 
oUjn'...a Ji (w 2 = const.) jlj^Jl k^ki. <u i J,,. ML J2iis R 2 ^j,r..,,,.u ^ 

La3^==>° >j' (W ' = COIlSt.) ^jl Joj J n"iMj J_u=>Vl 4 Utin j> _<w 



,U I „: l 



(f (u ) = cos« ,h(u ) = sinw ) 



( "\ 



g a p — const. <jj £-T\ (^laljLi J-jiuii ^ Uiu 11 jl lit ("0 

op* g M = const.,g 22 = const., g 12 = OeJL^= Ijl :jLijl) 
_^Vl J x^J! j / = (y[g^du 1 ) 2 + {yfg^du 2 f 



d{u\u 2 ) 



( Det( 



)*0 ^ w l =yfguu\u =Jg 



22 



U 



d(u l ,u 2 ) 

i_jji>> - 0> ^xU meridians Jlj^Ji JojJai. j_k£; i->)l>J.I oU^*m jl^i (v) 

j^Ix^j^Ijjwj^i w 2 = const. JI_j>J! Jo j :jL^jP 

.((1,0) t(du\du 2 ) oL^Vl <jjljJI (_,Ur t ^ai ^jl^Jj 

.^IujJLIj ^^JjkJLI (jjjjLtaJI uuT JI jjru 3>^' (_JL!i-*j jjJaj (A) 
R =(x,y ,2xy ),R = (x ,y ,x 2 -y 2 ) 

1 , , 

=(x,.y ,xy ),*=(*,>/, -(* +y 2 )) 



(i) 



x = u ,y =v ,z =w 2 -v 2 



(ii) x = wcoshv ,y ~u sinhv ,z =w 2 

(iii) x 2 +y 2 +z 2 =a 2 (Sj^Jl^k^,) 

(iv) ax 2 +6y 2 + xz 2 = l (^^LJI ^^ai ^k^) 

jtJajJI (^jijjwiJI oL>ulj (jjjLJit italjus Jt»-jl 

x (u,v )=(acosu,asmu,v ) 

Oo) 

.z = (V) 2 -(w 2 ) 2 jJ^jij^ u l u 2 = const. 
.(O^) 

( a =f c-o. Cu) Jli« Ju : jLI jl) 
fu.^Jii (j-k. x =const. oU^ru,,, u u^Lc. j_L£s ^pJi oijL^ai UjLl j^-jI ov) 

.i^jls ijjl^j z = axy 'j&t-iW 
( ar=.f o-o. <\a) jli, Ju : jL5.jP 

/? (m 1 ,« 2 ) = (/" (w 1 ) cos w 2 / (w 1 ) sin w 2 , /j (w 1 )) 

/?(W,V ) = (U,V ,U 2 +V 2 ) £_Lx~J1 ^ U = V^-beiil ^^J^L jlj-jT (W) 

.u = 1 4Ua;il jj m = aU^mi 



g n {d U ') 2 — g 12 {d U 2 ) 2 = j^Jb 4j>1xj!jL]I JojlaiJI (j^J UjjJI cJuuaJu 
ajj.^. tl ^..k dx_>JI <>L_>3I j__ubj (8.10) ii-u-aJI jijLitL-u/! : jL-uijJ) 

^^LaijLJi u 2 Jai^j (1,0) <laUj;i i^ialjUl «' Jai-j t A=(du l ,du 2 ) 

i 6 X C—p. COS#, = ±COS# 2 ^jiieitJj COS# 2 (COS#, ji^j (0,1) <^>JI 

jJ^I^ / (u\u 2 )= const. cjLu*ai 

12 1 2 1*2 2 

i?(w ,w )=(w cosw ,w sinw ,ow +b) 
Cy» *15L=. ^(w ' + <3 2 )(t/ W 2 ) 2 - (d U ' ) 2 = U^l^J! ibUI Ji*: ^1 

.SjuaLuJU Cjj J IT.UI 

■ (SlUUi 4jl»&L£]l ibbi,! SJta /•±~i>- (8.12) : jLijJ) 

R(u l ,u 2 )=(au l cosu 2 ,au l smu 2 ,bu 2 ) 

.<zA£a, b cu-p. «' = 0, w 1 = —,u 2 =0,u 2 =1 cjLi*JLLi jjl^JLI 

a 

.(o^-Um.H J^l^-tlj (8.19) f jv..„l :jLl>p 

* 3 = ^-((*') 2 +(* 2 ) 2 ) ^IjjjlJi^i ^u^-^aiotc^if pro 



: SJU^UJl 

s < 

2 2 11 

.(CM) Jll. 2_ U^= : jLijJ) 

.(CU) Jli. 4 UiS= : jLi j|) 
x (w,v ) = (cos«,sinw,v ) ^ij^Vl ^ w = v cr ^X\ ^^J^L j^ 3 \ (vv) 



« 1 1 1 ,,^^11 , „ ^Jk V =sin# 4 W = COS# (^l^Iil o-ji JjJa jLa-jf (VA) 

. 0<6<7T c z =x 2 +y 2 
.((8.3 1 ) ^^LJI ^j^i^I : jLijJ) 

.(2,2) jl (1,1) ^ z =tan _1 ^ jJa-Jl x^y^l ^ J^ji ( Y ^> 

.((V.A) Jli* ^ U= : jLijJ) 



Extrinsic Geometry 

La «U>ol ig- cg-^J— a-«JI frl i^uVI flk" ill grUni II LT -i£. S-jjlill <U mlmVl 

The 2 nd Fundamental Form :iluUJI^UVl Aiu^K U) 

M :R(u\u 2 )=R(u a )=R(x'(u a )),i = \,2,3;a = l,2 (9.1) 

/? =/?(w a ),w a =w a (5),a = l,2 (9.2) 

^flL^aj La 

C = #(w a (s ))=/?(* > a (s))) (9.3) 

4^x~ua 3Jl3-j W (/? Jug, «U (j^LaJLl 4jlLo Sjjxa 7* t C ^i-rlU JoLaj ^JLa.) ^yt p (j^-i"il 
./? -J-JLc ^rUiin II ( _ y lc ^Jj-ojlJI aJUvaJI <je!a N ip Jljc C (jr JL*JL*U ^^L-uVl Ja-a-«JI 

o\ ^1 iV t n Cru Sjjl_jj| ^ o^>3 

cos0 =<n,N> (9.4) 
.OA) j£=ui 




OA) JS*& 



(jjO (_,U«"j (9.3) (jjO [^JLiJ T^^yuLdJU 

„ 57? <afw' 5/? du 2 _ ., _ . 2 </ 

r = — = — - — + — r — +^ 2 w ,.= — 

. c/s t/s dw ds ds 

^L^3J La J? 

T=R a ii a (9.5) 

d 2 R dT . (/,. .„. n ••<* -adR-a -0 
T = =kn ~ ( R a U )= R a U +U ^T0 U 



ds ds ds 

kn=RJi a +R ap u a u p 



du' 



(9.6) 



^ j^»o (9.4) f I ju^ixJ j TV 4. L^ua (9.6) 4.jJo ^ 



kcos0=<N,R a >ii a +<N,R ap > u a u p 

P J^L R 2 l R l i T ^ ^Jj^. T p M (j^UJLI JjloJJ cr^ li->>»* ^(^aJj 

.-. >=0 



L ap =<N ,R ap >=<N ,R pa >-=L pa 

du a du p 



(9.7) 



k cosO =L ap u a u p =L ap 



ds ds 



_L ap du a du p _<d 2 R,N > 



.'. & cos# = 



ds' 



ds' 



(9.8) 



II L,j j^jj 2 nd fundamental form ^liJl ^L^Vl sij.^t i 
\\=L ap du a du p =<d 2 R,N > (9.9) 

= Z, n (du') 2 +2L u du l du 2 +L 22 (du 2 ) 2 

i j>^JI aits (9.8) a>Ldl lil 



£ COS0 = 



II 
I 



L nR du a du p 



(9.10) 

(I uij^jtj (jja) j\ 

(9.11) 



g ap du a du p 



'a. L^Lk^i (9.7) 4- i-a j^ai L a/} i-^iiui ;l_u,LuVi oU^ji 
L n =<R U ,N >= < R n ,^Jk> =-L[R u ,R lt R 2 ] 

i (9.12) 

L 22 = / — [^22'^l'^2] 

vs. 

I=^(g a/ ,y[/',II=^(I ff ^[/' 

.2x2 jUuicjlicjLa^io^a (Z- a ^) <(g a/J ) <dU =(du l ,du 2 ) ^l~l>. 



.positive definite jujl^L, 

ixj_t<3 t^-Aj I iSj\ "i j Jj-^-jVI t-fl; Ull jg- <iW u' (9. 10) 4jaM«JI (j-a 



t < 



t(M)Jlli 

jLu^aJI Jl^jI X 3 =/ (X ',X 2 ) jjj-A Sjj-^. 4-(_> ^-«' a ek,M. 11 jjL^a lil 

ap ~ - ■ 

tjafl 

R(u\u 2 )=(u ] ,u 2 ,f(u l ,u 2 )),{u\u 2 )eD cR 2 (9.13) 

i? u = (0,0,/ n ),^ 22 = (Q,0,f 22 ),R n = (0,0/ 12 ) 

/ = a 6-12 ^ 

■-•^=(0,0/^) (9.14) 

8 =tet(g a/} ) = (l+f l 2 )(l+f 2 2 )-(ff 2 ) 2 

.•.g=l+|V/| 2 ,V/=^,/ 2 ) (9.15) 

AT -i^= •(-/„-/,.,,) 



.:N=-^=(-Wf,l) (9.16) 

e_ _ f a p 



t(VA)Jlii 

.^j" cull L7 lc. Ajjlil! ix^L^Vl cjL^=JI 

ax+by+cz+d=0 j fu.** Lb jj <j i ja ^ 

:. z =—(-ax -by -d) , c ^0 
c 

/ = +6y +d) 

c 



fap _ 



>(TA)JlJLi 



/ \ 



R(u l ,u 2 ) = (as'mu 1 cosw 2 ,asinw'sinw 2 ,acosw , ),a * 

S u =a 2 ,g 22 = a 2 sin 2 ,g n = => g =a 4 sin 2 6> 

at 1 n asinw 1 /? 

a sinw a 

L 22 =as'm 2 , L l2 =0 , L u = a 

t(TA)i&OU 

= — — = — — jU^ti i >■ 1 1 iji^ (9.17) 

Normal Section and Normal Curvature: 

iS fu^A (9. 1) ^ in ■■■ I I jJoLSj ^ SjL^. (9.3) u ;-t.ui^i:h,'i (.jjJl ljuk 4- 

^jlcu^o ^^-be-La J-^iaJLj jJeuUI Jj^=^^ Jli^ ^ia^l ^J^jjl J jLxjj jLa ?T 

U^a jo juui ^U , , . „li normal section ^u;„ ^ust i i ji, ^ . ,Q n 



© 




* 

Qj^J (9.8) ii>L*JI (j^sj ^JjajiJI ^LaJUl Ijjfc *Li>ol & n (j^-ijlj 



_U_L a/i du a du l 



(9.18) 



* 

A: e Li»uVI lil 

kcos0 = k n (9.19) 
; ur,;u jl^ jja^Ji ^ normal. curvature ^j^aaJI t L^Vi cr< ^ 

^yJLstii oU^I 'i- ^1 (dw ' ,i/w 2 ) aL>j;V! 2_ (^uuL! c/w " «L>JVI 'L. p 

^ Ju«o (9. 19) 2_>U ^LUl j^L 



l*J*l*l (9-20) 

: <LuVI ij^tiill kLLjuua (j^auw a^MjJI ejJt jjjs 
.^tVi'il,! ~ I— ■ -II ^If 4 Uiit 

■ grUnilt iJ^-'^ *J-«-=L>- (^J>«JlII sLixjVI 

.^Vi . .ill 5_ul j 4_u-2>Li. i-ullll ijjjjLu/'i/! ijuu-ajl 
JjVl ij^LuVl iVnnll Cj\ U-.J (YJ\) LjJl^IJIj (9.18) 4_a>UJI fljL^uuAj 



da 1 



OryCj ——^ i^u^s <j> jjuu k n fr l_L>uVl tjyi (9. 1 9) 4_a>UJl jji L»e 



ds 

.^j l . . i la L,J ^jj-ajJI *Lc>jVI o^=J liJpji-a (jj/La-a 1^1 ^1 oLirtill 



i(TA)ll>&5 

<jL3 La i \nn\ JiJtfl ^Vim !l ^jAz. £-alj ^j-btH ,3 i^MJI ^jl, ^ If Ijl 

.(9. 1 8) (jrJJUJ l5J>4JlJI *Ll>U^I 

^j-Aj ^Ui.i II ^yJi. TV ^Jj-aJlJL; n u ml mVl JJ-a-ilJI jjr^j 4-JjljJI (jt-* $ u' L«j 

(<JL: Ijl Ijl II A^(_^jj-*jl1Ij ;-»■'< all (3 .i^MJI i rj 1. 1 LjjIjJI Lia_jl 

,3-^^LII ig j)" i it U £jO (jj/LtLI ^jjjjJ.1 ^Jol "i"i^s jjjjLaJll Jaifl ,j-ujJ c/ulu ,jjj*o^U1 ^ < .iU 

.(9.18) ^ ^j^l *L*jV1 

LyjJ u>^=y eiiJ j-ij (9. 1 9) ij3}L«JI ^ u inriflll A: * LL^VI (j^x-JtS J ^-ij 

:i-uVI 4.,^-jTijJI 

t(M)2jJUfii 

^rki.i II Lr ±£. <^=> " . m a, 4 Un'i 4- (jJ-Jlj ^t-w.i II ^^JL. ^yjl oLtiaJJU J-J*^- 

i ii * a *Lo*j| LjJ t jj <: — ij Ju>-J Jjo^aV Lf> Ui ii.a 

• C (J j-a jJLj <U j-a^JJ (_$Jj^jl!I ^JoJUI u a i ii j ,_£Jj^jl!I ^jTm-uILj ^UmiII jJaiLa 
. T ^LaiLi jjlj^ajj ^Ln I I (jl « U nj ^j j" i u a ^ i,. " i » ja i m II T^^LaJU "nu 
J-^-^J a- « -ll mi l Ij-ifc tj j ^JajjJI (jr^- (^JaxjJLi j^j 1 a |jl ^p^jija. 

■ l£Jj-a- « JI (_5jjjjjJLI <jjlj ir->_i 

/T ^1 tjaL^ Lai ... I I u 1^ N ^ ^ «.ll ^ a ^ U~-t l j- y, , „ * I j.;,^ j ^-,11 'j^lj. U 

.i_j_upjl ^rlt ajLiVI 4_dJL>u j' & „ i_£J4axJ1 »l,i.-»oVI j^jLuj «^U*.1 1 ft L>ij| (j^=>jj 
oJJj i>i"ijj .(9. 19) 4^>L»JI <j_a JJU*~_a ^Uni II £_a (_yjLJI ^".1,1,11 ^U".* cLLsol La? 

d~p- J^-l mil iLuJLuk (j-a 



P C n = Pn ,PC=P, 



k n - t k - — 

Pn P 




t(M)Jl-U 

1 



II 



.du a Jl*. ■> g-,tj V 2JUJ! 



e 



1 

Principal Curvatures and Lines of Curvature 

l^-i^-a-*-!! J^-*- <LLaL= ojjj J^JU ^ In mil fj^£. N (JJj^jlILi jLU ^ f i i .u. U J-*ra--i.1 

(du a )=(du\du 2 ) oUJVI 2_U^ia iJlj^^^ fc n ^j^ULboVI <^UL,j 

iJLsaJua jjt JljjJI i-j^^Iaj '£- j»>Jj«-i1 o-«9 . (0 < $ < /7") J na* ±p* 4- ^J-*-«J 

oj^J Xy-- U JJ-^? La J ,ir 1 jl .(V < V 4 \ J—aL^alllj J—iisLalll i_il , n >■ 3-J->^l 

^ i_jL$j <U (^Jj-aJLlI <.l_L>oVI Jj_£=lj/? jLi£. lli. II Lr l£. ^JSj-AJlII Jj^>- 4 Ul^l 

t(VA)hij>i3 

4j,. t .,.L-uVl oULooVL ^.a . u" k n ^a^JI iLL>j>L! ^ iml lj ^ahtll CjLjL^LII 

oju*4-a >>JL> I^J >>ij/? 4Us;il jl^ grU.uH principal curvatures 

t l j ^ 4 ia.«J1 oLjL^JI «jl jLJLal ^yJL. ojljJ ^ jJI (t/w ' ,du 2 ) «L^:VI UL>JI 

.principal direction ^l^Vi oUJVL. ^a.^ 

ij^il (9. 1 8) ^ (9. 1 ) g- km ll JL. ^uL-Vl 0Lli>jVI jUuV 

© — ■ — 



/ \ 



k n g a/ jdu a du p - L afi du a du p =0 (9.2 1 ) 



{k n g n -L n )(du x f + 2(k 

nSn - L i2 )du du 



I / . 2 



+ (^22-^22X^0 =o 



(9.22) 



(/: ) ,g 11 - J L 11 ) W 2 + 2(^ 12 -I 12 ) M +(A: (? g 22 -I 22 )=0 (9.23) 

• _du ] 
du 

. (du ,du ) i>L>ijVI (J-oAj LijJ t^jj^ii ^ « U « 
jL^L,)^ 1 =du ] ,£ 2 =du 2 1 ,,„ ;1L Ls>. (9.22) ;j)>U]| ^LxL-JlL. 

^ ( ^',^' 2 -ol^ni 4 Xiij> (9.22) asuij coti k n 

{ k nSu- L u) du ^{ k nS\2-L n )du 2 = 

i k n Sn~ L n) du] + ( k n S 22 - L 22 )du 2 = 



(9.24) 





-I,, 


k nSn 






du x 


*„S.2 


-L l2 


k nS 2 2 


-L 22 




du 2 



= (9.25) 

^L^aj La jl 
Vae-kngafiW^O (9.26) 

J^=JJI ^ l^ol^= 1> £ =L * ? (9.25) CjVjU! 



g u du l +g n du 2 -L u du l - L n du 2 
g n du l +g 22 du 2 -L i2 du l - L 22 du 2 



g Xa du a -L ]a du a 
g 21 du a -L 2a du a 





v 








1 



= (9.27) 



= 



(9.27) <>. k n ^^^^=^(9.25) ^ du\du 2 ubi*j 
LokiJi c^mi ^ f u^io j£= (9.27) « (9.25) J J} \s^.\ 3 

'■tj^£- J '<-r>o (|»JuLua CJ^LoLxil <L^jrti,-ia JjLJta Q^=xj jjl t-j-t^J ,Jj»J! J^-JJ Lr^~*3 

gkl- (L u g 22 + g u L 22 - 2L n g n )k n + L = (9.28) 

r (9.29) 



du i 

( L ! lg 12 - £| 2 £l I Xyr) 2 + ( L l 1^22 - ^22^1 . ) , 

du du 



+ L \2Sn -^22^12=° 
(Jr-* ^„ »Ll>u>U Jr\"<-aj°l u Ut"i q<°i k n '2- i^uLoj^J (9.28) aJjUII 

j-uisai j^aji 4. g~,4ij (9.29) « (9.28) c^Ldi 



(9.30) 



a afi du a du p = 0,a a/? = L la g 2/? - L 2/? g la (a < 0) 



{g aP ) = ~ 
g 



( gn gl2 ^^ Det ( g ^)=L (9.3i) 



-g\2 g 



11 J 



L (9 ' 32) 



g 

(g a p)(g aP ) = l 3^J> 

■ (Sap) ^^=^ 1 L>»y=*** (g^ ) <^y^o^ (jt L$T 

L^L-Vl cil*Ui*jVI Uaj UjUI ^jjl^. o' m (9.30) LJjUI o-« 

4J Mean curvature j^jiU *Li*jVI ^ ^(k l + £ 2 ) jloill 
Gaussian curvature^jUJl ^Ll^VI u „ , „ j &,& 2 l-j^o^ji j^Uj/fj^L 
// =^-(£, + £ 2 ), K =k { k 2 a* & K yAjSL 41 £±**Ji 

i' 

#4*°%***=- (9.33) 

Sjj^oJI j^b (9.30) ibLdl I jl 
k 2 n -2Hk n +K=Q (9.34) 

t( 0.4 

4. i_uliJi ^.jjJ! j J jVl i-^i ,Ma UjUx JJu3 (9.29) i_bUl 

. - . du x 

■^Jo-^uJI j^k- ^-"-uL^i oL>ul Jlaj U ^ia (j>L>. LjJ o^=j c?J^L>3 7 "L" 1 ^' 

du 



ij\Jss L| 2 — di!j_^=j aJ^aU'.a i-jpxIjLJI JajJajJI <4j ^jJI ~ U ... II ^ |r 

&22 £ll 

■ ^U I nil ^yJL. AjpjoljLJ! 

g = £||£22 > L = L U L 22 i 

g'' = Ia = _L, ^ = In = _L,g» =0 

£ £ll £ #22 

(j7 j £ . jju^ (9.32) 4- o^- lAj>»^Wj 

S\\ &22 &U <?22 
#22 #11 

/, _ ^11 7, _ ^22 . z_ \ ■ ^22 L u 

£ll &22 <?22 £ll 

(dw 1 ,du 2 ) «l_>jvi 4. (9. 1 8) ^jj_4.tH *i_jL*rti „■> ^. -„•, t jL_ji 

cr^-J^j &12 - L n - "^P" 
L,,^ 1 ) 2 +L 22 (du 2 ) 2 



JL = 



g u (du i ) 2 + g 22 (du 2 ) 2 



/ \ 



du 2 = 0, du ' ^ yi-p. L 5>LaljLJI W ' Jai jlli^) 



L n (du x ) 2 _L U 



dir=0 



g u (du 2 ) 2 g 



(^JLl Jj^i (Jw 2 * 0,du l = 0) jU! u 2 JaS. jL^iLj JiiiL> 
Z,- 



_ ^22 



du'=0 



g 



22 



^J^J(9.29) ^l l2 =g 12 = <>c 
( L ng22-L 2i g- il )dudu 2 = , L u g 22 *L 22 g u 

.jOjl^I Jo>iII J! (9.27) ibU! <> 
u c^J'j (9.29) i_bLdl (j^seu jt ^ jluJl ^yjt j^uLul A>J! (<afo 1 2 ) 

(ofo 2 ) 2 -du l du 2 (du 1 ) 2 

g\\ gl2 g22 

L„ L X2 L, 



"22 



= 



(9.34) 



© 



SJuAaJl 4~»-Uil 



Jk«JI lil (i) 



^11 — ^12 — ^22 ~~ ^ 
pV CoIj ^>4JtJI cLb»uVI CU-p* 'o ^3 ^ In ,.„ll 131 (ii) 

^il = ^22_ ^ = = q 
'-^12 612 U 

#11 #22 

# 

ij\ i)\ *Lu* Ijukj identically LfiLLa: jLL*ii (9.34) sjjbdl o^JL^Jl 1"!^-. 4.3 

. (jr «jjLujl ^Laol jJt ij '—1 II ^ In 1 n j? ^ j)" mil (_yic tfL>ol 

t(L<\)(-4J>JJ 

jL4= 1 3J line of curvature t L»^l iaio ^ ■ „j ^l^ji ^\ £\ cr i*ni 

■ 4 Uil ill ijjufc 

{j-a ^rCiijLc -iJ-^-J ^ 1 n * j 1 giaj tLi>uV1 lLx>- ( _ J ln»'i (9.29) 4_iLoLajJ1 SJjLjlU 

jjL^a I3j U i nil ijpjaljLJI . UjU-LlI ^jt, n jL3j ^ In i ii J 1 ^-! I « l_L»oVI Jojtn-^ 

L \2 = > #12 =0 

(L a(j g ali ) ia^WLl eigen value (i-uljJt ^0 
D^(I a ^^-AI 2 )=0 



' \ 



.:Det((L a/3 -Ag a/} )g a ')=0 
=Det{L ap -Xg ap ).Det{g a > } ) 

^{g ap )-^^X\ V Det{g ap ) = g,Det(g aP )=-*Q 

g 

.•.Arf(L^-^)=0 
£tef((L^-^ ga/ ,)=0 

.jjLk^jJI ijL^j J J LlLojj 
■ L ap ' <>• ^j-** 1 £^.,,11 iu-L-Vl oUL^VI 

Osculating Paraboloid i4tfW£iL£tf(*uiM(t.4) 

1 ni l Jius ^ i"i a In 1 11 jjjj JoLaj ^^jjfc (Jjfc ^LlII In i nil JaLoj > J' ! — ■« ■" iijjjti 
I JlJ»- d^j< in 4 (ilnia ^tn i n 11 4-jj/IjJ (J-»-«J ^J-^ 3 i_£ JljI^JIj ^ ■ -> a l 'H ^ i ""vUj tlj 
Jj->- ^ U i n II (_3j_*j <_pj| i_uiL>oVI iJljdJ j^Lu ilJ^^auLa j*l jL5e.~LLiilj edlij iU^MI J^>. 

■ ^ In i nil JoLoll > auisiTi tj-a p"*-" n" i lilljuj l^jlr (-SjJijJI .il^JLl <LLuLl!1 

j» h" r 1, 1 ^ In i ii 1 1 4 Inii > Z' (j? t_£ojjD 

M :R =R(u\u 2 ),(u l ,u 2 )eD cM 2 

' In <i i n a £3? jjl ( _^ojJuj . LjJ ^-iIiLd! jl jj>JI 4 ii In ia <L- i^l 7/* ^£>^ 4 kin 5 JL»-Ljj 

jJLua ijJuua) 4 fljii" , »l ,l 4jJa£ll 



© 



d =<PQ,N > 

gh... 11 ^JLi Un-,!lgL-a R(u l ,U 2 ) ^jJtl LyJ P < USUI e<J,Li== lij 

R=R(u ] +du\u 2 +du 2 ) 
:.PQ=R(u x +du l ,u 2 +du 2 )-R{u\u 2 ) 

=R(u\u 2 ) + R{lu i +R 2 du 2 
+^(R u (du 1 ) 2 +2R l2 du l du 2 +R 22 (du 2 ) 2 ) 
+0{(du'f,{du 2 f)-R(u\u 2 ) 

=dK +^ 2 ^ + 0((V) 2 +(dw 2 ) 2 ) (9.35) 



dfl = R a du\d 2 R = R a/j dit a du /s 



dR gT p M <dR,N > = j\ l» 3 
d=<PQ,N >=<^d 2 R,N >+0((du l ) 2 ,(du 2 ) 2 ) 

= ^<R u/i du a du f) ,N >+0{(du ] ) 2 ,(du 2 ) 2 ) 



/ \ 



1 



d = -<R ap ,N >du a du /! +0((du l y,(du z Y) 



:.d =^L ap du tt du p +0((duf ,(du 2 ) 2 ) 

1\2 / j 2n2> 



2d=ll+0((du'Y,(du z y) 



(9.36) 



i 








\q 


M 

d y 





p 



N ^jAz. i Inn in a < jn.„i,a> (j^a ( _ ? _u/L J /Vl «-j->«Jt Ji*J II i-uliJI i_i mLuVl iLjj^aJI Ijl 

(jjJLl Q LjJj^jJI <al . .1 [\ i fi< in jj^a (jr _u/LiiVl s-j-^JI J-J-4J II jj-a 4_j3»jJU 4,„4jiill j 



-hh^I iJljJ! jm^I Jl iM? 0({du l ) 2 ,(du 2 ) 2 ) 
a ^- p (9.37) 



J=^II=^I a/ ^w tt ^w y 



jl^ osculating paraboliod j^mj! ^L^=Jli ^a...,,.. 

Ul jJI ^1 ij\ P i Un'iW (>a ^Lit jl ^>JI iikia 4- <-3 >*-a <*jV P iLiJI 

tl> ' *JL>JI o'jUt .Ja_ai 4_uliJ! S-jj^JI Cjli iaLuoLalJI i'iU'm. It j^JLi (£a-l>u c/ 

j£=_i approximately <bLl_j P 4 Usm ^ v ^L. &f -u... t i 



quadratic approximation v-j^zJI ^...i M ^UuJl . M g -l 3 .,.,,JI 

i_iLJ!) ^-Jj^JI <2_ u'trK iqU <Luj^ i_cJjJu jAiLy i_u^nl!1 I jufcj . -P jjjs 

J < J« ^Jw^i^lui 4- J-jji^i j-^jjJi (>« i-j>^- ^-IjLm (9.37) sjjUju 
3-1-3 (i_ulj i_>-jj ~ t- - ■■) conical surface ^la^iKja ^V-> i n i ami <jr$^ cr^^Wj 

P iuv.n ^ M^U, „ \\ 

Lill i^-jjJl - u •■■ . fl.n yXJl (9.37) UjUI *j_^JI > 



t(0A)hij>i3 

^1 1 > oL^= l elliptic < u^U Uai M^t-,,,,11 ^Jc P ikaui ,jl jLi 

4-j elliptic paraboloid ^.^l. ^s\^=. 3 (9.37) y.»ui c^l^a IM 

# 4 





(OA) J^i 




' \ 

■ 

L < (jt^a I il hyperbolic 

hyperbolic paraboloid^oSlj ^L^x .a p.L»T <l ( (I lit 

4JUJI 0jLJfc ^rlr> 111) 

d DjLuiil 1^2 jlalJLa AjujI ^jILtui,! tjl 1 11 ina P JUC ^ Limit TpAf 

j-iLJll jlj_>JI 4 n t-i 1 a <|_a ( d = ijj) (jl_LajJI (jjjufc (j-^-J i_JLo/ J! i_i--»-j^a ^_y0 

<4- ^_ii=j^s 1 0^-1 P j_Lc ^LoJLl 1 11 U ( _ r ul_». ^j-L. ^ k ■ -II P ^ Uv.lt 

.(V0 

▲ 




(OA) J^xi 

t(V.4)kij>A3 

oL^= 1 j] parabolic * vm^* : ur, M^k,,, H ljr A^ P i_kiiJI <ji JL-^j 
parabolic cylinder ^L^> J\ J>*^ iiaUl oju* jOc j^MJI (n ,,,,. ? .U 

1 <3J« Q> Ci . 11 jl iJ^Lui^aJI 1 L = (jt (_£ I (^1 ^-1 a jJaja ^ l,C OaLLa ijl jU ml) 

L*== . d = sdjla P JUC. ^jTiiiiU 4- Juvlj ^jninia Joji. Jo* jj 4JL3JI OjJt <L. .jLiual 



■ 



N 




TnM 



(YA) J&*A 

i(AA)(-aJ>*3 

^ftt ...a J! J>*^j ilaiill « jut MJl j I (du 1 ,<iw 2 ) tfL>ol J^=J 

4_!L>JI <jji_a> iL-J UlTlbilical i^us 4_Laij 4-jajJ== 4 Uii'i a i hj Lml Ha J J^l 

jj-LaJ <L_ 1 fi U 4_LaJLi (J-J-a (^l-i i n II tlsLaJ ^..j.ayJ LxiiLLaj O jlj (_£.}j_aJiJI ci 

1(0.*) Jill 

Lai 

tJsJI 

4_«lalil,l 4_jpjaljLJI O^t j "1 a'llj i—i-^jujl {j-a 4Jt_Jslj i=-> II j ^ i n 1 1 i_!L>. 




^(W 1 ,W 2 ) = (W , ,/(W 1 ),M 2 ),M 1 €/ Cl 

^Ir l _L^><j iajliJI <ujjJI ( _ t j->- cj! ii" i— )L^>tj 
^=(1/ ',<>)■, tf 2 =(0,0,1); 
R n = (0/ ",0),tf 12 = (0,0,0),/? 22 = (0,0,0) ; 
^n-l+/' 2 ^22=1^.2=0,l+/' 2 =g. 

iv=- T i=(/-w,o) > '=^- 
-f' 

VI +/ 

.^yj-ujLsJI tLi^oVI SjLiLi jiajjJI lLLoj <L}Cjj i^^Lc AjjJaj ^jVI (jyJaJU 

t(1A)?b>ltt 

^ a,j3 ^ L ap = 0j K =0 ji K = _,i A: < 3 \ K > c^L^= 

3jLil £_a Jau AT SjLil Ijl g > vIj*. AT = — ^ t^Ij jjLa^JI 

g 




TTY 



tjaft 

/ 1 

a /c () = — t>° cr^J -^ k„ i^-5>«jJ( *L>uVI jji Jlla 4. Liu 
a " 

■ a - ^ 

:. K =k,k 2 =\>0, H =Uk x +k 2 )=±Ul + ±-)=±l 
a 1 I a a a 

Dupin's Indicatrix (jujjj^x** ( 6A ) 

ij j" 1 iJ Lb ^ Iniiall jiiLil ,3-u3^UI ^al^-i U ^1 1 n.-> JLI ^Uiia ^jjjJlj s^-?*^' ''- Jl * 4r 

. £/ = const. 

II = const. <^u>ui Hu^w ^>LHl conic section cr J 03 ^i\ 

.Dupin's indicatrix 

Jj^tJj d — COnSt. ^ /i.,atL 

JJu: ^-4* (^Ubj ' ,flfw 2 cjlj.j' ,11 4. S-oiliJI jjJI ,j_a i_!jL«^ ^^JLi 



' \ 



5_uV! SjpjaljLJ! 'jj-^ (J^->- 4Jj!l«j «l A/^r t-w »H 
# =(u\u 2 ,f(u ] ,u 2 )),(u\u 2 )eD cl 2 

.t-ujpJI ^ ox l ,ox 2 oLuIjlvVI jjbt* <>L>JI 

• ...... . a / 5 / . 

du du 

(R x \ =(1,0,0) =(1,0, OU) 

(AJ\) J^-< .» (j^a ^i/iii La^= 

1 




<?2=/?2 



<A^) J^=ui 

^ = ^(0) = < R a ,R p > =< (R a ) ,(R p ) > 

=<e a ,e p > = S al3 



II L a pdu a du' 
" l~(du l ) 2 +(du 2 ) 



k »=-= ,, 1,2 tiJ 2. (9-38) 



_ , _ ' du x 

du ' ' 

du [ =cos9 ,du 2 = sin# jLo^Li^i (<iw') 2 + (<iw 2 ) 2 =l 

.-. cos 2 6> + 2L 12 sin#cos# + L 22 sin 2 6> (9.39) 

x 1 = r cos0,x 2 = r sin# dllj^j £ (I = 4r 

r 

yk Jo^, (9.39) 4. t^i^Lj 1 ij 
L„(x ') 2 + 2L 12 x l x 2 +L 22 (x 2 ) 2 =±\ (9.40) 

Jw' COS# 



tfUJV! ^_ J\k n \ uj^iia 

sin# 

J /VI ~<£>y>}\ 4- ^JUcJI L» Juls-Ij-wj (9.40) i^liJ! i^jjJI aJjLla {y> 

:i-uVI £jliill Jl J^opj ijjliJI i->-jjJI il-iLus i.iiinni 

ojLiC IjJ ^JiLjJLl cAJ_JJ J Si** U^ 3 ^ 0) lurA\Ii ilaJij p iiaijJI >~.'il^-i lij 



. » 




t^aSU jia5 : (AA) J^=xA 



tCVA) 




. > 

t(VA)3LuUfd 
t(AA)ajJUfU 

tjj tjrU>J-i ljU er^Wj Jj^" ^J^' l>° Uj-Lo^- Ji ^^j^ U ^~ > V (9.40) 

iJLx. KLj k n — 4_ikl (_^jiJI tfL>uVI I ofl ftL>ul j i-jjljlil CiLaailiuJ,! (jja £jj ^j-a 
.( \ \ .\) ^=lxm <l_ ^jus^a jjfc 1 <i*— i . jjjl (j^s^j^ j^a- 4 0P 3 *Sti T' "il l JoLaiil 




ojljiil Ci\ 4^n'".ll (y> £jj : 0>A) j£=-i 

''• lit (i—>Jj~=> 4_l3L^3ua) i_)j^=> ijir-l ^. q . !.!! ,,, * ^Ul.l II (jy-lc 4_L*2jJI 

oL^U^VI J-^=j A: n = COnst.^0 (jL:=> 13] ^1 (Ui>i^-ia i-jj>^=) Lu^aLi 



< r.,, ,Ljt L af} lL = i k n = ) L > ix^uLo,! oLbU^I ^ ^,lrt . .. U CT i£. 

»(YA)Jlii 

J-^= j L > (jV 4 A_jjijJ^3 4 t-iiVi ^y-A 3jjS=Jt i if ^-1^. 4 Inn'i J-^a 

i(AA)JlJU 

yJb tfL^ol J ^j) <Lja_^=a Aoal.^— i a jl • n.a 4 U n i (Jr Ji ^j" mil (_ylc 4_LiJL 

.(Z, a/? = ,1 = 0) ^ui <,u:i 

.4_LoLL> ^.a ">J ^»JL«_La ^j" molt i U i njoXl J ( _ 7 _u>jL>Jt tl_L>oVI 

i-U^I i_u»L>oVI Sjjj-aJI ^ylc 

/?(tt',M 2 ) = (M , ,I/ 2 ,(M , ) 2 -(w 2 ) 2 ) 

/J,=(l f 0,2i/ 1 ),/J 2 =(0,l,-2i/ 2 ); 

(0,0,2) , fl 22 = (0,0,-2) , R S2 =(0,0,0) ; 

^ 11 =l + 4(« , ) 2 ,g, 2 =-4M , M 2 , g 22 =l + 4(w 2 ) 2 ; 

.•.g = l + 4(( W , ) 2 +( W 2 )) 2 , 

N =-^{-2u\2u\\) , 



2 —2 —4 

L u = —f= ,L 22 =-j= ,Z, I2 =0, 1= — <0 , V(w',w 2 ) 

.(K ) ibjulj ^Ui 4±=[Z, J== ^^xll jJaoJI 0^ cr^Wi 
(«',W 2 ) = (0,0) JuoVl iJaii JU£. 

£n =1 > &12 = ^22 =1 v I,, =2,L 12 =0 ,L 22 =-2 

2(du 1 ) 2 -(du 2 ) 2 ) 



■•■ k H (o)-. 



(duy+idu 2 ) 2 
x = r cos# , x 2 = r im.6 , Jw 1 = cos# ,du 2 - sin# 

1 



i 



r 2 = 



( X y-(x 2 ) 2 =± 



i 



1.. 2 



.( ^ Y.S) i— ^juo^a jjk I <i^-i (jjJi^l^Laj t^rywLs (jjjulj (j^-tlaS {jC 



t < 




tfjSljJI ^l^XI : O Y.\) J£=ui 

jjL^JLI cjL^j>L»JI /? = (0,0) ,.i "if Lj_u.L«Vl oL^tUJVIj . OX 2 * OJC 1 jj-** 

.u-^JmJI cr^ 2 ' OX 1 

t(vr.4)a&»4U 

c 2 2 

R ={u\u\(u l f +{u 2 f) 




g u =l + 4(u l ) 2 ,g n =4u i u 2 ,g 22 =\ + 4(u 2 ) 2 ,g=l + 4((u l ) 2 +(u 2 ) 2 ) 

4 

L u = L 22 = 2 , L l2 = 0,L =— >0 

g 

i_j5LL^VI JajlaiJI ty k*j ^1 (9.29) iukbli^l ibLdl 4_ L a/? . g a/?( ^ o^di^L. 
uu 2 (du) 2 +((u 2 ) 2 -(u') 2 )dudu 2 -u l u 2 (du 2 ) 2 = 

It 2 2 21 12 

(w ^/w +w t/w )(w d« -h du ) = 
:.u x du x +u 2 du 2 = or u 2 du [ -u l du 2 =0 

(a 1 ) 2 +(u 2 f=C 2 

■ (_)'<-! VI 4_LaJLLj 

(j^a iljLcj 4 n jiTi i ii U JojixiJI £ys SJjLc jjja ' nil AjjLooVI JajJoSJI lil 

.OTA) J^i^-^^^A U£= j^IjjJI 

DJJ li-»H 

iUi'i dj^~"~ JxoVl 4_L=Ldj ' <<* ^ ■ - " * J jVlj <LuljJ1 AjjjiLjjVI 1— ll^lfl*— xJ 1 jjl 

(i »l i ^.*. . ..1 ■) I j , *->al '■ I fll^-i U ■ ..II J^Ldj (^LiJ 4 t-i(i t (_y-<k Jj-^VI 



< V 





OVA) 

t(VA)2b>fi3 

'■ c _2-1j 1 till j jwusjjj u i" a ( _ r ilo \ in 

ji jl>^ ijSL^uVI ds^kitU (9.29) ^LiLiUI iUUI 



du l b + Lb y c (9 41) 

du 1 2a v 2a a 



a ~L\\g\2 L l2 g u ,b — L u g 22 L 22 g n ,c — L n g 22 L 22 g n 

L^J (i_uLL^VI i^kkU cjL^UII) II yJc o_u.L-.Vl cjLaUJVI ops ^L^i 




TTY 



(A a )=^,l)du 2 ,(ju a )=(Tj,\)du 2 , 



+ /(— f rj-- — 
2a V 2a a 2a 



2a^ a 



(9.42) 



^Um II ^yJk CjLaUoVI jjr}_j i-JjIjJI u (^iJl (8.10) ijuuuaJ\ jJjLa-'i I iiLj 

g u £n + g l2 {t + Tj)+ g22 =0 (9.43) 

£l = -,£ + V = 

Sjjj.^II ^yic ^ nnj (9.43) JLabtUI jLfl ^yJLJLj 

guC-g| 2 6+g 22 a = (9-44) 

(9.44) da ^AJ! ,jl jljO a, b, c ^ L> ^y^i^ 




TTT 



' \ 



<*>ji>Ui 

i? =(w' + w 2 ,w' -u 2 ,u l u 2 ) 

1 1 i 2 

= , H — j= (_A U = 1 U =1 4_La2Jj| JiJLc 

16 8V2 " 
monkey saddle j^isi ^L.^ ajjIcJI dsLiul ju>-jl (y) 
/?(m 1 ,m 2 ) = (w',w 2 ,(w 1 ) 3 -3(w 2 ) 2 w i ) 

x 1 sinx 3 - x 2 cosx 3 = ^ L^LoVl cjULl^VI c^si (r) 

l + (x') 2 +(x 2 ) 2 - 

(x = tan — j- J^.n j^-b ^Ijb^ ; .iLS.jP 

monkey saddle j^l ^ ^k^, ^ ^^Jl uUUUl o^jl (i) 
z = x 3 - 3xy 2 

jl-^i x 3 = x 1 sinx 2 gia,,.. ji i_^Lik.V! .U j u^t i o> 

.^j-^Uul aL>3l jji ^j^u^Wj s j^=J! jJctxAi ^ J^= (_yk. ^L>JI (^l (j^j (V) 

.K = H 2 JiAJ Sj^jJI £-La^u j^ic A^ (Jr ^jUj| S 1_L>J)VI ,ji iZJi\ (A) 



— SJwsUjl i^Ajkl 

x y 

y x - 

.ojIj a a = y = 

R =(u cosv ,u sinv ,« ) u=v Ly i*ijl ^j^aaJI *Li>jVI j^ji ( u ) 

2 2 2 

x y z 

a b c ' 

z 

■ijZjlZ*. ojIj a < y = x tan— 7rU,.,H i-u^L^VI oUL^iVI o^ji Or) 
7? ^w'cosw^w'sinw 2 ,^ 1 ) ,a*0 

(i) z=e x2+y2 (ii) z=(x+3y) 2 

(i) z = xy (ii) z=x 2 -y 2 

(iii) z=x 2 -.y (iv) z = x J - 3xy 2 

y 

(v) z = tan — 



The Third Fundamental Form 

1_$Jij_4Jl3I 4_3tIoa (JJr*- <i=3^»»j J^lCo < __ = ^jJ 1 4t ■ »J i^JI (j-ajl i^-xH ,JjL]uJ i-jLaII IjUfc 
"*-J LLii^JU U 4^jLi_<a t-i i '—i J I j, j^tl (__^ajLua_i. ^<hi"i (^-"j ^trw nil 

.^L-JI^ 

Spherical Image (Gauss Mapping): 

:(U«)<-*J>*i 

unit sphere sjlj^i » ^ ^ l<mS j^L A/' :M — — >E 3 
5 2 (l)={x=(x',x 2 ,x 3 )e]R 3 ,|x | 2 =1} 

Gauss mapping ^jL* #:M >5 2 (l)cM 3 

,M' = /V(M)c5 2 (l) ( u • ) J^i 4. >a 
N(p) 






s 2 d) 

^tv. u i ^ , , ,- J l ^-jjj^ j-^*) (^yL^bL^ R X ,R 2 o-* J-^= differentiable 

=R(u l ,u 2 ) 



Ar R.aR-. 



„> it* i ii if, a 



T p M ^LJJ ^^loUl linear map u ln->. >^ A 7 (p '* us m i 

p-^lj (-i-J^JLi oLija 4-jjl>^- 7\ (p) S 2 (1) iT M 4 j inU-U CjLaTn.i U (jl L»ja 



\j ) jL—&M:R=R{u\u 1 ) pin", '.flgJa ^LuJ IjL 



<J-"J L 



N:M >S 2 (1) 



»/ / . i 2v R\/\Rj 
N (u ,u )=■ 



<*V„ : r p M >T p M 



.(O.W J^ui) M'=7V(M)cS 2 (l) ^^(l^uki.^ 

t(Y.V)kij)>i3 

o-jL*. ^\ jj Ly L^iiUi ^y.u <jiV p I ' M >T M ^,1*^1 ^IjJ! 

.shape operator J ^-,r„\ I jt 

4jjj_uaoi-3 p=a(o)eM U^<L_k or(«)cM ^t^_; tt( _, j^U 
Li^l Lu! oLbu* IjukjiS^l) s^^JI ^-Li j-alj ^u^» >a N (a(li))=N (u) 

>^> N'{o)=dN p {a\o)) o-Uil <l^u. a(w) ^-i^ni jUial^jc. N ^ 3 -**i\ 

<2_ 4t"ih 

4 ZW, « N(p) {j-C Ijl-uuA/' j-jo! ^JL-a 5j i#V o' L$l ■ ) L> 

.(Y.W J£=l£ 




(Y.W J^A 

:(U«)Jil» 




(r.w j^i 

4-1 ^j-oJl J jio-.lL. L^ljLi 4 ft a l S 2 (a) ij *-,\\ ^u... l <., „ ;i b 

JV =±— , (iS (a) s^=J! >L^< a,*, a) 
a 

JiljJI Jj jt outward ^jLiJI Jl upj-^ai 5 u:i J\ j,r,^ - < + SjLi^l 

.euipl (jJLi >^= jJil ,>8 intward 

jj-a U«j oj^-ill ^l^irn J-^lj CC — OCiu) ia jIjlLoI Jji». 

TV (lf)=± ^(") =± ^( Ml (")»" 2 (")) 



dN(R'(u))=NXu)=± 



a 



<W,(v) = ±- ,v =R\u)eT p (S\a)),p eS 2 (a)) 
a 

.( L\ • ) 4- OV* J- 4 L*^= ^Ucn 



' \ 




V 

t(T.V)JlJU 



/2( M , , W 2 )=(M l ,Vl-(« , ) 2 ,« 2 ) 
W=(±*,±.y,0) 

J_£= vi*_p* X 2 (u) + y 2 (u) = l ^*-it tj oljt-. ,„Vl (^JL: ^fll i(J iatL» Jl^L 

R(u)=R(u\u ),u 2 (k )) = (k 1 (u ), ^\-{u\u))\u 2 (u )) 
^(«)=(±*(«),±^("),0) 



dN (R \u ))=N '(u)=(±x \u ),±y \u ),0) 
L5j , J^ v 6 L ^= ^1 Ml^a >>^\ cr-i^ g-atj-II ^.i-tUI ^LJLl V =R\u) 

«i/V(v)=0=ov 
dN (w )-w =\.w 

4 V ,jl j_uaJb (^j-Lii- 4jU->JI CjI^JjVU OjIIl!! Cil(j-»-"Uj OjI Jill («-uiJI i-Ju^ju (j^aj 

jj_3t« ^jl V iJL>- i£_ 1 4 j fij^a jJoL-o dfiV U-^JI i-ul i * w 

Z A .(o.W 




X 

:(T.V)Ui#-!>U 

,>L>JI 4. i^L^I oUL^VI ^jt dN II >i>J, 1, i_ul jJI ^w-SJI 

.(t^aiJI >5>aJ o3l jdl cjI«*UI) W = ( 1 , 1 ,0) . v = (0,0, 1 ) o^U-Vl oUL^VI 



/ < 



</N(v) = - & v 

( _ 3 -<-ujL>JI *L_L>uVlj ijg^^aJI 4jjj_ls3 4->»l i ii aj ■ .. tl i -*-\ . ,. * ^j^j 4_*j|j 4_ja^Lc Jl»-jj 

gJ*' A ^L* (10 .1) 

l*,A* 2 | g 

. R { aR 2 *0 cd]j^=j AA, AiV 2 ^0 jjiisyjULj AT =N(u l ,u 2 ) 

(^JL. ^JjU^ SJL^J J_ia. A^(j'^ i^LJH ^^loUl 2_ j_3lj Af a (j! L*J 

Sjjj^aJI ^^i^. ((_^uLaJLl i ni l jjujLjit) 

N a =a2R , a,0=\,2 (10.2) 
dN {a'(u))=N $i n + N 2 u' 2 • 



(a, w + )R i +(a 2 u +a 2 u )R 



2 a 



L.'I , 2 t2> 



dN 



V 1 ^ 

\ U ' 2 J 



I 2 
V fl 2 fl 2 J 



U 



\ U J 



shape operator matrix dN ^,\\\ ^g,^ ^ ;- a j A.„t | |jj 



((10.2) (jjs) ^UoVi <_>^aji j^u- <jj£=^j 
N { AN 2 =(a\R x +afR 2 )A(a 2 R i + a 2 R 2 ) 

^[c J ( _ 7 JkL>ijVI i_ij_uaJI J-uaL>- ^Ijidu-uLij 

iV, ajV 2 = (a\a 2 -afa 2 )R l aR 2 

=Det(a%)R ] AR 2 (10.3) 

Drtfr,')- 1 *-**' 1 J N < aN ^ (10.4) 

L„ =<R U ,N >=-<R { ,N { >=-<R l ,a l R l + afR 2 > 
--a\ <R ] ,R l >-a] <R t ,R 2 > 

■ T — _ 1 _ 2 

12 12 
Z/ 12 = ~^i^i2 #22 ? -^22 ~ ~~ ^2«?12 ~~ a i&22 

^ ( 10 - 5 ) 

jjl ^ i « <i i jj< " a j /■ . ^. i_j^jja (Jj^aL>- l_3^JoJI 

£te/(-^)=£te/K)£ter(g Ar ) 



• \ 



.-. L=Det{al).g 

:. Det{a Y a )=-=K 
g 

J>~^ o*=**i L a p = ~ a !x Spy a > UJI Cy> 

=(~L aP ){g P7 ) (10.6) 
N a = -L ap g Pr R r (10.7) 

W)=-(L aP g Pr ) (10-8) 

W-operator 3 \ Weingarten matrix 

=^r(<W ) , K =Det(dN) 

(ftj (ill Lo_& — ^ | , — k 2 ij' j^^-i^i H ' . t-> . ..j". t Ij ^tujL>JI fLlsoVI i— il i ii •»» I 

J7V(v)=-A;v=-£Iv 



I <v er p M .v^Oc^ 

(dN +kl)v =0,v *0 lii 

i_hL*l! ^^JL. J.n Vi ^LllLj l jLi (j.i ^-ull SJjLs jjjL i a j a . ^« * dN + k I q\ ^\ 

Sjju^JI yji. characteristic (sj^ai) i-ul jJl 



a { + k a x 



a 2 + k 



=0 



& 2 + k (a\ + a 2 )+a\a] - a]a\ - 
•■• H = l -{k,+k 2 )=^-{a\ +a 2 2 )=-hr{a p a ) 



(10.9) 



1 



=^(<#V) 



(10.10) 



2g 

K =Det(a^)=Det(dN ) (10.1 1) 

:.k 2 -2H k+K=0 

Ly Jt aj-uiil jjjj>JI j^JLlJLij 

k x ,k 2 =H ±yjH 2 -K (10.12) 
Rodrigues Formula iiTtl>ajj^^jUfl( Y.V ) 



(jJL. p e M i Urt'i jl^ tfL>Jl (du a )=(du ,du )j! L p s> ^i 

Ijl^J jJoLHI y—L-Vl »Ll*jVI >jfc^ob ^/ : ^ =R(u") r lV, ill ^U,,. II 



L.VI 



" \ 



<dR,N >=0 ,dR eT p M aM^ljUi^L 
<d 2 R,N >+<dR,dN >=Q j*.^^ 

ll=<d 2 R,N >=-<dR,dN > (10.13) 
=-<R a du\N pdu p >=L ap du a du p 

.:L ap =-<R a ,N p > (10.14) 
^J^o &, 7 = A: c^^LoJI^UI4(9.24)c J VjLUI4 ( > : ^L i 
(<N l ,R [ >+k<R^,R s >)du 
+(<N 2 ,R } >+k <R 2 ,R l >)du 2 =0 , (10 15) 

(<N i ,R 2 > +k <R } ,R 2 >du 
+(<N 2 ,R 2 >+k <R 2 ,R 2 >)du 2 =0 

LbjJ (jj)^-t_i i-ulUI J 

<(N t du l + N 2 du 2 +k(R l du l +R 2 du 2 )),R l >=0 
<{N y du x +N 2 du 2 +k{R x du +R 2 du 2 )),R 2 >=0 

<{N a du a + kR a du a ,R^=0, 

(10.16) 

<{N a du a +kR a du a ,R 2 >=0 

<dN +kdR,R t >=0 

<<#V + kdR,R 2 >=0 (10.17) 



(Jij^ju .jj-a) T p M L yj\~*i\ i^jicu U 4- g^tj dN ij,} N ^A*. ^ja^c dN {JJs sjuvj 
^Uit ^jljidN + k dR <l*h,I dN ^'J\^dR -C^uaL*. 

4Un'.tl JU£. T p M 

jf c#V + =0 lij Ja5a js*i5 (10.17) £a}UJI lil 
dN =-kdR (10.18) 

( _ r jj/LujVI aL^oV! til 

J^^lsJLj.^VMjuk4.^L-VUl^Vl^^^x<^=0 3 \ (10.18) 

:i_uVI ot-*>j J! 

^L-l oL^I M :R=R(u\u 2 ) fJiiUI ji^JI ^ «L*]VI 

,Ll^i k^O^dN xdR=0 + jL^= til 

(JT _Li oU>ol (fi?W ' 2 ) jt-^= I jj u ^t-it <<« 5_j^JajJI « j_A ja^at 
((^inlj^ jjlc) aulii k d-p- (10.18) (3^==^ Laaic (_yJt 3 <uk. Xlc hi » U , ,.t l 

t _ y Ll J in Vi Sj^a 7? 2 R^ <4- W^-uLjS ( 1 0. 1 8) <—ljuu^u lil] j £^uia_ajJa. 

<<#V +kdR,R t > = ,<dN +kdR,R 2 > = 

oVjUtil ^JL J,^^ (10.14) fljit^uLij (10.17) oVjL^il ^ 1 ^lJIj 
.^Loi tfUCt (c/w 1 ,du 2 ) oL^Vt j *.Ll>oI A: ^1 (9.25 ) 



t(U.)ll>lij 

tfUJI 0^=^ ^ 'R =R{u\u 2 ) r hv,U ^U,„ll <^k. (du l ,du 2 ) »l*3VI 
uL^==j 0^== eM iU;; >^ /.ly.Vl ^ ...1 ...Vl ^a^j (^U-l 

=-Jfc ^ j? xoZR =0. (10.19) 
dR=R a du a ,dN =N p du p ^ 

Differential i a ^ liiil 3^0;^ 3J ^.ua (10.19) iJLiUJI II 

.Rodrigues Formula 

{Jr Jb R a <jl ij\ 4. /)Lr-»oVI .Uj U^-ll Lj^IjUI Joo-LajJl C^jl^a lil La 4.JU- 4- 

"jj ■ ->H jui-lj (10.1 9) j-><JjJjJ ^li^i tjlii 4_ujiLojV| C)LfcL>oVI I j Hint 

N a =-k a R a (10.20) 

. k a =^ , I 12=g|2 =0 ^p.ja*i: (10.20)^-Jl 

t(U*)ki£>a3 

4^ j mi il c^L^= I jj principal patch ^L-i *Uaij ^kia j^JI ^\ JUj 

.(£ I2 =g 12 =0 ) i^L^jVI i^njAII i < ...ni < yfc4jp^l J UI 

t(0.V*)kij>i3 

3 ,cl fundamental iiJLiJi ^LoVl 4^.^11 <_a ^ 4^llj M<JiiUI ^U...H 
j_i>o Im^jujjX\ ^t) 4 jji^^— ii »jj n J jVl 4^ inLuVl iJuu-aJI «jLt£. form 

.III j-apb LJ j-«>JJ (mJJj-»jl1I 4j*UU 



\\\ = <dN,dN> (10.21) 
invariant ij^Ju V L^l ^UuJ! c_iLJ! 4. Lblj Lu= aUJI jJCu^^ 

III-2//II + /n = (10.22) 

£JjuaJ! ^-4 III l II i I <(■ ...JJpJI If »U riljlll J ^y-ujLxJl sLcsoVI 1 <j A H i K JL>* 

(JT JL. J i^i-sj ( 1 0.20) j-^ojJjj ^l. tV i ni Lij (^12 = §ii ~ 0) 

<i/V =N { du l +N -ydu 2 --k i R l du l -k 2 R 2 du 2 

=- k i R i du l -k l R 2 du 2 -k 2 R 2 du 2 + k i R 2 du 2 
=-k l (R ] du i + R 2 du 2 )+(k { -k 2 )R 2 du 2 
=-k l dR+{k ] -k 2 )R 2 du 2 
:.dN +k l dR=(k l -k 2 )R 2 du 2 (10.23) 

dN +k 2 dR=(k 2 -k ] )R l du ] (10.24) 

^ j*a^L-L5( 10.24) 4. (10.23) yjLai v>^> 



<<*V +k t dR,dN +kjdR >=-(k l -k 2 f <R V R 2 >dudu 



1 



g i2 -<R { ,R 2 > = (^Lj *LLa£) (jl 

.-. <</N +k x dR,dN +k 2 dR > = 

<dN ,dN >+k 2 <dN ,dR >+k { <dR,dN >+k x k 2 <dR,dR >=0 
.-. <dN ,dN >+(£, +k 2 )<dN ,dR >+k x k 2 <dR,dR >=0 

tl_L><jVI l_a_J^JLJ liUjlJ^SJ 4_HHI!j 4_uliJlj Jj^l 4 J. ruL-u^l £JjuaJI l_fl_JJJU ■>! t^" ■ 'J 

111-27/11 + ^1 = 
(Euler's Theorem >bjiaj>liS) »( V.)3b>li3 

k ll =k l cos 2 e + k 2 sm 2 (10.25) 
v aL^VI ^ ijjt^J \ t^-tt 6 i p 4 U Sill ju£. Lo^LcuVl oULisOVI A: j , A: 2 

4- p e M J j ic A:„ **JI ,1 ^.Vl lit . (g l2 = L 12 = 0) 

Cy> (du l ,du 2 ) <>L»JVI 

g„(<fa ) + g 22 (d« ) 

■7| 1 i ^2? / 

£ll #22 



(jr l£. Jj^a-so (10.26) i— (jiaJjJLjJLiJ 

kn = kx 2 2 + k 2 ^ 2)2 2 2 (10.27) 

g n {d u y +g 22 (du 1 f g u (du l y +g 22 (du 2 y 

t ( 1 ,0) o-uuL-Vl cjLkL>JVI 3 {du ' 2 ) oUJVI o^j Lj'jjJI ^ < # cJL^= lit 

f ijiit^Lj .Oj^JjUi jo^iaitU ^ 2 ,^, c.u.Lai) ^jc (0,1) 

< ( 1 ,0) oLaUJVI ^ J_^= 3 {du\du 2 ) 

(^oiiui ^ui ^ ,ji ^ (0, 1 ) 



cos 6*= 



Jg u (du l ) 2 +g 22 (du 2 ) 2 ' 

(10.28) 



cos^= v — 



\lgu(du 1 ) 2 +g 22 (du 2 ) 2 

t _ r lc J irO -sll ( 1 0.27) l _^iajjJLjJI J ^JJ^jJLlJ 

k ll =k l cos 2 + k 2 cos 2 <f> (10.29) 

1 <i^-» + (f)-— jl^l (L, 2 =g, 2 = 0) i^VjCua IjuujIJ^] CjLaUJJVI jl C~-C>-J 

LujJ o^(l 0.29) 

^(^^cos^ + ^sin 2 ^ (10.30) 

^^jLl La jl^i ^^^Jl *L\^)}L1 Euler formula iS^LJi ^ jub 



f \ 




t(L>.)Jli» 

1 * 



H=—\k H {ff)d9 (10.31) 



Jl0(j^a $ (Jj 4 j,, i ilLi (jyij Ull J^L^ajj (10.30) jjjjl liu^i j>ljielmL 

\k n dd=k x jcos 2 0dO+k 2 jsm 2 0d0 



=k ] 7t+k 2 7t =7t(k x +k 2 ) 



1 1 

— \k n d9 =-(k x +k 2 )=H 

9 TT J 9 



2* „ J " 2 

I Ijtt-1 1 1 

■ iUrt'iW c_djG JU£. ^t->..iU ■ U , „j~, 1 1 t LL>oVI 

( k n (6) <j] ^o-^uio o^l^ji 4- k n (0) <;L_L*jVi i jj 

^ ( 1 0.30) i3>Ldl Ll^jLitl^l j (# + — ) 

k n {9 + ^)=k x sm 1 e + k 2 cos 1 e (10.32) 
(i^i c.LiU^i f oi^i) ^ J^^. ( 10.32) <(10.30) j^oj 

=|(*.+*2)=^(M0)+M0 + f)) (10-33) 

.minimal surface j.i.,^-,,,,* 



H U.~ ^pjl JjjLJI i^-iLJI 4- (9.33) £3}Ll1Ij da^jll! s.lu^u'iM <-<JJ>*J t>«_J 

^S a/, = (10.34) 
^ ^lji ^14.(9.3 1)^ g afi ijVju g" A ^^ij^Lj 

g22 L U- 2 g\2 L l2+gn L 22= (10.35) 

cr 1 *- J^*^ ^a/? ' g a p O*- O^L^^3 

<R 2 ,R 2 >[R ] ,R 2 ,R u ]-2< R V R 2 >[R ] ,R 2 ,R n ] 

(10. jo) 

+ <R ] ,R ] >[R ] ,R 2 ,R 22 ] = 

(Jl (-/? a/ y = 0) oil Aj^uJLi Loiiliaj J^eli (10.36) iokilZJI iljUJLl 

■ J t 1^" C II < ^ L"> I II .(ill (j| 

t(0.V)JLl« 

R(u\u 2 )={u x cosw 2 ,w 1 sin w 2 ,c w 2 ) ,c = const.^ 

.<LlLc ^LiaoVI Jojln^. dJJjL^=j ^ja_ujiLj)^M 4_uLi-xj| Jl^jIj j » ■ ->**■ ■ ■■ " 

12 . ' 

R { = (cosw 2 ,sin« 2 ,0) , R 2 - (-«' sinw 2 ,w' cosw 2 ,c) 
i? M =(0,0,0), i? 12 = (-sin« 2 ,cosw 2 ,0), 
R 22 =(-«' cos« 2 ,-w' sinw 2 ,0) 



Su =1 >£i2 = 0.g 22 =( w ') 2 +c 2 ,g=(«') 2 +c 2 

i^ya ( _ 3 -Lajlj ^Ui i nil If (_£Js^a-»JI oji^ojl 4-sr" a li| 
R^aR 2 1 . 2 2 , 

/V = — ' = , =(c smu ,ccosw ,u ) 

yjg y](u l f+c 2 

^L^aj La jl 

— 

^11 ~ ^22 ^12 = 



^ 2 +c 2 



Jys <_^>^ iSa 1^11,1 opil CjLx*£=jJI (jib g |2 = <j\ 

g" = ±,g" = ±,g» = 

g\l §22 

2H = k [+ k 2 =g^L a ^g n L u+ g 22 L 22 + g % 2 
= +0 =0 

■j 4 i r->" i ii a i n 4j| LuLLLaj ^AjlIa ■ I- ■ -j" 1 1 4jLL>uI ^lt«1.1 ~ U , ,.U | j| 

2 I -L 2 -c 2 



g~ g ((u>) 2 + c 2 ) 2 
k =+- — (*) 



JoLaj j-f^>J iJLu K ^^-cujL^JI *L_L>oV!j —k ,k L^Jb (jr;^ . ..I .nVl tjg-ot IVjVI lij 



■ £ U..,H 



.li^vi ijjai. u ur, yjjij jjLuJi ..jLji 4. (9.34) i^uat y^mi 4. t^jjjoJL, 
(Jw 2 ) 2 -rfwWw 2 (t/w 1 ) 2 





1 



12 









#22 



= 



,^l^-< J La ji 



L l2 ( g22 (du 2 ) 2 -(du i y)=0,L l2 *0 



I\2> 



.-. g 22 (du 2 ) 2 -(du l Y=0 
Jw 1 



1\2 



2 +c 2 



■=±du' 



sinh" 1 — =±(w 2 ( J*b=ui culS c, ) 

.'. w 1 =csinh(±(w' +c,)) 

^yk. J^>j ijj>3 sinh iJlaJI si~o*5 
w 1 = ±c sinh(w 2 +c,) 

/? (w 2 ) = (±c sinh(w 2 + c, ) cos w 2 , ±c sinh(w 2 + c, ) sin w 2 ,c u 2 ) 



■ 




Juj^yi jJa^ ;(V.\') J^-i.t, 

M l ij^Iaj i§_ I j" 1 1 «"■ (jjJI 3j ^Ml ' ' "II Cilji.rr ill CjI»1 .'(.->■') I I i j i « *w li] 

(*) 3 ;IU«tl lj,„A'. ^ a l^'.i iy. 

TJao-Jl ji Helicoid 

. * ^ijjj Helical motion i-JjJ j^j J^ui £i ^ Ji^ 

oUUCVI \1 *U^VI Ja^ki. ju>0 (**) iS^Ldl ^ 

(<afa 1 ,du 2 ) =(±yj(u ] ) 2 +c 2 , \)du 2 

jj-uiL>oVI j^u ijjI^JI i—A i !!■»«-) j 

(/L l ,A 2 )=(V(«') 2 +c 2 ,lV« 2 , 
(//',// 2 )=(-V( W ') 2 +c 2 ,l)^ 2 




/ \ 



i-j^Jalll J_==3jj .a J^-al„t.xU Cj 1 j i t i U jj-^a <l£=a-i_ii (jj ^-i" i ij^— jl^ll ^U. , ,. ^ If 

Xl.\) 

.(v.<\) ^JkJlj (9.29) ,(8.10) 

Asymptotic Lines t^^l^ 2^12211 fe|k£N(r.V) 

t^k. v oL^VI . Af :7? =R(u a ) fitv, Ulg-U,,, tl ^ lA^p j^jj^ 

v e T p M o^= l jl asymptotic direction ^jUg *L^I <i? JLSj -u... i t 

t(A.\*)kij>j3 

.^jU: oUci «uic iki ^1 <d ^uju o^=> I M asymptotic line 

.(&„ * 0) Lu^U! 
OVl^ Dupin indicatrix 

.(A.W 




Ij.^al'. a U V. ; (A.\ * ) J^-i A 

jj^a (jj^auj (j-U_o_!j j-^*-* ll>^ ( Sj\ tfu*i? I ( _ J _itit^ k\,k 2 ) <bjjljjl 4 t-i ii ill 4 1 1 . i 'iI Lj (H) 

A_ujLSj CjLaLkjI ^ j^yJloJLij jiJuLLa |^J^«jlII *Li><jVI ixijLSuJI CjL&L>»j^M 

e- 

fc-. \ 




I /I * ■ t-» 



© 



' \ 



(^julIo Lu^UuVl oULl>uVI iiial^U 4 Unit! juc (iii) 




iIjIto (j 1 1 ii La ^viisjjj 

_II_ L ajj du a du p _ o 
I g afj du a du p 

t>a f>tViiU ^Umll cr k- (LujUUI doj)ln4,ll) LujLliJI CiLfcUoVI li! 

II=Z- a/? ^w a ^^=0 
L u (du 1 ) 2 +2L l2 du ] du 2 +L 22 (du 2 ) 2 =0 (10.37) 



© 



/,,,(— ) 2 +2L 12 



du 



2 +L 2 2=Q 



(10.38) 



du L du' 

(10.37) UjUI 

.<(Jaii!l (_>-uAj jJi£. ^ l-i i dH (jj/LaJLI <fi Mill 




<w,N >=0,£*0 =^cos6>=0=> 6- 



7t 



^^o) j^>U! ^p^i j\*<u± 3 ( N =±b )b^j\ 9i Nj\* ^JLULj w eT^M 

»(A.V)3b>li3 



L u =L 22 =0 



( 1 ,0) oL>^V1 oL^= lil ^jU: Jai. oj^-ij ( g?m 2 = ) ^jialjUl w 1 

^^LoljLJI ^ 2 JaiJ i unUL JiUL . ! =0 Jl ^jjj I (10.37)' SJjUII (32>o 

i U v. Jl->-J list 4jI ( _ T i*_«-s ^jLaJ iU-v. j^s i nil = 0) (ftjiTi < nil i U -*]\ 

.(^yjjLaJ iU-». jjk i ]n ^Jl ljut ^ to" i a ^li i n d I o ^— ' 1 ' £-<2J ^jn" i h a 

J) <?■»-"_< Jai* 1 1 ujO (^jLall! Jai«J1 (jfL- iliiii J^n JLi£. 

r 2 =-£" (10.39) 

ijj ) ^-ij .^jLflj Ja_>- u-ic 4 Uii'i Jl_1c J I LlLusjj aJLL-uJ! 4_jjJtiiI! 1 j-^a 

± = -~TYl 

ds ds 

<dR,dR >=ds 2 = l dUj^j^Lsui ckiJI ^ II = ^1 vi^-j 

lll-<dN ,dN >=<-rds n,-rds n > 
=T 2 ds 2 <n,n >=r 2 I 

J*. J^^III JI J j^jluru (10.22) iflMJI f Ijlicl^Lj 

r 2 l+0.H +KI=0 , 11 = 



=> (t 2 +K)l=0 , I*0=> t + K =0 
j-i*^ Beltrami-Enneper^u-ujl . ^ipij <jj1^> u a . o^^JkUl 

,« )=(w cosw ,u sinw 

.(V_\ • ) J^-i mi 4- J-^>« 1 o^-i Aj^ljLJI JojUi^kJI 

oLL^JLj /?(w',W 2 ) = (w',W 2 ,(w 1 ) 2 -(w 2 ) 2 ) £>~J! ^Um.I ix^ailb 

^11 = ^ '^22 =_ 2,£j2 — 

2(^') 2 -2(</w 2 ) 2 =0 
(du l -du 2 )(du l +du 2 )=0 



' > 



du i -du 2 =0 y du'+du z =0 



1 , J..2 



12 1,2 

. . w — « =c, ,u +u —c 2 

7?(w 2 )=(c, ±w 2 ,w 2 ,(c, ±w 2 ) 2 -(a 2 ) 2 ) 
o.U^LUIjj c, -C 2 = c*_jlj!JI oL-a (w',W 2 ) = (0,0) J_^Vl Uai Lij^t ijjj 

R(u 2 )=(±u 2 ,u 2 ,0) 




■ o-iual 

4-ujL2uJI Jo j) V-»->JI ( ■ s\ ~) ^^aJI (10.38) 4_jLloLoI!I 4_!jL«J,l 4 Uii') (^l Jlic Oj-sla 



dw 2 



r = - 7 1 + JCt 1 ) 2 - ^- , v = - ^ - (^) 2 - ^ (i 0.40) 

rys U»«~ <i_ujLaIlJI ,UjU-^tl CjL&LsoI Ijl 

(/L")=(^', £ / W 2 )=(^,l)^/ 2 , 
(li a )=(du\du z )=(v,l)du 2 . . 

jLj-b? (8.10) J^a (//°) < (/!" ) 4-ujLalJI <Jaj) ^L^ol jg-j *-£?!>H 

C03gz , gll/^ + g22+(r + V / )g 1 2 

jLa (COS# = ) Sjl«UIx» i-ojUUt iajU^JI r.W^ Ijlj 

gur v +gn+(r + v)g\2=° (io.4i) 



-2L L 
^yj^i\fj- A ^ a y+v= — l( jjjjL_>jl vj-^ 5 J— ^v=-^-o_p. 

^jJL. J<^-»o ( 1 0.4 1)4- 1 

/" 21 
e —+2 - 12 g =0 

611. ^6 22 , 6 12 w 
^11 ^11 

£ll ^22 +#22^11 ~2g,2 ^12 =0 
~U.„) H = ^L=aj jljuLU Ijuk ^jt JU»o (10.35) (jjsj iU mjqJLl «.Lc»oVI *-a£>«J 

« ■ ■ ■■ " 

Enneper 

li 3 V 3 2 2 2 

i?(M,v) = (W~Y+MV ,V~ — +VW ,W -V ) 



gu=g22=(\+U 2 +V 2 f ,g l2 =0, 



J -2 1 =-2 I =0 
-4 

(l + w 2 +0 

2 



2 (l + w 2 +v 2 ) 2 

•UA) 



e 



fje. J.nVi i^jLSUI Jo^kitlJ (9.34) iA^UJI SJjLdl 4. L ap Ja^l^ 

du 2 -dv 2 =0 

(du -dv ){du +dv )=0 
tif du - dv - 0,du +dv = J^L^ai ^ ^Uo i^jLiUI ijiaJJI ^La ^LJbj 

u -v = const. , u +v = const. 




Conjugate Families Curves of Regular Surface: 

ii| (du\du 2 ) oUJVi conjugate j^iy^ 
<dx,SN >=0 (10.42) 



• \ 



dx =x a du a ,8N =N p 8u p 
Sj^Jl j^b (10.42) oi j^. (10.14) 
L u du l Su { + L n (du l 8u 2 + du 2 8u l ) + L 21 du 2 du 2 =0 (10.43) 

OJJ) I .-ill (j^j^^l Jo^jSJ J ■ -***' -» t I )J^-^ tl 

L ap du a Su p =0 (10.44) 

. self conjugate a.. j£l (du 1 2 ) ^jUUl 
-J^i 4. L^fc^s Q (10.43) UjUI t (du\du 2 ) tfjLail oL>JV 

Sjj^Jlj^k. (<S« 1 , £w 2 ) ^jk^ 

(L^du 1 + L l2 du 2 )Su l +{L n du s + L 22 du 2 )8u 2 =0 

<^ 2 = L u du l + L l2 du 2 L=L L _ L 2^ Q 
8u x L X2 du l + L 22 du 2 " 22 12 

t(K1«)Jlii 

.ilal^l^ joiaiiil . . i l l ijp^aljLJI dajU^.11 (jjJjlii Jj*^-" ( _ ? ia (>u 



(du a ) = (du l ,<iw 2 )=(l,0), ^IjUI w 1 
(£w")=(<5w , ,<5w 2 )=(0,l), ^ijLJI « 2 JL^^ 

n^illj L n = J^Juaao (10.43) ^jl^i 4- o-JjjuJLjj 
.JjSl^ILa tLiajLj (jAaJLa ^t-» ■ ..II ^jl 4_!L>JI 

»OU»)ll>fiS 

. L 12 =.0 

: ajj i nil <LaL& 

j(W.V)2b>fii 

J j ^ II JoLiill Jj^a ^LiJl) jaJillll ^Ui i nil ^^li. AjpjsljLJI Ja^IajJI 

A_jjL>oVI Joj-ia^JI jl^->j jl^-> Ijl iu^ljHilj sjuabull olu--fc..UI 4 ^-i i 

(L 12 =g l2 = ) 
^UJI 4- Ujl^-^i (O 1J\) JLla) ^IjjjlJI ^1 *=-.U ^U,„ I « ,,„ ML 

^LlJLij Zyp — gp — ,3 n-a-"n l-i i ii II I j— A (j— Lcj ( p .L . ,i . -> J,I ja—^lj) J_t*abM 4_JaJLi 

(pi jjjl j a.^ .I I Joj_Lu>JI) cj>LjL«JI ojlji> jLa ( ^ • ) ^\ jJzZ-uuYjj 



/ \ 



O) 

■ Uj^,^. tl . „ 2^ ijl ^",11 , i-^ji (Y) 
.(u_.LJI ljjfc4_(A.^ •) JH»4-t^l ^^i-Vl L y l ^ fjiilu.1 :jLljl) 

R(u',u 2 )=(e" ' cos M 2 ,e " ' sin w 2 , u 1 ) 
x 3 -x k sin.x 2 =0 ^U,.,n- cy k.oj J iaJl Ja^k^ll jLvji (1) 

( R(u\u 2 )=(u l ,u 2 ,u l sinw 2 ) 

x y 
7 x 

R(u\u 2 ) =(cosh w 1 cosw 2 , cosh w 1 sin w 2 , w 1 ) 

(t^jUl gJa^l) i^jliai ^ (\) 

/?(M l ,M 2 )=(aM 1 cosw 2 ,aw l sinw 2 ,6w 2 ) 

a, b ^>.) 



x 2 +>> 2 -z 2 =l one-sheeted 

•» j-^aJlj Jogj-aJLIj <j|jt-imVI (j^a (J^=j ^yk. j-Ljl <JLu^3 J^>-jl 
(^1+^2=0) ^tMuua i i i ^jic ^>Ljf iijm -J^-jt 

=(coshw' cosw 2 ,coshw' sinw 2 ,w') ...t i ^? , r . ; -,j oo) 

.(// 0) ^ t I rVl I .1 fl I n Jjfc 

( // =g ap L ap =Q Minimal ji, „u ^u, „i l tjLijj) 

.^y^uLuii i>L>ol j£=3 (JT l£. J^JJ-^J 

•u^jjjj ,»! jJtlu,L) (0,0) 
.LujLZUI JajI=L>JI jru ^jjljJI i ^■^in ij^LuVl ^LaL>oVI (ji '-■ A ' OA) 

*(iiV)=e ( "' V,,2 cos(?^ 

2 2 2 



, , 



(i) z=xy 2 , 

2 

(ii) 7?(w,v )=(w 2 +v,w 3 +uv,u 4 +— u 2 v) 

COSH 

(iii) R(u,v)-(a(\ + cosw ) cosv + cosw ) sinv ,a ) 

sinv 

n/ x n ^ / x WV ^ 

R(u,v) = (-(u +v),-(u -v ),— ) 

,4jJLl t [_L>oVI Jajlai- jLk-jfj 4 o jii'i i ii a Jajjai. (jr A 

pseudo sphere ij 4_ui ^ ;ukiL» iki jll^ ^jUJI *L^iVI ^ (yy) 

u 

R (w,v )=(asinw cosv ,asmu sinv ,a(cos« +logtan— )) 

. 4 t-i n i 1 1 tfjufc JLlC 4_uj1 ii'll 4Jojt-i->- Jua-jtj -1 ^jLcuJ 

conoid ju^l^ji jJa^ (jjk ^jUJi *Ll>^VI ju>.jI (yt) 
R(u,v )=(u cosv ,u sinv , cos 2v ) 
x (u l ,u 2 )=r(u l ) + F(u 2 ) ^Jq....II (jJL 4^L a | J ui d^U^U pt pru (Vi) 

du> i nil (jric- Z/|2 L-cuO-l : jLiijJ) 

x | — y ^x 2 — f )X 1 1 — / )X 12 — x 21 — vjj^f 22 — * 



L l2 =<x n ,N >=<0,N >= 

^y^^u U.nll IjLA ■( \\.\ ' ) ^JguJI (JJ.'^'-'i (jr^ (_$-3>a-!»-)l (Jib, ^-p- 

.(Translation surface jLsii^l 

■» ur^. 4_ujL£JI Joj_LaiJ1j *LL>uVI Joj U^j 4 j ■nLmVl CjULLsoV! J-^-jf (Vo) 
2 1 

g ll =<x,,jf, > = <r',r'> = l,g 22 = <x 2 ,x 2 > = <?,?>, 
g n =<x„x 2 >=<r',F 1 > ,g=\-<r',r> 2 
x. a x 1 r' aF 



N=- 



1 



L u =<x u ,N > = <r",N > = -=[r",r',F], 



' \ 



Ruled Surfaces 

4_t»-jL>Jlj 4_jL>-ljJI ijj/JUjJI <j_uIjJli j»J-a-iJ .o^t-i i ^jU i nil ^ (_yJlj o^jil^a ^Ux. 

Intrinsic Geometry for Ruled Surfaces: 

J^=u ^ lij Elementary Ruled ^i 3 \ jU,„ ,„ cr g-U..,n <ji JL5j 

■* Urt il l f^£- 4 ajrtl. . a .a 4 « Uil I ^t-l i nil I jui £JS lLI^'i i"i I f)jn"u.aa ilioLflj ^ya p i U 

.^t-i i .ill ^yic ijtalj^iC. 4.U^II LjjL^j (jj j 

^ i_La2i Jj== (jL^ 3 1 M General ^ Lc jk^a ... 4J1 jLSj a -u...t i 

.Segment Generator ^m-.i.a ^l jj ufllll i jU...n 

jla^JLl ^1, 1 H 4_jjkUCVI 4_bLtJ,l S-ill^a JjLuJI (Jl^jlLII 

/?=a(w')+i/ 2 |M 2 |<ff, Jw 1 -^ |<£ 2 (11.1) 



e(u l )Aa'(u l )*Q 



(11.2) 



^ L*JI jU,„U ^U,„H fih-nll t iA«ljU! JA*UI ds ^ (j^l 
< C" a— ^(^afty. ; acr _ia^ 9 C :r =r(w l ), w 1 elcM o'l^j— ■ « 

JS* % ) 

1 i^—i ) <Lj&ll,l JJL>. ^y-lc ^-a^J jVim U ^ li , „ II (j-JL. 4_La2j 




0-U) J^s. 



R(u l ,u 2 )=r(u l )+u z C(u l ) 



(11.2) 



' < 



(u ,u 2 )eD = 1xR vi-p. 
otJ^>tj . w =const. jiLG^Ij 

^^^tij w 1 = const. = c, 

R(u 2 )=a+u 2 c ,r{u x )-r{c x )-a, £(u i )= ^(c,) =c 

t>*(_,k«"j w = const. =c 2 ^ji-Vl iJjUJlj 

U ^Uinll J^-i ^ k.-j C :r =r(w') JJjJI ^jl^cjLjb^l (>a aUjU 

.base s jucLhji ji directrix JJjJ! l^M^L ■ ^■La.cJl J^a ^1 

12 * ' 



R x =r'+u 2 e ,R 2 =£ ,'=-^7- (11.4) 

du 



tf, A/? 2 =(r'+w 2 OA^^0, V(w',w 2 ) (11.5) 

.^U,„li JA«: 3 \ Ruled Parameterization 
yJL. JzjjZ L^.i ji^i ( £ = const. =a ) Cylinder iUl^k^Vl 4,,,.;Uj 

/?, AR 2 =r' Aa^O 




;%k~,I -.(Y.n) 

^-tb jj-^-SH S-JiLJIj oU^VI i-lAii (w 1 = const.) i-jjljiil CjIjUjJII 4_JjLc 

^l>ji 4. Translation curves jLsiil ciL^u j-^j (w 2 = const.) cjL^UI 

N=^- (11.6) 
|/*'a<2 | 

dsj^jitiiji^i r(w')=const.=/? uji^j Cone Jo 3J seX\ ^U,„i 4 ,,„;lLi 
R(u\u 2 )=p+u 2 C(u') (11.7) 



R x = u t ,R 2 -£ uy=i9 
:.R i aR 2 =u 2 ? a£*0,\/u 2 ±0 (11.8) 

.CjJL^o V I jufcj C-jIj jJjJU <j^= I j' 'kite ^' A £ = 

R { aR 2 =0;R(u\u 2 )=p (p Joj>JU ^ij) (11.9) 

.£_iL-uJ1 i— )LJ! <|_ till j J J 1 ^huio j U i ii a U i u 

(j^o (_y-tiXJ (^tjJ! (JJJlj) Joji^ieJLl , n ( _ r ic (_£.}j^Jl1I oJL>.jJI 4 -r~t.n (Ji*- 

H 2 fA/ t' At 



N =■ 



V|£a^| |fA^| 



(11.10) 



SjL^^j W 2 =COnSt. L-iU-.U l \\\.\\ 3 Vll „i j; Ij l^j 7v' =rnns^ 

.<r.\\) J^i^ 




t(r.»)jili 

Parabolic Hyperboloid ^ji-jljJl ^L_^=jli ~t~ ... ^1 jjrt_> 

(saddle surface) 

x 3 =(x l ) 2 -(x 2 ) 2 (11-11) 

.4j! jjj-o jjja iijLc J^-it A LLU-'JLl *j U , „ « 

:JaN 

3jj_i-o) 4_lIjUja (j ^— i ^jjjJI i n ,j_c. 2jLo£. ^ U.l l , „ II 

x 3 =(x'-x 2 )(x'+jc 2 ) 
Jp^'-x 2 ^ , ;r 2 :(*' +x 2 )« ( J=jc 3 (11.12) 

1 2 I 

^/Uj" i ii a jJoU: daS- >A t£l .(1 1.12) CjVjUL 

oL>LUI ^Lc glatfj ^(11.11) ^ U . „n yjfc 



x 1 -x 2 -u , jc 1 +jc 2 =w 2 



^-(w'+w 2 ) ,x 2 =i( M 2 - M ') 
2 2 

x 3 =2«'w 2 ^J,^, (11.11) ^^^aJLj 

/? =d(u l +w 2 ),i(w 2 -w'),2w V) (11.13) 
2 2 



/ \ 



4 <i i n 1 1 ii a 



Jaj; U-^^jfc w'=COnSt. 4_j>Xa!jLiJI Jaj_kiJI jjt J^aJy (1 1.13) 

2 

.4 <; uL~LLu.a ilajlaa> W =COIlSt. 4^~*1jl .H , U^tl , <1 1 't^j 

/?(« 2 ) = (-^-w 2 +c,^-w 2 -c,4cu 2 ) ,u [ - 2c 

R(u l )=(—u l +c,-—u [ +c ,4cu l ),u 2 -2c 
2 2 

ijpual\ ^yk. <CjIj^3 ^^-i <n (1 1.13) L^p^aljLJI JjUTtll 

R(u\u 2 Mj,-j,0)+u\~,2u l ) (11.14) 
M l :^( M 1 ,w 2 ) = r(w l )+M 2 ^ 1 ) 



r( W ') = (^,-^,0),^ l ) = (il2 W ') 

M, 1 >^J jJ l-i,„ 1,1 ^t-,,„n jhn.aJ-^-^JajLi (11.14) t^ljLJI JjUlJI 

Sjj^JI^JLl (1 1.13) ol^^^-,^, JUL 

M 2 :/?( w , , w 2 )=(y,y,0)+ w '(l -i 2u 2 ) (11.15) 



^ In . ii — a 2jj — us '2— M 2 p^.! — !j ^ U i ii LI i .1 LI ^jjjsIjI j J j"< <i" j Aj 

'(«')=(y,y,0) , V)=(i -i 2« 2 ) 



R^,R 7 dil 7i~ U > , i r ci r»o^ (1 1.15) 4_jpjsljLJl Cj^LiiLalJI J_s~t j^-»«j 

I 2 2 1 ^ 

.". R ] aR 2 = (-u -u ,u -u ,—), 



\R { aR 2 h(2(w') 2 + 2(w 2 ) 2 + -)'*0 



jjcu-j uiaiia i^ijLo>i_Lu: (11.15) * ( 1 1.13) ijp^ijLn ^m^uiJI iij 

.^J-^JI 

ijLa (^yJLlJLjj 4 <i j n~ i ii a JajJsii. £-jjjjJI lr» ml jJjJU J (JjJjJI i_^==i (jl ^jialj 

jl it <i ji i .1 ,ij 4. aj<T i i i i 1 ,1 >Joj lri-»JI Cj^LjLc. ijp^aljLJI JoolajsJI t _ J jljLc 

usLc JjL02 ^IjJ»ju iJSLc J\ tj'^.' Doubly ruled >* >U, „ a £j—Jl -u... 

.(o.n) <(i.n) j^i 





M 2 ■g > *Jl c k«.:(o.>0 J^i 




' < 



UjUj jJ^a jU.n a ~U , ., ^ Right COnOid f<u\-2l\ I jj M^l l »u ... 

I jj . S| oL>ol ^'"^J (oJl^-j a-stla) t jJ»J,l <jt ^j-ojj . OX 'jt 2 

^=cos<9e, + sin&? 2 ,6>=<9(w 1 ) (11.16) 
/?(w 1 ,w 2 ) = r(w')+w 2 f(w 1 ),r(w 1 )=w 1 e 3 . (11.17) 

t(o.H)jiii 

(oiolia ^jJLaljL) JjiLaj (1 1.17) (_£jJLaljLJ1 Jj'kmJI 



/?,=(-« l & sin 0,m '6>' cos 6, 1) , ' =- 



tf 2 =(cos#,sin6>,0) . 

fl, A# 2 =(-sin6>,cos6>,-« 2 6>') 
•'• I*. a/? 2 |=VF=1+(" 2 #') 2 *0, V(wV) (11.18) 





TAT 



f < 



/? = r(w )+u C , ^=a=const. , r' Aa*Q , '= 



N =- 



= N(u') 



(11.19) 




(v.n) j^s, 

£, - <lJ - u 'iJ t£' jljd-al jjt^- O-llj i ii U i nil ^LaJU ^J." i nil (jli=3 lit 

jIjlLoI ^jLl dolii jj^jlJ! ,ji ^ t^j La ji Developable j ^-iii JjLs « , ,.j <uli3 

t(CU)kij>«3 

.Tangential surface 



t Jjklt 

* 

J-xLaill 3_A r — F (tl ) <jl L _>l3j_ajj .((JjJjJI JsLoj ^ j-a->J '»*> ^jL-uj V & tLi^uVl) 

J_lU1I! J\ ^.u.Uil ^ U... 11 jJ^« j_a 7" =r'(u 1 ) JJai! ^^A-uIaJI 

/?(w l ,« 2 )=r(w')+w 2 r 

R,=T +u 2 T'=T +u 2 k n ,R 2 =T ,'=-^- 

du x (11.20) 

g n =l + (w 2 £ ) 2 ,g 12 =1 ,g 22 =l 

7?, a -u 2 k n aT =-u 2 k b 
^=\R iA R 2 \=u 2 k*0, Vm 2 *0,£>0 (11.20)' 

.(cuLJ^lHI 4- <t»LjJI ji^O JJjJI ^r^i ^^i^ jL^i J^- r*> ^, b) 

JoJaJI ^ ,'(JtJ.a jljJLal ( _ r lc ^,k")a ^c. tJ _i-uLoJLI ^Jcu^JI jl i >wj (1 1 .20)' *!s}bijl ^_ya 

« 2 < ,zr>0 ^ns^i ^u , „n o^'G^uijjC a 2 =0 ) 
Jg>0 ,\/u 2 >Q,k >0, 
7g>0, Vw 2 <0,A:<0. 



' < 



Ar 7?. aR-. -u 2 k b . , K 2 



=-b(u),u'>0 (11.21) 



of 



W 2 <0 ^..uJI *>>J U_Lu 



N=b(u ] ) ,u 2 <0 

1 * 

> ( r.u > ai^^u 

.(AJ O J^-. ,1, ^ olJ^ ^.,.a:uj JJjJI cr btil, ±b(u l ) ^liJI jj^aJI jIjCLoI ^ 




.(w 2 = jijcui Jlc yo-Lai ^,,.n iiLui ^Liui 

t 3^^4j IgjUN IfliiAh ( T.U ) 

Extrinsic Geometry of Ruled Surfaces: 

A_i-L> (cllLll 1 11 -» J1 *U j) g I 1 1 1 ) flJ -Q til l i^. oj\ 1 11 ^t. (jj-ij |» Lc j U ■ .. a . ,. j , "«', 



: (J7 jVI ^IViU I (_£pjaljLJI J j"i <i ~i , t l (j^a ^Utj . nil 

R(u l ,u 2 )=r(u l )+u 2 e(u i ) 

R { =T +u 2 e' , R 2 -e 

R u =k n+u 2 e" ,R 22 =0,R i2 =e' 

g a/ , = <* a ,^>,a,>0=l,2 
.\g ll =l+(w 2 ) 2 <eV>+2w 2 <7V>, 

(11.22) 

g 12 =<7>>,g 22 =l 
.\g=l+(w 2 ) 2 <e',e'>+2u 2 <T,e'>-<T,e > 2 , 
R x aR 2 =T Ae +u 2 e' Ae , 
T Ae +u 2 e' Ae 



N= == (11.23) 



1 ^°'3 



L 22 =<N,R 22 >=0 

L = L\\L 22 -L] 2 =-L 2 n =-<N,R ]2 >^ 

_ <T Ae +u 2 e' Ae,e'> 2 
8 

= — ~(<T Ae,e'>+u 2 <e' Ae,e'>) 2 
g 



^ zero 

= ([T ,e,e']+u 2 [e',e^e']) 2 , ^_o^=> jI>£=j) 

.-. L=--[T,e,e'] 2 <0 (11.24) 

^ = L = _ [r, gg f <Q (n25) 

,4joLij £;L$j><J i_-JLj/ j^yjj/jLsJI 4jLu><j| j U . ,.t I ~ U ■ .,11 £j| 

t ( A.U ) JLli 

.idsi^ua dsLoj ^>-« (jj^-i a ( _ r J-uL«J,l ]n i nil ^jl <."> n? 

^1 Jljo (11 .20) i_uj^>JI CiL1"lcu.U !jja 

R n =-k 2 u*T +{u 2 k' + k)n+u 2 k rb ,*=-^ T 

Jw 1 (11.26) 

R i2 =k n , R 22 =0,u 2 >0 

L aP =<R aP ^ >,N=-b, 
:.L U =<R U ,N > 
= <-k 2 u 2 T +(u 2 k' + k)n+u 2 krb ,-b >,L n =<kn,-b >=0 
:.L u =-u 2 kr ,L 22 =0,L n =0 (1.1.27) 
.-. Z,=Dtf(Z^)=0, V(wV) 



jLa (r - 0) ^y.,„ « e^-btl^ JJj-JI t^Jbtl. oL-^= I M JjL-_II 4- 

jLa ^yJLULij ajj"imi a tisLSj 4_LLij J-£= ^^-.-nUll II <jl ^1 i jiiilU" L a p — 

t Jdkll 

(9.34) HjUI ^-oij^ij (1 1.27) 4 (1 1.21) oLS^UJi ^ 

(du 2 ) 2 -du [ du 2 (du 1 ) 2 
l + (£w 2 ) 2 1 1 




Det 



-u 2 k r 







= 



« 2 & r (t/w 2 +du l )du 1 =0 
(w 2 *0,/: * 0,r*0) pUr,«^\ j& (JJjJQ ^^^Ul q! o-q^ 
(du 2 +du l )du l 

1 2 . 

du l = or t/w 1 + du 2 - 
«' = const.^, or w 1 +u 2 = const.=c 2 

UiUJI jufc jLfl 4_Jcj W 2 =C 2 -U X 3 \ U ' + W 2 =C 2 CjLjiatJLU UiUij (oljJjil) 



2 1 

Ur-^C- JL-aTi«~) <L1jIc ^^-A j^gl W —C~,—U ^jud c. i II ^^LaljLJI J {_y& i—g^JU 

/?(M 1 )=r(« 1 )+(c 2 -M , )r(w , ),(c 2 *w') (11.28) 
.'. — j-=(c 2 -w )£ « , I — j-|=|c 2 -w |fc >0 

2 2 ^2 



K=k ] k 2 =— =0 (^jUjul^oVI) 



II 612 1 r 2; 



((11.20) ,(11.27)^)01^-3 

ii_£i2_ = L 

, , _-u 2 kr _ t 

. . ft . + K -> — - — — — 

{u 2 kf ku 1 
2 12 A:w 2 . 

r 



£w 2 
(11.28) 



© 



'.ijl - o ilsLaj <4_LLoj (J_^=j // ""2(^1 k 2 ) = ^ ^——^ iiia uj <-5L><Jl 

JLaj In *»i H (j-a oJljs-Ij 4_1jIju ( _ 7 _LaJ«j ^JoILLa £J.>-^ (j '*»•'' t, ^ 1 nLaJ.1 jcJLajjJI (j! 

t Jail 

II=I a/? ^ or c/w /? = Z 11 (Jw') 2 =0,I ll ^0 

.sjlp-^i (w 1 = const.) 

:("U\)tij>i3 

lljJa^ II w k t si^Jl r(w') LJ L*aU 

t ^o^ u o,„ j <F,f > = i^^jJI^ /?(w 1 ,w 2 ) = r(w l )+w 2 f(w') 
Central Points <y^=>j^ JoLi ^ « ^ Ja^j! I ju* JoUij Line of Striction 

■jWi...U^U...1I 

^r-btla OjLalcLi 1 ,1 Jo_^>J ^IxiljLJI J_LUiJI ^LITi-luI jVI JjL_>j 

Jl cr^w >La^JLl j^cJt ^yk. ^Ij U 2 =<7(u i ) 

F(u l )=r(u')+<j(u)t(u l )y el (11.29) 



/ \ 



<£,£'>=0 (11.30) 

(("U > ) iJijjjG o^>) O' (Jl ^Lc^VW 

<F,£'>=0,F=r' + &'£+&£' (H-31) 
w 2 =cr(«') UUI ^1^,1^^^(11.31) ,(11.30) .(ll^oLSiUlo^ 



0=< r,r >=< r',f >+ct(w')< f ,f > 



i \ <r\e> 



<r(u')= (11.32) 

V ' <£',£'> V ' 

a j j) i s\ ! I i^-iU Jo_>J (_£pjoljLJ! jjjj-ftjjl < _ r i£. Jj^ajo ( 1 1 .29) «|_ jj^sjjjlIIIjj 

F(u l )=r(u)- <r ,£ > £ (11.33) 



F( W l )=r( M , )+^ 1 )r,^')=-^4^ (11.34) 



R(u l ,u 2 )=F(u i )+u 2 £(u i ) (11.35) 

^yifi. j .^l> (l L35) (>9 

R { =F + u 2 C ,R 2 =£ ; /?, aR 2 =7 a£+u 2 £' a£ 

<c,£>=o,<r,r>=o (n.36) 

(sjuji «juj.4.yw = t F a£ = At + ju£ oL^jli Jul*;) j^Wi 



?a£=Z(u ] )£' (11.37) 
L-^LS (1 1.37) H%xl\ 'i-jls ^j^_} 3 li 1 ^XaljLJI 4_ 5_jjLai.l <Jb A(w') O-p. 



. i \ 



X{u )—- — (11.38) 

C— p. ^ ^^Ul Jj^jll uL*J ( 1 1 .35) J U I .1 U ^rUlrilll j^ic. oLUI cLsLaill t>JJ«lJ 

g=\R i aR 2 \ 2 =\AC'+u 2 ? aC\ 2 

-A 2 1 C | 2 + (w 2 ) 2 1 r a C \ 2 +2Au 2 < t,C a t > 

^s* zero 

= A 2 1 £' | 2 +( M 2 ) 2 1 f' | 2 | £ | 2 sin 2 0+ 2Au^prf\£] 
(| £|= 1 ) sj^vj C < (sin# = 1) f , jt o-p-j 

.•.g=|^,A/? 2 | 2 =(^+(« 2 ) 2 )K'| 2 (11.39) 

JiljCLol ( _ 7 k.) U " — La_U£. CjJL>o (g = 0) 3 iLUI dsLflJI (jl ~ ■ V.j £3>L*J1 ,>jui> ^ 

. i(w')=0 

j-^j^i ^i J i_ ?(jr **-_j(l 1.38) i-^^ujb i—^j^ai /l=/l(w') 

.distribution parameter 
si-o. (11.25)^^(1 1.35) ;U,,,U g.u.uH A^^uji »u^vi 
g=(i 2 +( i r) 2 )K'| 2 



g (/l 2 + ( W 2 ) 2 ) 2 K" 



^J-^. (11.38) 

AV) 
(A 2 +(u 2 fY 

<*_IoL2j lc J)J U 'U £_« (_pJI Cj!jlJ^J,I .jIjlIa! if ^'a K. ~ ^jj t ~"'JJ 

;i.o-,a4Jb| ^T(m 2 ) I jU eJL£= 1^1^1^^(11.40) ibUI .iiLSJI 
L^i ^Jx. ,n 3 cr^*t central point >Jt! « jUs cr^k? ^-l^ 1 c?-^ 

. u «il^r <La_i3 Jj>.Lj 

ilaiul! ii,ni ilL idjLuJtlj jjjll (JT l£. JoLaUl Ju£. pjall (juii'i jii-tj AT (jl Jit>.^ 

^(^Lju (1 1 .35) jJa^Jl ^ 4<h';U JoiiJI jjii TV (w 1 ,u 2 ) ^j>^uJl <a1« jjlw 



Vi" Va 2 +(« 2 ) 2 |c'| 



OJ^ij (w',0) iUnill J.ir 

(w l ,0)=^,,l*0 (11.42) 

uruj^) N(w ,0),N(u ,u ) o^ojijJi ^ cJl^= li] 

.\cos<z>=< TV (w ',()),# (w r ,w 2 )> 
(<f a >=0 J^.(11.42) ,(11.41)^.^^^^ 



cos^ 



V^ 2 +(w 2 ) 2 

LujJ (iJJill ^,1 iV-,„L) lit 



tan^ 



u 



(11.43) 




z =«jc ^ , (11.44) 

tjfth 

(jjs ^UitJ Aj)jjj^=JI ibLUL o tn0 £><-JI ^timl ^tVull (_£P*!jLJ1 JjIoIJI 

2 

R(u\u 2 )=(u\ — ,u l u 2 ) 
a 



. < 

R(u\u 2 )=(u\0,0)+u\0,-,u l ) (11.45) 

a 




( 1 1 .45) isp-ijUi jA.ui 4 
r(u l ) = (u\0,0) , ^(« , )=(0,i,« l ) 

r' = (l,0,0),f = (0,0,1) U 

X<r',C>=0 ) jU.M ^lo.nlljnno Jajw^A T = r(w') JJjJI ^JlaJLj 
Sj^uaJI 1L. jjjjlll ^LaljLs ^yl^. Jin-sj ( 1 1 .38) ^ ' £ ,£ {j£. (jiaJjJLlJLjJ 

, i+flV) 2 

/L(W )- ^ 

a 



a 2 



Developable Ruled Surface t J>iUibLiJI3>k^4l U\ ) 

J(l/ l )=[f//]sO l JS> ! 

4-J>k-iJI u---*^ ij\ , ^ JUS £ ^ OJ"-==-- ( - - -40) 4ja}L-JI j (A J ^ ) cJujjilI! ^1 Jiiel^Lia 

.jjJil! iLLill -^jU i nil (j-J' °> i(j i'iII 

t(U1)3b>&S 

.identically zero L-uLUs 

( A == ) da^jiJI ; i*u 4 J^j-iil iliLill ->jU , „lt ^yjjijLijJI (JjjtoJI IL. ojljj 

[f,r,r'] = (11.46) 
fAf'sO (i) 

r<A£.^\^J\ ;U. „l,l -.to, nil J^->J 4JL>JI OjUfeig-a (culS f JJ3JLO f = 

iU ^ .sIjlIJ (j-Li iji (1 1 .46) JojJiJI J-ajo r jjin U ,U (J _a>j 4_^liJI <JL-»JI 

---aolj 1 j_Ao ^ J-jLLa ^jjjjl ^laljL oj^-V jk.nU -rUinU (< F*, C > = 0)r J hoU 

.( ^ ) L-flJ^JU j-« 



3^(11.46) Jo^lj <F i ,f>=0 3 rV0,Vw'eI (ii) 
. F t^-Lad-a-U (^Ull £U,J\ j^, jU,„U l^l . r tijljj ^ 



lij (iii) 



<La- u ill ^Ut I JjjLcuJI ,_p3jJlJI (jjJ 
Jl .Li* ,■ "I J t $(W 1 ) = W ' j-Lb jj ^iLaJI jL-JjjL^aJI in jj-a £jl—iJI 



<2«' ~w»..l2JLi W 1 j^xsIjUI 



R(u\u 2 )=(u 2 cosu 1 ,u 2 s'mu\au l ) (1 1.47) 

J^=^i 'i- i ^ cr^j-^ 1 j^-Jl ji Helicoid ju^-mI^ii .„ ^ta^jj 

.(n.n)' 





T<\A 



w' = COnSt. UAJUvt JojJajJl tj-a (jrylSLc (j-a (jj-^alj g rUm I I I j-A 

oLj\ajJL>JI UjLc) W 2 = Const. jlbLG ^>^>Vl USUJIj (^jS',,,. U daj-L^Jl iUjlc) 
7?(w V) = r(w')+W 2 £(w'), (11.48) 



r(u l )=(0,0,au) ,£(u ')=(cosw ',sinw ',0) 
Envelope of a Family of Planes tub^uai^U ) 

^ i<* LjJ 4 j i nLaJU cjLjj" i .1 U (j\ i L>o jj-aU a_LiLSJ I , tl ,jl L_oij 

dUjJj .Lj-^Uii cjLjj',.. U envelope ^}Li. ^WJl ji <JUJ! oju* 4- 

. jU J^>-lj j-loljL (jJLt -V-aTnj j_pJI 5" (//) ^ oh* ill ^_i)to i nil ,j^a JJjLc j^cUj 

jj_o JjsVl u \c lju>.lj La-t-i in 4_LsLflj t j_a ilaJL) J-^= J-j^- o^^-^i (oJolHI ■ .1 II 

.S (jli) iiiUU envelope ^>L£ a , „j S (//) 4J3UJI j-oL,^, 
F(x>)=0,fV,/')=0 (11.49) 




' 



.(11.49) oVjUI 

7r(ju):<r,N(ju)>+d(ju)=0 (11.50) 

<r,7V(//)>+d(//)=0, 

J (11.51) 



<r,N'({i)>+d'(ju)=0 i '= 



d ju 



^o 1 ^^-^ (1 1.51)<jrubl_ *1\ jLa 4-Jul5 // = a <jj— ^ Laj-Jr 
.g a :L(ju) ^s-.mU U^Ijj jJjjl^>UJI ola^HlLj g a :L{/j) 

> " jl (jy-il jt-i "' I 1 1 1 J_1«j^1«IjL_JI J_j.iL>.! cjLj" 1 H....1I i___L_ 

.Ov.n)j____ 





( __tojj^_a ^l-l I 11 



^jl jlni ill ^l^i 1 11 

or.n) 




t(V.M)tt»4U 

ijjl^La Qg^i'i g :L(/j) oUiSm, U <j_« UjLc ^IjJl^ (1 1 .5 1) jtljUl 




/ \ 



D CZ IR~ 4 nWtU jJoLb II (j-a (.y^ <L>.\ 1 „ a <_dJjL^=j .5 jLUI <LL2j JLa-jl 

£>={(« V)|«' €(-l,2),u 2 e(l,3)} ^o- 
r(w 1 )=(cosw 1 ,sinw',w 2 ) (JJjJO ur i^X\ iiu. 4. 

.CjJL».J (jj «Ul£. SiLiJI tlaLoill jL>.jlj (jjijill 

.J>>1] Jj12 (0) J! 0) a* o^U^II ^ SLLudl j-^LloJI ^? jru O) 

.z jy** Helicoid juy^y I ^ ^ (v) 

.^^uLaJ,! jJcujJIj JojjieJtlj ijl^Icu-uVl ^ j£= J_u^t Joi. ju>.j| (<\) 



(«V)€D=£,£]x[-l,2]cR 2 ^ 
4 2 

■ lj j^-ijI^ I ^ rU,„ ^Ir ,„Vl t -<Ll ;->.".VIj J ;^'iVI ,U jU^ >-^ji ( \ \ ) 

-ii^UJI ^aljb // CUa^ JUX +y +Z -JU 2 Cjl^ji^JU 4jjLl ji^i Y) 

i-ujLalll JajJaiJIj tLcsoVI iiaj_La>. Liilji^aj i U i njltl j ^^^ujLjJI *Li>uVI Jl»-j1 ( ^ V) 

: ^jfc Igflm I jj ( _ 3 jJ I e j ]n i ill, I U , „ 1 1 
■fi h" i a (j ' ■> '< t, <Lu-uLjiVl oJl*cV| (l) 

.((vu) jii*4_U£= R(u\u 2 ) = r(u)+u 2 n(u [ ) :.»LL,1) 

■ ^tYiia ^lj.3 (jiif-U OjjlilJI aJL^Vl (ll) 

((<\.u) jlla^u^ R(u l ,u 2 )=r(u l ) + u 2 b(u ] ) :->Li,p 
^jUJI t L^V1 Jaj-i J^-ji 7?(w,v ) = r(w)+v £(w) ^...ai ^u,..n (u) 



c^ ii^i'i ii a OjVI l-ii, it, I ^jUi nil duL^a I jj L*ob (_)ijalj ( ^ 1) 

.(j^uLa.Vl j^^aJL jJ^JH ^t-,,,,.11 (i) 
.^liJI jj^xJL ^ Jl (ii) 

JLj^l^JI e -Ja. L gJ (^jUJI *Lb>oVI JLa.jl (W) 

,v )=(w cosv ,u sinv ,cos2v ) 



© 



/ \ 



Surfaces of Revolution 

1 g 1 j" i a-i Jj^-loj 4_uljjJlll , H 11 (J 1*^-1 Mil ^^j-CJ tJij^Jklj '-jjLJI 1-*-* 4r- 

i_uljjjjl ^otiMi 11 4_culjJ> dilj ^-ij LyJ 4-o-jL>JIj 4-tli.ljJI i^uJLijJI 4-o/lj.i j'—ijjj 

Geometric Construction l^bjtDI ^diAJ I » Lull ( UY ) 

p In" i a i n a ^ i *»• i a ^ m «j 

C:r=r(u l )^(f l (u'),0,f 3 (u)),f i (u)>0,u l E(a,b) (12.1) 

=_ 7T < |-rTi~V/i + -/3 *° ^ *i*3 jj^l^e'j 
aw aw 

jj) to £_LaJL V C *( *r i 1, 1 vi-_L>- OX j j w I'* J) J In i a (jljjjJI jj_5ta jLuS-Ljj 
4_LsLaj (j^a 4 t-i ? \ J-^=> o\-S OX JJ-*-" (Jj-* - < *-L«L^= 'J3^ C <_> ill oL). 9 ^ •ol>9' jL ^ 
^iii a i nj 4^=i ^>JI jjjs ^jLlJl J^— .-.llj tjlj^jJI ^ J *y^ = -> Ji («-<-u_>i 

^a.nj L7 J^tii.i j revolution motion a^IjjjJI j^JI cr a^ i^j^JI j .^1 jjj 

i n II jj_»>s' ^a-i m j o'jj- 11 -" J^ 1 " J tJ> .''rr..i.a jl profile ClirV6 J^-i Mill it ia 

i ^ (axis of symmetry JisLaUl j>**) 

j\JSi OX 3 ja^>J.I Jj->- C u 'i-rUI jjJlj LajLi£. 4_jt ia_>.>ljj .jljjjJI 4-Jjlj U. 2 Cos. 



X J ^Ij^VI » n'i L^J R{u\u 2 ) 4_Li JjJ_SIij/7 4 UiTill 

.<_^j>ill yic /, sinw 2 ! / 1 cosw 2 jl cj^uu x 2 ,x 1 cjLuIjlvVI 



© 




0-> Y) 

Meridians jl jjJi L:r ^ jj\ jjji C ^i^ui u j^L ^i^i! 

j\ J ^-i ,1,11 i^jiiA -yi 3 .^ijjjji ^-in,„n parallels 
/?(w l ,w 2 )=(/" l (w 1 )cosw 2 ,/ 1 (w l )sinw 2 / 3 (w 1 )) (12.2) 

(*') 2 +(x 2 ) 2 =/>'), x 3 ^'') ,1 

(*') 2 +(* 2 )ViV 3 ~V))=<&(* 3 ) y 



A = 



cosw -sinw" 

2 



sinw 




cosw 





1 



(12.3) 




' \ 



R=A.r'(u l ) 



:. R =A 



o 



(12.4) 



R\=(f\Cosif,f^mu ,/ 3 V = 



/?-,=(-/, sinw 2 ,/, cos« 2 ,0) , 



(12.5) 



^0 

■C^'ji^' ' "M p IVm a (_£>laljLi JjiLaJ ( 1 2.2) (JjiUlII I jj 

j)Lu*i J-^jj o-^Jj -^Pv^' (JLh-^'j^' J-A*^" j-* (12.2) ^jIaIjLJI J /io."JI 

: cr L 1 <i^-i dllj j-to JJJ Cr^bi" 1 -" i "It 4 

" aw 



X (v 1 , w 2 ) = (v 1 cos u 1 ,v 1 sin u L ,f (v 1 )) 



2 . 1 



(12.6) 



(<&\ iiaa jj-^J iJVju) OaLtfl iIL>Jl 

/?(w l ,w 2 )=(w l cosw 2 ,w'sinw 2 ,/ («')), (w',w 2 )eD cl + xM(12.7) 



■ 




/(«')=*" 



r / 1 \ - 1 W 

/ (w )=cos — 



J*. Jo^. ( 1 2.7) ^ijjjJl ^U.uli iwJL, 

/?, = (cosw 2 ,sinw 2 ,/ '),7? 2 = (-«' sinw 2 ,w' cosw 2 ,0), 
:.R X aR 2 =u i (f 'cosw 2 ,-/ 'sinw 2 ,l), 
|#, a# 2 | = w'Vl+/' 2 *0,«' >0 



(12.8) 



Mil l ur^*-^ ^^-«^ o'ji- 1 -" Ji^" <— S^^-^-L) t rtl"^; j^laljLJI JA«lII (V) 

c^'^^'xo,^ 1 )) 



' \ 



(« 1 ,« 2 )=(/", ,/ 3 (« 1 )sinw 2 ,/ 3 cosw 2 ) 

'i o o ¥/, 

cosw 2 sinw 2 
-smu 2 cosu 2 )[f 2 j 



(12.9) 

C :r(u ] )=(0,f 2 (u i ),f 3 (u 1 )) 

2 2 3 

e^l?J J -^ ^U,„t l OX jJsiJLa (jljjjJ! j^oj x X ^jliJiJL! 4- j^lj 

LiaUJV! iJI jJI \ Juil ^la-lit 1 t^LaljLJI JjurJI <I Qj^j 

R{u\u 2 )=(/" 3 sinw 1 ,f 2 (u l ),f 3 cosw 1 ) 



^ cosw 1 



sinw 



1 
-sinw 1 cosw 1 



1V A 



(12.10) 



^e^u) JIJjj_;o; (12.10) .(12.9) <- <ih-,;ll L-^KUIcj^L 



((12.7) 4 U^= ol^ljUl 



R{u\u 2 )=(f (u [ ),u [ s'mu z ,u' cosu 2 )^' > 



. i \ . i 



(12.11) 



R(u [ ,u 2 )=(u i s'mu 2 ,f (w')V cosw 2 )V >0 (12.12) 




f (u ) = sinhw 




/ (u 1 ) = coshw 1 
meridians Jlj>Jl Joj_Li- ^ ,» i w 2 = const. 

parallels ^jl^ui U^,^.,] u 1 - const. ^j-k^Jl Uiu .^IjjjJI ^.Ucl) 

^Ij^jJI t-l i ci II (J'jj-J'i L>j'>-^' lisjJaJsJ R-, l /?| CjLcuLaJU c_)L_u_>uj 

.ijkijji^l jiiii gn= <R ^ R 2 >=0 ((12.8) ^oijl*! (12.7) 

j^^.n j^b g a/} jyvi i^L-Vi cjLu^ji ji (12.8),>._9 
^„=l+/' 2 ^22=(» l ) 2 ^i2=0,g=( W 1 ) 2 (l+/' 2 ) (12.13) 

aw aw" 



' N 



""=7" = TT77I^ l2 =^=°.g 22 = — = 7^(12.15) 

#11 1+ / #22 ( W ) 

N(u\u 2 )=- 



1 2, ^,a/?, /?,A/e, 



■:N = 1 (-f'cosu 2 ,-f'smu 2 ,l) (12.16) 

>/i+T r 

t>° cr^* 2 (12.7) ijjiUJVI JJIjJJ iojlll! ijjjJI Cilj ijjj^JI iaLisLilJI cjUiAJLI 

= (0,0,/"M, 2 = (-sinw',cosw 2 ,0), 

2 . • 2 ~ . d (12.17) 



R in =(-u cosw sinw ,0),'= 

aw 

^Jt J~~^ L ap =<R ap ,N > ;LuiSJi i^LVi oL 

■'■ L " = T^- L ^-£p- L " =0 (1218) 

. g 12 =0 , L l2 = o"^ ^Ll^VI 
i(UY)aife4U 

j/vi ^L-VioL^Jijf (12.18) ,(12.15) ,(12.13) j^^\ 3 

2H=k l+ k 2 =g^L a/} = g "L ll+g 22 L 22 . 



u \c J ■ -~ -«■'' (12.15) j>l JLa-" i uLij 

Z,,, _ ^ 

1 1 "-2 ' 

#11 #22 



2H=-± + ^ = k ] +k 2 , (12.19) 



K = k i k 2 =-=^-M (12.20) 



<? #11 <?22 

^ j^o(12.13) .(12.18) .(12.20) .(12.19)^1.^^ 

k,=—= — — r =£ , (Jij>Jl^^l) 

L , (12.21) 

k 2 = ~ T- ((^jljjJI Jai- sLl*ijl) 

g 2 2 u\\+f' 2 f - 

2H=* H+ ''« + r\ (12.22) 

0+/' 2 ) 3 



„, ' 2,2 ' ( 12 - 23 ) 



\\=L ap du a du p =0 



^yic. J-ua>^ (12.18) 



aw" L M 



f \ 



,du 1 2 w '/ ' 

.f">0 a>^=y U' ^jL^ Jo ^Ja>- JUv ^3 lij w 1 > 

■ (^12 = 0) <^I>1j9 4 i i mi (Jlj>" Joytr^-J l^j'j^' Jojiai. 

T+— J —-rr=2H (12.25) 



(— ) =— TT (12.24) 



(1+/' 2 ^ aW 2 )' 
.((jj^i) j^^i^^u^ju^i / =/(M')yijji ojIS 



z = ■ 



.'. z = 



(1+/' 2 )^ du 

f" 

(i+f 2 y 

aS-b (12.25) (^LUIjj 

:ojjj^j Ja. l^Jj Z ',Z 4- ^Jai- ijJLoLaj SJjljLfl ^yAj 



z =H o u ] +^ T ,c =const. (12.26) 
u 



£,=z\£ 2 =^- (12.27) 
u 

J ( 1 2.26) |>l Jua-" mbj 

*. =// -74t^2=^+74t (12.28) 

C =0 jLa (A:,=A" 2 ) Ajjt>^= ^= L ^ i ^ j^k.'.ll 0^= l^j <ji gj^A J^a 

(■//„ ^ 0) l)J>^~>J! o' ^sl i nil lij -*J3>== it-iri't ,jj9 <1= uj^'j ■ ,.tl j 

i(MY)JlJU 

.c^jIj i U i u jlJU «.LL>o^l jj ^yjljjjJI i nil JjJjII cjIjIt ;U <JjL»^j 



(i+r 2 ) 3 

f' 2 H (u l ) 2 +c 2 

>2 ^ 1 ' 



l + r 2 * «' 

1 = (« l ) 2 -(// (I/ l ) 2 +c) 2 

/' 2 (//>') 2 +c) 2 



•r=± 



//>') 2 +c 



4(u x ) 2 -{H {u x f+cf 



■■■/=±J- 



//>') 2 +c 



(12.29) 



t(Y.U) JtJU 

dJsl_L>ol (^jJI ^j" 1,1,1,1 e-SMj^j ^yjljjjdl ^-Ui.ill ^Jk Jjj-uL^=JI (JjT C^jjI 

tJsiM 

f-±\- " 



2 2 
*-C 



14 

■du l =±cosh"'( — ) ,c^0 



./=±cosh"'(— ) ,c*0 



(12.30) 



,n ^yjljjjJ! ^Uni II j 4 m"^-iU ^ It, la jj!> jJjJLl (^i-arUI (jj^-ij 4-IL>JI ojufc 
.(LlvjJU 5jLiVI jUk:L) (0.\ Y) J^> i^, 4- J^>a U^= .^IjjjJI Jua-Lul^-iJI 




ju^lul^JI :(0.U) J^=u5, 



t(T->V) Jll» 

Jji J < i^l" r ii U ^Ij^jJI i nil 

(H n * 0) iJUJi 

JJ>J ^Uli l I I ig-^j Of oL>vjl 1 ii^-K ^J «JL 

( 1 2.29) <L!_5L*J.I (j^a 4_uLuL». A_uljjJ f-j ]n i n Ji^ixi J ~>J .i v ..-». // q jj*—- ' 

jljJill oj^=^ o' 

.1\2 /rj /1\2 , n2 



(uy-(H (u l Y+cy 



In i nil Lk^jJiJ JLa (JM-»- W f>j:3 ^jn -»J ^« 

jl jjii1 j C l X J (jl (j^-i ^-j (jVI 

(a 1 ) 2 -^ 1 ) 2 -^) 2 

-.Sjj^I^ 0((w') 2 ) j^Jj (w') 2 ^^^UIaJjUIj 

O(( W , ) 2 ) = -// ( 2 ( W ') 4 + (l-2// c)( W , ) 2 -c 2 (12.31) 

in ^Jc Jir. <i u ^->) iJLu, SjLil L,J 0(v ) I ij (ll Y =v jl (j^J-^ 
jl j ^-kij V ( 12.3 1 ) Lj*-upJI S_taL«J.I j-j^ jjLa ^LlILj ( <L j2 jJL-v i_jjljjj 

IjljJ j ^JL^u Qj^j ol ^ ) ^i-I-sL^JJ 3_yai jl_3 LJL* <E>(v ) o:L^= I jl 

,,2/ 2 — C . C 

+ ( „ 2 ° ) y+ 77T) 



, . — . 



( 1 2.29) s_bUll ' jl -v*- >* u 1 ^(v ) ill jJJ up* 



A=(l-2H o cY-4Hy>0 



c<— !— jl 1-47/ c>0 ot^ 

AH,, - 



o 



<l^u>\ j3 jJ\^U,, i ]\ jLviyi >oljLJI oli ^W; ( 12.29) aJjUI lit 

c<-J— (12.32) 
4// o 

pi mjSs. jj^x i^j 0(v )=0 yjui ij| 0(v ) Luojpj! ijiou^^ai oi u. 

v=( M ') 2 = p 2 ,v=(« , ) 2 =^ 2 , J P^("') 2 ^ 

/. 0(v) = -#>-/> 2 )(v-V) 
((12.29) yjUlj-) o'tfi O(v)=0o^ u=q,u x =p 

-±-=f' = — r = 00 

* . J 

(— ), =(— ), =o 

dz "•" dz "I 



e 




Cm) ji 



oi J! li J33 0((w 1 ) 2 ) = -// 2 (w 1 ) 4 + (« 1 ) 2 = o^c = cJl=p lij 

9=77-^ P=° ( w ') 2=0 iKw 1 )^-^- 

o = 0) 

^— ■ ^^jljjjJI ~ U , „ tl ^jLa JjIj^jJI j^^tx j-La2j ojJ^JLI >.i> 1 j i t i 1 1 CjjL== I jl 



/ \ 



ii.,^ « ■ ^k.,.,,11 4- ( holes j^JI) handles ^Lai y oL*iaji jjlc 

. genus (^) 

t(UY)a^hij 

jj-stxj t-^j i jJjJli oLlL^hi j jVi iJUJl 4- . jLa-lj I j^Loo (geneous) 

lit o-^J . Torus Sb*JI VJ La qj>^ ~*-±>^ <JL>JI 3>i=JI Jl« uLtf^ 1 




SUOll gJa^, :(A.^ Y) A . Sj^tl -U... .(V \ Y> J^. A 

: «LjjVI hill CjLuI Jj LlLuo jj JL3 03*~~^ ' LiA (j-^J 



e 



t(UY)3U>liS 

.OjIjj JjjLrta tjjJLa jij^"" 1 * 

c i . 

L(H ,c)=^\+f' 2 du i o?U, 

p 

H 2 {v-p 2 )(q -v) 

pH i<y -p )(q ~ v ) 

(v =(«') 2 j-^jj) ^' a 1< ^j L« _ji 
Z.(ff.^) = J-'f . dv =-i- (12.33) 

elliptic integral ^LU! jai^-.n ^L^. ^ijiid^L. dUi^ 

f / =n (12.34) 

iH oy j(v-a){b -v) 



f'f 

K=c=—^- — - ((12.23)^) 
«'(1+/' 2 ) 



4~UsUjl 4_*-Ui>l 



f'f-cu\l+f'y=0 (12.35) 
. /'/" 

~--cu 



>2\2 



0+/") 



--(l+/' 2 )- | =-(^ 1 ) 2 +c l 
2 2 

1 -c( W ') 2 +c 2 ,c 2 =-2c, (*) 



1+/' 2 

1+ /' 2 = — l — 

c 2 -ciu ) 



1 



:.f'= 1 

c 2 -c(u ) 

c 2 ) 



•■•/'=.! — W -1 

'c 2 -c(u ) 



1 



-\du l (12.36) 



c 2 -c(w )" 

(<ai^auo <m ^h...ti) A:=c = (i) 
-\du\c 2 <\ 



'■it' 



f=c 3 u l +c 4 ,c^l--\ (12.37) 



C 2 




(Z, = 0) jojlfl Jojjjejo jl V^'- 3 jiajjil QJJ^J (j-iljJjJI i nil <jLa ^LjJLj 

. C 3 = C 3 ^Q C^L^= til (Z, ff/J = ,\fa,P) ^jlt-i-a 



o^=j (12.36) j»ljLjei^Lij (<^>->« ojIj (j-u<jL>- *Ll»oI) A"— c— 1 Ji£=a lil (ii) 

(12.38) 



7 J)|^V) 2 



lc/w 1 



J l-(w ) 



1 



=-^(1-(w') 2 P(-2wVk' 
=~.f(l-(«') 2 ) i 



i\ j. i 



:.f=-4\-(u'f (12.39) 

j_a j3LJI ^Ui„ llj JC X 3 Jj'u U 1- 5" '(1) 5 j_j j (^-istla i-iSj-jG UljJI tfjuk 




x 2 (V\Y)J^i 



(ji (12.36) ^ (^l^c^j^jU. *L>J) AT= c = -1 iy (iii) 

(12.40) 



1 



^ {uf +c 2 



-\du ] 



4-/<ji jdb jiai or-btiii jIjjj o-^ j AT = -1 « ^sn ^uai ^IjjjJI 

U^d pseudo sphere 2jj= y i_oL== " ej ^= (12.40) 

.Our) 

r^VI (Jinil ^^LaljUl J-lUTJI <i ^jJl tractrix ^^=1^1 



r(/):(0,^-)- 



r(0=(cos/ L ,0,cos/ + log tan -^), tjt ~ 



(12.41) 



U<= r(() j-^l 

.OOY) 




R (u 1 ,u 2 )=(sinw 1 cosw 2 ,sinw 1 s'mu 2 ,cosw 1 + log tan ~) (12.42) 

t(T.W)ttr5U 

4JI L^Lia^ Sj^JU J^-^*JI Je^J* 4- J-^ lij^ (12.42) ^LaljLJI 

1 71 u 

(\\ mj ^A \ ,,^^^ 1^ u ^ — logtan— *.>»JI 

.(( > > T ) J^aui ilsLflj (jJS QJ)^~'"j I M * otViiU JoLd-UI 



/ 



"Of J— 

t(UT)Jlli 

C o'ji^ il^ ct^jj- 1 " torus T^^ljjjJi 3L«l1!I ^-ijts ^t-im 

r H > r ) ox 3 (r ; ,0,0) L*^^ r Li^i^ . o,^ \ 5 xz jfu^X\ 4- 

jLa i!L>JI oju* )L.j JJ- 3 " ^^h'- 1 -" jJLxoj V (j,^ 



r(u) = (r + r cosu\0,r sinu 1 ) 
lSP*I _>LJI 4J (( 1 2.2) J ^Jiii) g3UI ^IjjjJI oLi ^LiJbj 



R(u\u 2 ) = ((r o +r cosw ')cosw 2 ,(r o +rcosw 1 )sinw 2 ,rsinw')(12.43) 



. « 1 2 



R (u 1 + 2^r,w 2 + 2;r) = /? (u 1 ,m 2 ), V (u 1 ,w 2 ) 




AjJijIj JoLaj 



SUJI t_ijlS jL* : Y.U) Jg~A 

(jt Ju>j iajljJlj J jVl 4_ujiLj/V| CiLi^iraJI i—iLlu-kjj 



L u -r ,L l2 = 0,L 22 =(r Q + r cosu l )cosu l , 



(12.44) 



■ ^ _ ^-u _ 1 t _ L 22__cosw' 
1 - — ' ft 2 _ _ r 
g„ r g 22 r Q +rcosu 



K=k x k 2 = COS ^' . (12.45) 

r{r + r cosw ) 



1 



(12.46) 



i 

.(AT > 0) i-u^U JaLaj ^ ijj^aua W G[0,— ) ^jI>o ^^lII iiiilil j I ^ I 

-1 



,r o >r (12.47) 



I 71 

.(.K < 0) OOjIj JoLaj ^ys W G (— , 7r] ;3ij>o (jl ^1 

1 , 

A"=0 (12.48) 

i(0.W)Jtl» 

g =r 2 (rcosu l +r o ) 2 ^L^g^^ill jculljl ju>o j^UJI Jliil t >> 

j'ji"'" -4 mil Ijj 



/ \ 



In In 



In 



In 



A-j J y[g dudu 1 = JY {r cosw 1 + r )du l ^du 2 

00 

=4;r 2 r G r (12.49) 

t(0.W)*fi»> 

.Ov.u) J^i^. 




(m) 




(t) 



Appendix on Elliptic Integrals ta^LUIu*U&t^J£)(i.W) 

ellipse ^LUl ^kiii perimeter (d*^) 
x =acosw ,_y =Z? sinw ,#>6 

71 

(J-flLg-aJL) tj^Lill ^JolUI ^i^-La J>Ia) (jjtj ^j^qJU ^_ 

(12.50) 



du du 



: ( _ y ic J'^^'' (^y-a^Lxll jlaJill Sj^LoIjLjJI CjV.}L*-U ^jja jjiaJ^JijJLij 



L=4a jyjl-e 2 cos 2 udu (12.5.1) 



o 



,>a ^^LJl j-L2U eccentricity uobi-Vl £■ o 



£• = Jl-^y < 1 ,b<a 
a 

I=4a j^l-ff 2 sin 2 v c/v (12.52) 

o 

complete elliptic 4 m^u^^l^^ „,„-,( 12. 52) t ( 12.5 ^coui^-n 



iuL^Vl 5JIjJ! o"^ s^LiJI JjjUL L^.L^v (j-^Mf V cj^Lal^-.li ^ JjVl 
JIjjJI J>Li. <><> 1 g^^t-cJl (j-^u V integrand J_«L^=uj antiderivative 
JjIjl^. ^U^l^U (^LJI j_La2JI Jj-L ^UWi .elementary 4-J9V1 



J^aJJI Jl>.L Jl3 ^J\-~£ 2 ~COS 2 ~^ jl >/ 1 ~ £ 2 Sin 2 ^ J^l^i'U 
1 ? 1 

yj]- e 2 cos 2 </> -y/l — ^ 2 sin 2 ^ 

lirw (12 - 53) 

o -y/l-ff sin <p 



) 



dtj) 



yjl- S 2 COS 2 



(12.54) 



E(s) = ^\-s 2 sm 2 udu 



(12.55) 



o 

4 



- j^yi -£T 2 COS 2 V dv 



du 



s 2 sm 2 u 



(12.56) 



dv 



o 



2 2 
£ COS V 



jLa Ml^a (f) J^-ij^^tiuLa J^al^-i"ll JjJl>J ^^LlJI i_3 j >iaJI j^^J J^=LHI (^aAJ 4-J 
JU-p- J^E(S,(j)) ,K(£,0) j>a>llj iiLJI ^MoL^UI 



£ (£,^) = |^/l-^ 2 sin 2 w dw 



(12.57) 



= j>/l - £" 2 COS 2 V 

o 



1 -f 2 sin 2 w 
<iv 



(12.58) 



o VI 



S COS'V 




f 1 

7t{e,n,(f))= ===du 

J (l + «sin 2 0)Vl-£ 2 sin 2 n 



/2\ 4 1 



*■(£,«,-)= f ; / , , , 

- o (l + rtsin'^vl-^sin'w 



du 



yj\-£^s'm 2 u , 
■sjl- s 2 cos 2 m , 



VT - f 2 sin 2 



yj\-s 2 zos'u 

J-£=Jj 4-j.U.t.H J=»Imi U *4- 3>-^Lw Jj^ua-i >^iaJ V Jl-3 CJ>L«L^lJl ajL-A 

J! (iij^i J*t *=-.-,» 



(U)jj>Ui 

u Mjj \ II , ^ It- i-wl ...II j ,-■»•,<- t-^-ji o) 
e> — obi- 3 u a ^ ^' cr s h3 J " L! L^L^Vl tiil*L_L>oVI j (T) 

.x J jjn. _y = sinx 

(^►■asLjJI j_Lii!l ^^.Irtla obi- 2 Jj-C £jL-l!I ^IjjjJI l-i i ii II Ir o^uaJ! JaLoj t>LC. ( i ) 



JGI3JI ^ Unl l ^r-bfcia (j'ji- 2 CJ- 1 bi jL -" ^JajJLI iojjLaill lLsj)1-i->1I Ju^-jl (0) 

.y J3 s*A'jy^ x 2 -y 2 -a 2 ,z = ^Liil 



.y jj^ta Jj^- _V = X JqaJI CjIjjj 

2 

locally conformally UL^ JjULI ji ^ ^-, 0J ^bi- 2 £^ ■■■ ^1 c^ul (A) 

:«_uVI S_jjljjjJl 

2 2 2 

x y z 

— H , = 1 5jL>.iyi ^JoJI j^^juljJU.Mu-UI (l) 

C~ " 



2 2 2 

x y z 

— 2 2 r L>^JaJi (^jijjjji ^ojIjji ^u^i^m (n) 

a c c " - - 

z 2 =jc 2 +^ 2 (^IjjjJ! ^1^=11 (iii) 

.Oy J_^>. 7 = cosh x a\,„\,„\\ o' 6^ jujM'il^tl (v) 

torus jUiJI (vi) 
pseudo sphere LoL==Ji s j^ji (vii) 

»Llj^VI (jj, ^-.jZ = gyy ^uJI ^U,n 1 (0,0,0) J_^>Vl 4 jl^. «ul 0-) 

2 

.(^1 J^JJI ^.Ui.iJI jjljl^j J.ki.aU ^ to, nil (J2J>«3 J I £>.j\ :jLijP 

.i-iLI j Lr^J-J-^ 1 " 3' ^ ^ 1 " a 1 11 iJjLlIc.1 t j ; — n <i_> j&jLoJI j^^ljjl Jojj^itil ( ^ V) 

4_uuu^jJI <<-< tjj " C_c>ij L^LaljLl 4„,ljia ,1 ^ ^— i «lj ^^IjjJ . ,. ^jl £) 

I = (^ l ) 2 +g22("')(^ 2 ) 2 



/ \ 



1 2 

oJ ^jJI ^.Ut.iH ^Lc U —U J^io Jl^-jI Oo) 

I=(^w') 2 + sinhV(dw 2 ) 2 

.((>olilJI S-'M^ 4-^^""^ <jr^- S<-<-o>aJl ^1 Mill tiujJIJ J ! £->-j\ t jLuijJ) 

(i) * 2 +jy 2 =coshz (ii) x 2 +z 2 - cosx , <x <— 

2 

(iii) x 2 +y 2 =e : (iv) x 2 +z 2 = sinhy ,y > 

Ja-^UIj t _ r ^, i L>JI 6 Ll^M (j-a J_^> Jl^jI (n) jjj^ cr^ 1 ^j U .<.i.U ( W) 

• tLooVI Jajloi^j A-ujLdlJI Jo^JsaaJlj 

^L^VIjc^ti^jUJ! *L_^VI 4j^jJI jl-p-^JI yiljjjJI grU,,, tlulg^-. OA) 

■K < // — (jt j^s.^ jtiajjj ^jj" i nil ^jl ( ^ ^) 



' s 



Fundamental Theory of Surfaces 

J^Ls- <j_a j-lo-cuJI (j^ic La 4^=^_>J ^^LsJ,! JLuajJI ^j^iia (_>o>*j i-jLJ! I j-4 

jLLaV J-Cuu I jufcj ^Ij-iJI 4- CajIjJI jll^yd 4 u,,i itLj , „ t l ^^Jc ^/J ^^La j 

^J^, 4 | g-»-"U JjJLal! rt" i ' iVI 4 JflJ^— ij JoLjjjVI j^-jus (j-^a L$J J) L«j (jjjl .Tr.'«_i£ 

t glujf ^ ^UVl uftUlf ( UT ) 

^j^JiVi £i>-iii 4- A/ -X = X (u a ) ,„LbjuJ ji^^^; 

.M £ W,.„H cy lc. A^^aJI J^j X„ 

i^atlU J>L>JI J^s £l>3 jbs 4akj ol^. " i. U tfj^j jdjJLI 7* A/ ^U-U i ££uuJ,\ 
4_Ja>- 4 M^rr^p j_A ~ U . ,. tl jl.i * al ^^Ai. i—S^^-ui <-»•" a JjOS- ^1 lil . A' Q ,N Cil $-r~ II 



I < 



a ^ P i u p - const. ^^LaljLJl ckitU ^UJU ji* a 

a 2 x 



: (^LJl <_,LJ1 jl^l) Mi*^ X a/? = 



du a du" 



Y -J?L- Y - d ' X 



<3(w ) dudu' 

_ d 2 x _ d 2 x 

22 ~ ~, 9x7 21 — 



22 d(u 2 ) 2 Z1 du L du x 

^_Lj A_j^lr»ft I njlr> 4_jLs i JjLalLji^U i-LLij A_3^jlxsj iJLaJLa '-A"" JljJlJI (J\ ki~t>-j 

(13.1) 

4 jliv A n^~)>j (jr-d^ Lr'^Wj A/£_L»j-uJI -iljLial 4j*Xa J>i>- ^ a p Mill 

^=^^+1^ (13.2) 
<Af a ,,JV>=L a/? (13.3) 

<Af a/? ,Af,.>=r^„ (13.4) 

-/> a/ rj CjIjo^-tJI .4jUI_L>uI ^1 ^Ui.iII J^-i mi JyJL>o (j^. aJj* mil (j^&J jiajjJI 
(j^-ic lsA?— «-«-" i>L>J)l aL -A"^ A j^jj^ A^flL^ol 4- ^ ^ ; j* ' U lUrti.i a 
C7 J^. X a p i ll n , , i a L$j? (jr-l^- i-S^j-jlj CjLla^sJ) 1 <i ij i (o.ij-«j«J! i-L£==^>Jt!) ^lii .ill 



CjI ji" i n <\\\ Jail i . ,t- U jLa g ^ = <jf oJUsLCLa ijpjaljLiJI JojJaSJI .-.M<^ I jlj 



X r _ 1 

P T y X aP -<X afj ,—j==> = . — <x a/} ,x y > 

1 r' a , grr =r„^ (13.5) 



S yy 



P T X U =<X U ,^>=^<X U ,X ,>=T\^ X 



JUL 

7., 



^T : ^22 ~<X 22>-r^= > -F l 2 2 4g 



^T, ^12 ~ <X 12' /— — >— ^21 y[s7\ 



:(oJuaL»Iil ijp^aljLJI 2^ ..'..W JJLv £_) ,^11 

P T X aP =<X aP ^>-V ap ^~ n (13.6) 



T y i y = 1,2 <l pl*l J UI U Y JaJJ ^LUI <U*1* Jj_L> ^Jg^ C-p. 

.<JLoL d . a Ajp^aljLJI JojJgjJI '^p- (_^uLjJU tfL>ol <i_ sJuv^JI 

J_i^ OaLGji L7 ijGj connection form JoLujVi u <> ■ .n oL*^=Jl 



f \ 

*LLsoVI e£iljL^=3j i n II ^ If (_$Jjjwl!Li X a p daLjjl (_$Jua ^yJtJJ (i-uLUI 4_ti*iL-uVl 

^£ jy i n - a ) (jo/L<m ^ j" mi U ijL^ol iL. £jLujlj]I * l^ij-* c?- 1 -*^ (jL-3 ^. .jlt* j ^jLl m "il l 

L«j=> i nil j^jii. iV (jjj-ajJI <>L>ol iL. Si^j- 1 1 'j.' (cjLcj_uJI 




2 du a du 13 du' 



g a ,=<X (t ,X p > (13.9) 

^=<X ay ,X /t >+<X at X fiy > (13.10) 

^ J^,(13.9) ^13.2)^^1^^^^^^ 

f^=r; g| , + r; ; , g „, (n.ii) 
=<x pt x Y > , g ra > 

(13.9) <(1 3.2)^^y j _*ui i ^wu^ui^ < it" J \ 4,,„ ;1L> J-^UUL^ 

f^r^.+r;*,,., (13.12) 



^r^g^r^,,. (13.13) 

^^0(13.11)^(13.13) ,(13.12)^ 



_,dgf>y dgya dgq P 

' yv * ap K du a du p du r 



^■gyv^aS (" 



) 



(13.14) 



■ a/i • 



du" du p du y 

d gpr , d gya dga, 



7P * y du a du p du r 



•) 



■ • 1 ap ~& \ ^ „ T ^ n ~> v ) 



(13.15) 



du a du du 



J)^ """"'J TV (_£Jj-4JlII 3 Jl>.jJI 4_3eIL« JiL>J A l,i ,iilL) 

< TV ,7V >=l,</V,/V a > = 0,</V,X a >=0 (13.16) 

AT 8N 

du" ' 

• (13.17) 

>iUJI cjLJI 4(10.14) a>UJI ^1 jLilM.Lij 

(13.18) 



<N a ,X y >=-L ay 



<a»X p ,X r >=a»<X p ,X y > =a^g Pr 



< = -LarZ* (13-20) 

jjl ju>Ji (cjIjlUJU 4- o^-i'iVI) JI_pi.VI t-i^LuLj 
a£ = -L ar g" = -L p a (13.21) 

(ji ju>o ( 1 3. 1 7) 4- o^>*^Wi 
N^-LiX^L'-L^g* (13.22) 

(^jll^, JJj Tensor eq. ^jcu^. ibLj. g ayff 4.^^^! 

Jj-^J ^H>*J' Clin' it. U t^j-Jij) . .iL-uVl cjVjL«J,I jLa ^tv. Ml U . „ 11 

*«*=r^,+^tf (13.23) 

N a =-L r a X r (12.24) 

(jjC 4 jLlC. ^^-A 4_ul!Jl i_tal_*J,lj <u-/jL>. iTjVjLtA m"ij N i X y I X „ Cjl n" i.aU 



/ \ 



m^U,,, il^j^^jjl r ;/<■>. oV^Llc u „ , „ j ( 1 3 .24) ,(13.23) 

.G-W equations ji Gauss - Weingarten equations 



(13.25) 



dF dF »r 



X 2 AA)' 



A = 



B 



( V r 

1 a\ 




-V 


\o 


( Y y 
1 a2 






\o 



(13.26) 



(13.27) 



(n,)= 



1 12 1 12 

V 1 22 1 22 . 



(13.28) 



(I„ 2 )=(L 12 L 22 )' ,(n)=(4 L 2 ), (13.29) 



/ r i r 2 
1 ii 1 ii 



, r 1 r 

V 1 21 1 21. 



(13.30) 
(13.31) 



du 



d 



du 1 







"r 1 
1 11 


r 2 
1 ii 








*2 






ri, 




*2 


(13.32) 


N 




< 







N 








1 12 


r 2 








*2 










*2 


(13.33) 


N _ 




< 







N 





a 



du 1 



■F 



1 a/i 

-V 



L 







F 



(13.34) 



J1 »j) ^jL 



Lj3 (jjjjL*. d)L^3j)^i^-i a ^.a-m "i A, B CjlSj^ir-i U . O', ^ — 1,2 vi -p- 



lit M ^ 



^(M'rleM^^^") ,5=B(w a )eGL(3,R) 

V(w',z/ 2 )eDc=R 2 

^rl-i . .ill ^yk. /j, Z? CjL3^i.^a.l,Li 4^J»JU ili>Lajelll J= S^aj GL (3, R) 

| -i AD 
j-Aj ^ , ,i " >-a>Il tfj^-a jUa 11 ,U~ ^rUi.ill CjljJLaljL ^^k: JUltJ v4, £J ji 

J-==> V »> A 3- ,I ■ 2-parametric group c>i>^bL> ^ stA^bW 

parametric p.ty.;U ^,,,11 ^ ^ i i> i^\ jLJi ^ ^,,,3 ^a^Jl oju* .ph'Ul 
l_u>^ji a_j_^uui oVjUai ^-a ^ <>j-^> . Lee group 

J j^iii f^' ei^i ( 1 3.24) t ( 1 3.23) 



:(Ur>JLt« 

X (u\u 2 ) = (a l u ] +a 2 u 2 +a 3 ,b{u [ +b 2 u 2 + b 3 ,c x u x +c 2 u 2 +c 3 ) 

t> U U.~ X = X (w',« 2 ) ajijju 4-u>^JI CiU'^ll . w 2 
X, = (a„fe l ,c 1 ) , Jf 2 = (a 2 ,b 2 ,c 3 ) , ^ a/? =0, Va,/? 

g n -af +b 2 + c 2 =const. , 
g 2 i= a 2 + bj +c 2 =const. , 
S\i =a \ a 2 +b t b 2 +c l c 2 =const. 
.(cJu^l^) T^ = ops^tiJLj r^_ r =0 li! g„ A = const, oi Uj 

^s^V^*^ >=o a ar =o,va, r > 

* a/? =0,A^ = ,Va,/? (10.35) 
,4=0,5=0 (10.36) 



t(Y.W)jii» 

_y fix), Z ~ i n a tjr i5e-La t _ r l^. <L«lJLa <L>! j,V-i i »1 <LaL*JI <jl jt- , „ Vl 

A>V) = (w',/V),i/ 2 ) 
Ijl .(i-JalLo iJb) JL^ U^a JxoUlJ JJjIS iJlj /i^fi t w'e/cM 

jr, = (i/',o),x 2 =(o,o,i), 
jr„=(o/ ff ,o) ,z 22 =(o,o,o) ,x 12 =(o,o,o) 

^,=1+/' 2 ^22=1^,2=0,^=1+/' 2 , 

^"=y^7i,g 12 = 0,^ 22 =l. (13.37) 

4g Vi+7 72 

L U =<X U ,N >= ~ f ,L 12 =0,L 22 =0 (13.38) 
VI +/ ' 2 



' 1 



L\=g»L x =g"L u +g»L n 

L\= ^-—=-k c (13.39) 

. (1+/ , 2) c 

^^laljUl cUugj^jdl <jlj)WiniVl eJLclja u 'if \ a »li>ul k £ ^L~£>- 

r(tt , )=(« 1 /("').0) 

j 2 2/T 21 r , 22 r 

L 2=£ ^ = £ L 2\ +g L 22> 

f 



=0— 



>2 



2 = f" = / ff d+/' 2 ) 

2 V^T 77 o+t 2 ) 3 ' 2 

(13-40) 

au du 



a */>- d£ w a ^ 



© 



u ~2 8 K du x du' du [) 



r:,=^"(% + %-%)4? i2 (— ) 



V% +zero= /xi 

2 dii' \+f' 2 

u 2 5w' d« 2 <3w' 

^ 3 I -> 2 -> 1 ' 
2 £7W Oil 

2 dit 1 Bit 2 du l 

•*■ r} 2 =0 , Tt, =0 ( g aP eju^ ^a) 

r , = }_U(dg J ^_ dg 1± _dg 2L 

1 22 6 V 3 2 a 2 ;> 1 ' 
2 (72/ (7» (7W 

= (^11 + ^il_^21) 

2 c^r dzr 5w' 

, 1 ^-(^22 , ^22 5g22) 

= zero + zero, 



© 



/ \ 



r?,=^ 2 "(%f + %-^f) = zero, 



22 



du 2 du 7 du' 



12 2 du 2 du 1 du 2 



2 du 2 du du 2 



) 



1 n^g xl , d S 22 d §n 

2 du 2 du 1 du 2 



) 



zero + zero, 



r =0 

1 21 w 



x u =r u x r+ L u N 
=r; i ^ 1 +r 2 1 x 2 +L ll A^ 



f'f 



f 



•AT 



-••*„=- ^— ( / X x -N) 

1 2 = A' 2 1 = ? X 22—0 . 




in 



N l =-(L u g u +L l2 g 2l )X-(L u g l2 +L n g 22 )X 2i (a=l) 
N x =-L xx g"X x 

jl J^> (13.37) {yi 3 

f" 1 

.-. N l =k c X l (13.41) 
^JbiV^ljU ...Vi^Jc^jj^ji J-^-qV) N 2 =0 

:(j-iL*JI i_)LjJI IL. J^aJJI jJajl) tyfc oljt-ii.ib^ ^V-im ^yk. jjjLfcja^ (JLiVjIjlxs Ijj 

N l =k c X ii N 2 =0 (13.42) 
3jL£.LiJI oLtistJJ, oL-Lat oUCI 4_ *Ll»cVI ^ (13.42) oli^UJI ^ 

J Jtfjl? U ViUU ^wJuA JftHlifi 

Jjjj^aJI L^LiLH^j (j^— i <1J ( 1 3.23) (jji^La- <JjVjL«-a 

v,* a =* fl/ ,-r^,=vv (13.43) 

=X a p - Tangential Comp - 

T p M ^LJLI ^y....U ^ <U*UU J-^J ^j^tJI ,Un,„ II ^ V^X^ ijj 

A^- «U»Jt 2_ covariant derivative ^izJ I u&l^ i7r,r.> U t^-ju c—o. 
Sj^^l <>£ covariant vector ^ui jpsl^a A t ^ V 



/ \ 



V,A,=A I ,-T'A, =^—T k ii A, (13.44) 

1 ' '- J " k du j 1 

tjU ((ju/UIl ^^l^i,! 'i- oUol) (J^/Ujj d_5el* X a —A a SJLs- 

A = ^ = -^X = ^ X _ V 

^ a*/ a*/ a a«W a/ ' 

Orthonormal Frame Field on a Regular Surface: 

^ {X X ,X 2 ,N } jLL^I^ Lli^LLi L^ l >^ i . J LL=V!^ Jjl^^J^^^ 

"~> j JoLjjjVI ^.J-'-a <U Ljji_3wjlj J_oLClo (_^jL-j£: (j-uJ 4_^=Jj ^tajjJLl ^LajjJI jljiJLal 
.^Ij-iJI (^IseJLl, <Luj>3 ^.j-ua ^loLu l J^\ G"W CjVjLla J>U- (>a *Lu>oV1 
^tVi U,l ^ni 11 daLaj J__lal u \c J_A jj^l 4 . .1 ri't ~j ^ j_J| J|j,„ H 

4_tL>Jll ^-uljjdl il!>J*^La J-xaUla (^jLt£. jLL>) »Lu = (w " ) 

{e, J c^liii jLLdVI ji uj,^^ jJkoJl ^Jc observer ^1 jJl < ,,„ ;1L> ^1 ^la.,,j| 

1 jlrr*. 4 In" i ii U <L£.^j>J t l jj_ja J_aLLLa jjjiLujl t jjj t — liJJjj j«JU AjLvVI 

sjU^M^u,., ii^Jt ^^i^l^ui jj-^^-i^ jLj^^ij {JpJTj.JV } 
^iul^ ( ur ki. ^) Gram-Schmidt ll.jl.mui, iSj^Ja jjeio,L> 

£,=- T J=, (sj^ 4^1*) (13.45) 



£ 2 = 



(<j JL».j 4^c1lo) 



x. 



ijl -&-><j ^yL*-! jlII ' , 'j •'■"•^ (_>-al >>■ o-«3 

:<JT 2 ,X 2 >=<X 2 ,X 2 > + <X 2 ,E i > 2 -2<X 2 ,E l > 2 
=<X 2 ,X 2 >-<X 2 ,E i > 2 

\s X I 2 

=g 22 -<X 2 ,- r J=> 
yjgu 



=g 



22 



8i 



■<x 2 ,x } > 2 



x, 

X 



= S 2 2 



g 



g\ 



■'■ E 2=y[gu 



2 t 
&I2 1 &22 ~ g\2 

#11 g\\ 



■{X 2 -<X„E.>E.) 



J g ±(X 2 -<X 2 ,^=L>-^=) 



yfg~7\ ^ y g^X ] 
8u 



x x ^ X, 



) < £12 i>») 



^.^2-g. 2 ^.)> (13.46) 



' : \ 



^k,„.il jIjoJ j^. orthonormal frame field j^x\ j^LiU ^jLuJI jli^M lil 

{£,},/ =1,2,3 



JZ, j — i , £L 2 — 



P- ,~ 2 - p -(g 11 X 2 -g 12 X 1 ), J E 3 =7V (13.47) 



^11 =1 +/' 2 ,£22 =1 >S|2= 

(^k- Jj-a^j ( 1 3.47) ^IjLa-'inLij 

1 



E 




' >/i + r 


E 


2=(0,0,1), 


~E\~ 
E 2 


1 


Vi+r 2 



0/',0), 



'2 



(-/M,0) 



&^*±3<E n E j >-S i/ o'^'i 



" 1 /' 

o o Vi +/ a 
-f 1 o 



2, 



t(tAT)Jli» 



^ii=« 2 »g 2 2 =« 2 sin 2 6',g 12 =0 

^jic J'-^-w'' (13 .47) IL. (^aJyillLij 1 j>| i 3 JUoLlIo AjpjaljLJI .UjU-^tl ^jl ^| 



: = (cos 6 cos ^, cos 6 sin <f>, sin #) , 



£ 2 - .-J- = (- sin <j). cos <j>, 0) , 



E 3 =N = (sin (9 cos ^, sin ^ sin ^, cos 6')=— X (#,^), 



X (6*, ^)=a(sin # cos ^, sin (9 sin 0, cos #) 




' < 



Integrable Conditions UUUldlfaj^KT.U ) 

J*. G-W i^>Jl 

^ a p r = X a Y P > X aft =X Pay ' N a/3 = ^ /to (13.48) 

.((^") (J^L^auj (_Lj3Lflj JL. ^jj) 

Uj-^j ^ j^-, ,1, 4. l^l^, (13.48) ; ut-^-ti ciU-i,:, o 
X \n = X \ 2 \ *X m =X in '^12 ~^ i\ (13.49) 

( _ 7 lc jii-r^o (13 .2) j^jLs* CjVjIjlo jLSjjIiLjj 

^ 1 12 1.2^1+^11^ 12 + ^U.2 X 2 + 

+r?,A r 22 +z, IK2 Ar +z, M # 2 , 



■ a P aP, M - 

+ ju 2 X u +fiyX l2 + ju 4 X 22 + ^X 2 ^ 5 

+/.i,N +^N x +/d,N 2 =0 

ijM J^>j (13.2) <_>-$U- CjVjLtxs (j^i N ff i X a p <jiaJj*lJlja 



e 



A l X l +B l X 2 + C l N = (13.51) 

A 2 X,+B 2 X 2 + C 2 N = (13.52) 
^3Jr i +5 3 X 2 +C3^ = (13.53) 

Cj^LabtJU ^jla IjU-^ 4^La J>^>- X\,X 2 ,N (j! L*jj 

LjLii>J (*3-^-> LicS . 1^ I il"t jjl t_t^>0 

^, =5, =c,=o 



r; L2 x, +r| 1 x 12 + r 2 ll2 x 2 + r 2 n x 22+ L n2 N + l u n 2 = 



r; 21 A' l +r; 2 jr 11 +rr 2 ,x 2 + r^ 21 +L 121 iv +i I2 jv, (13.54) 

Jj-aj^i (13.2) (^jU- Cj^taL*>a ^ N Q i X a/j jjiajjjOlL^ 

r| , . 2 x , + r; , (r° 2 x a + l 12 n ) + r 2 , 2 x 2 + r 2 , (iyc a + l 22 n 
+L il2 N +i 11 (-aj=r; 2l i l +r\ 2 (nx a +L n N)+r 2 2l x 2 + 
+r 2 2 (r i ; 2 x a +L l2 N)+L i2l N +L n {-u;x a ) (13.55) 

Jj-a->o (13.55) C£2,jlal\ X { Cj^LaLtx 3 ijL^*J 

r 1 r 1 4- r 1 4- r 2 r 1 — i i 1 — r 1 r 1 + r 1 4- r 2 r 1 — i i 1 

1 II 1 12 T 1 11.2 ~ 1 ll 1 22 ^\ r: ~~ 1 I2 1 1 1 T 1 12.1 T 1 12 A 21 ^12^1 

r 1 _r' - r 2 r 1 + r 2 r 1 = l l 1 - / /' 

112 12 1 12 21 II 22 11 2 12 1 



(V) 



/ \ 



r !l.2 - r ! 2 .l +r n r 22 - r f2 r 21 =-^12^ (13.56) 

(_y.lt: J-uaj>o (13.55) 2— u \c ^2 J^L*- aljLiK^j 

r 2 - r 2 + r 2 r 2 + r 1 r 2 - r 1 r 2 - r 2 r 2 = l l 2 -l l 2 

1 12.1 1 11.2 ^ 1 22 L 11 T1 ll 1 12 1 I2 1 11 1 12 A 12 ^12^1 ^11^2 

= -%L n L 22 -L 2 2 )=-g u -=-g n K (13.57) 

J^'al ^ j La _jt 

rf 2 .. -r?,.2 +rf,r 2 2 + r;,r| 2 -r| 2 r 2 , - rf 2 rf 2 = - gn K (13.58) 

.^-.uji tL^vi^Lu^^L^g^^,,,,. (13.58) < (13.56) c^ljouji 

■ ^~ £ afidu" ixi-uL-ubM 4<J<r-|1l |>ljLSt-"l.i. l »Ll 

^J^^o (13.55) o^i^^^TVo^L^sljL-^uj 

i, ,. 2 - l 12J = i, ,r| 2 + 1 12 (r 2 2 - r| , ) - g L 22 r 2 , ( 13.59) 

C 2 = La-Lu Liajl (jj/jbv j-J-ua (_,tn«" y4 2 - fi 2 =0 CjLa^LxJI 
^12.2 ~^22.1 = ^22^22 +^12(^22 ~ ^12) — ^22 r f 2 (13.60) 

^3 (13.60) , (13.59) cU&UJl 
^jL^ <1 , „ - (13.58) t ( 13.56) oV^Lxil 1_«j.u Mainardi-Codazzi 



.grU.M.1,1 intrinsic property 



t( Theorem Egregium of Gauss )(UT)2b>63 

J^L^jVl ui-yjuj (13.58) .(13.56) ^ t l o o 



^=-r=(T 1 y(^^ l )-- T (^rf 2 )) (13.61) 

.^rV-i i nil ^jic J jVl <Luj<L_uVl iJLu-aiJ ojJoLill lLLjjVI j-j^ cr a 



^1*^-1 j La ^1 



<?ll S\2 g\2:2 2^ 221 



g 



12 



g 



1 1:1 



gll 



a 



-Det 



g\\ g\2 
S\2 Sl2 

2^H:2 822.2 



"&22;1 







) (13.62) 



-I h= -1 -I 

a a 2 

Det(g nlt )=g ,a= t aB- j, a, 6 = 1,2 

A 7i2jloj 5j_iiLua jj_c 4_2b^Jaj ^^—uijLjJI sl—LsoVI (jr Joju ( 1 3 .62) i ( 1 3 .6 1 ) £xua_l! 

•S-^H>^' cr^- ' " " 3 Sap <3i>k ll^ «><iL>a 

jjVl je^JI L,j isometric ^Ljil! ojl ,„ ^Wu-H &\ L_*j 

:A_JLl!l ij^IajJI if-Lixo 1 <IJ ^LlILlj .AjjLooXa 

t(Y.VT);L»>ft 

^rua-U j-^o LJbt« (jjiLtill Ajgl.i.11* a Jo Imu i ^U aJLLoJI ^jUi nil (jl L*j 

: LuJl! (jj^— ij ^IjJLj 

J A.^tl ^ jl , „j ilsLcaJJ^U iLLSJI i nil ( _ r iKjL>JI »l iVlVI 

t( Gauss-Bonnet Theorem 2Lj>» ?b)2tt ) i( UT ) lb>ltt 

^Lwjj>o (j^ixiuu^jj ;>"<m i^i // = L a pdu du ^ i 1 — g a pdu du ^ t j'-~i"i t 
ji^ i u .positive definite (jjjucULj 4_o.>») L^->« Ijuj^j s 

II, I oj-^i ^- Ijuc Uoa X :?7 >X ((7 ),U c M 2 



e 



3 ^i-lj JJjLjl-o J-^aj 6 Ljojlc ^jLatjab jjjjL*. cjVjLlx ^i~o- 6x3 = 18 Laoj_c 

Y =T oR oX 



/ \ 



(>Y)jJ)UJ 

I =ds 2 =A((du i f + (du 2 f),A = A(u\u 2 ) 

A = — r + 



5(w') 2 a(« 2 ) 2 

fU^o^l ^yiojj ^1 <^u-3 4- &12 = 1 — g 2 2 = ^ :J 'A>P 

.((_J^iLiil (_ r l^. (J lr-1-«d j^yOJljLsJI 

t _yIajJl Oj-^-ilr (^jJI ^U.nll (jl >*>ul (Y) 

I=ds 2 = 1 2 ((<fo') 2 +(<fo 2 )) 

(W ) + (« ) +1 

1 

( A- - JjLJI ^^aUI 4- : ->Li>P 

(w ) +(w ) +1 

^ojU: ^=u_.i jJ^J! ^_Li (i_j^ljUI) *_SIjl>.VI i^uiJI d^L^= ! jj (V) 

((13.60) .(1-3.59) oVjUi^jLi^-i^Lijl) 

Lj j^a A_j_p^iljLi Ui a ^Jo-m ^yk: bj-tla .^l-ij^a CjVjLca JLa-jj (1) 

.((jjj/Laii »1 Inr ) «.Lc>oVI ■ t-jt-.-^ ( j j0 

(0) 

1 =ds 2 =(du 1 ) 2 ' +e 2 "\du 2 ) 2 ^ jyfl 



( I j"l /i" ,", a j 

.lLsLLlII ^i«a -»J ^J-t-i.a JojjjJtilj ij| jt- ■ "VI (jjs J^-i 1 j^^jLsJI *Lc>uVI ,jl (jys (V) 
• ^^."Vl ^jU,..ll ^1/- j'jl^'-j'^ j) "j)l> '"'V ^i * " '>J?' 

JTJ^JI grtrn (ii) S^^JI ^tUm, (i) 

jln,..u^U...n (iv) ^IjjjJI ^u.-il (iii) 

jujn'i.^ii ^u,„ (vi) juj^yi ^u,., (v) 

:<Lu^l i nil ^ J^a (^^JL. JiaLula tgjLg. jliaj Jo>jl 0*) 

5>£all grU.n (li) ol^ja^VI g.L,,, (i) 

^Ui.1 (iv) ^JljJa^ (iii) 

jujmM^-.h ^U,„ (vi) ju^-^yi ^u,„ (v) 

(U) 

OT) 

.^I^l4_j^ jlj^l^aJj^ljUaVb^ljLi <U) 



(V) 



' \ 



I Oo) 

N \AN 2-yjg K N ,jl ^ t^J 1 ^ 3 ^VjLlxs ^ IjLiel^L (n) 

g-J>a »l litt ( _,Uta ^t-wn (^ylc (^Jjl t- nfl ' . (juijLv. iliVjbua J-a-jl ( W) 

X (u\u 2 )=(u\u 2 ,f(u\u 2 )) 

J^UiajLLsl JL^ i jX(M l ,M 2 ) = (w 1 ,W 2 ,/ (w',W 2 )) ^-UmJI ^yk. <Gt jru ( U) 

a« 2 a^' ^ 



Geodesic Curvature and Geodesic Lines 

^ric £^l_a C ( j - i-fc - i - U ' M d^~'^3 ■ eL i-yj^ J^-M (_> " "' (-> '^-M tiJ^Jtla cr L»^i 

ij'j ^ sl_L>>lilj ^ i -r i <i I ! ^ i\ iVtl JLjvjj d_j| ^ ( »Ll!l i_jL-l]I <4- Ljjlj Kd qs&u-jjz £cJLa_cu 

«.Ll>oVI If j-^sjj Lla> ij ^-i Ij 4-t,i.,L^Vl cjULl>oVI j Mgjja^JI «.i_L=«jV1 Jia iJLLJI 

a mi j (^j-Jtj T p M ^..1 «tl Jj"... tl > .1 •.-^•,V< d a j * (_g 'i H j. 

^ i ■ ■■ " CiLj i a j^a JajJjJj A.j . nLmVI ililc-l i-au^M Cj_iL^= ' ( H. >^-i . ( _ r jjijJ^jj>JI ^LLsoVI 
CjL^u-t i a Jl-s-jj JJjLava iJjj^iaj .(*>-j3l i V)VI) 4j_cuL-uVI Cjl_ikL>oVI ^1 sLLxjV! . Uj U-^ 

Geodesic Curvature tj^d^gJUUatflO.U) 

J-La-a^ M '.X —X (u") ph" ill ^-L^JI ^y-Ll ^-alj ^r-^fcla C p^j-flj 







' \ 



C X =X (w a (s ))=(*' {u a {s)))=X (s) (14.1) 

^5 Jl ^JL,^f(s) iJljdJ i^m 4,1-, Ul 
X=^=kn,.=^- (14.2) 

A/-*U,n II JoLgj jIjlI^I ^jic t-3jjcaj ^ylaiJUU k_ sLLsoVI <Latia Ji>. j^ulj (.S ) 
t _ 7 jjiLsJ» Ls-fcljL^-j (jljjja. "oj^ua <£iA~t'—i <J lij < C7 i ~ft.il I S julilj 

A.--^' +& g or 



~k n N+k g n g (14.3) 



-is 



■M-^U.nn^JLiH Litt]! 

iO.\t)wii>i3 

^? 4 Uti'i juc U i .i T I ^jj^. C u <>■ loll (jr ojjj^jj»JI «.LL>ijV! ^.a i ■ 'i £ io-==jJtl 
£0^--=? o-Lai ^>.,m 11 (^-L. C^j-btlil ,Un,» « j-a C* o-^= !->! ^'lS^ 

.( 1 4.3) ja^u c.^ JV «l>ji 4. C 

:<Ll)V\ aj^JoJJI ix.Lu^> p" - *" 1 ct-'^'W_J 



. : 5_L>Ulil i^^jkl 

t(t.U)?J))tt 
t(Y.U)a&r* 

o_^UuVl » ; ^ljjj-j Geodesic Curvature (_,.„ qjojJI 

j^—aj ^ Jlir" i a i LxjI >j jO. i ii II ^aVl_i ^ hj 1 Lg-)l i n ->■ (j_^=Jj ^Km II (j^J^- I J jVl 





t 



Moving Frame Along a Curve on a Surface: 

JjJa ^p^sjLi iJ^JLi ,JjL«_4j ^talLa WlI, a uni.tLi <bl Lulj Jjl^ll V^lM 4r 

.{T ,n,b} <J 

C:v >X(w'(v),w 2 (v)) (14.4) 

jjjo ji»ijLj ljVju Cjl ,_p=>l^j M :Jf =X (u l ,u 2 ) ^u,.j\ ^ ^aij 

l^| 2 = (^) 2 =g„X"«'" (14-5) 
av av 

/TV" 

X x u +X 2 u 2 =X a u a (14.6) 



d 2 X . d ., A 

-— r = kn,=— (14.7) 
as " as 

t dX 

ds 

T=X x u x +X 2 u 2 (14.8) 

/? T p M ^U-U ^jli^JLI ^ 03^> O' LSjJO^I t>° U-i 5 -cr^U-U 

.C =X(w a (v)) ^i~iU^ 
J$_>. «l=jJ_u, ^^^j-ij C u ;-»;U Laji_ic (>;<j»1j i j^-i ,_$t) «.Li>oVI oJj)l ... i_*JjjJ lil 
V i_^uLla j-Jl u>^=j C :,nr,UH <_^».Lua_U (T ,n,b) <*^yj>3 jLLI La p ilxaill 

O-p. {r,A7 ,A^} j-A jUoVI IJLA i p *V>a\\\ JU£ M^^,„ll ^ N t£*3A*l\ 



e 



N /'^ j = | ii 1 +^ 2 w 2 ,« ? =iVxr (14.9) 

.Geodesic Normal Vector lr ^uj^^i\ (^^j w g <^i\ 3 

:(t.U 

[r,^,yv] = i js^{r,^,^} jul^i^jLji^i 

.p jur. M ^jicJil )|_j5lj_9 ^T-btiil (^i^ ii^>4^ 4^bj _jA n g 

oi^o^^ f ijl^l. iii 

kn=k il N+k g n g (14.10) 

.p eM T p M 

— ,.= — (14.11) 

ds ' ds 



d 2 X 



--X^W+XJi* (14.12) 



ds 

j i jl>^ (13.24) ( (13.23) j3jU4^.^LxcjVjLl« ^ijiti^Lj 

= = ( r;; /y X y + )m "« " + * y * ' 
= (r^i' / i/ /, +i/^ r +z. f > £ '«^ 

„ <:/£/ "du 11 

:kn= ({r + u "u " )X y + L u/I — — - N 

(ds) 



t \ 



L, yf! du a du^ 
:.kn=k g n lg +-2 s — N (14.13) 

Chilli <-)Lll 4_ k n t-aj^JU ^al-^j La _jl 

— =kn=k g n g +k„N (14.14) 
^=(^+r^« ff ii^ r (14.15) 

= (« r + ryu tt ii^ r ,^,r] 
= («' + a ii p \x , ,iv , * ,w 1 +z 2 w 2 ] 

+(w 2 +r^ a w /? )[X 2 ,iV,A r 1 w l +A r 2 M 2 ] 

= (« l + r>^ /J )[jr„A^,^ 2 w 2 ] 
+(w 2 + r 2 >v , )[* 2 ,A^ 1 w'] 

--(w'+r^^^^,,^,,^^ 2 

[X,,X 2 ,iV]=<A' l AA r 2 ),7V> =J^<N,N >=7F 

••■ * * = >/*{(« 2 + r 2 ^ V - (« 1 + r> "ya 2 } ( 1 4. 1 6) 



. g aj} cjLa^=JI ^ .Ua'q (14.16) <.;j.uaJI ,jV ^ tn , ,i H 

^^^j^pJI ft LL>j>U sjjj-o t^lt Jj m-sll (14.14) £a}L*J1 

c-jjo^JI J-^»L>- J>L>- o-o u Ut") (jXllj n g —NxT 4- v>"^^j ^ 

— — , — 

ds ds 



. r Cl A. . , CIA 

k g = \-TT> N — ] ( 14 - 17 ) 



i g =[r(*),*(^),JV(i)] 

jJil^JI (^eHI u 2 = u 2 (s) .«'=«' (5) JljjJIj X (w',w 2 ) 

dX d 2 X 
ds ds" 

1 1/ \ 2 2/ \ 

w =w (v ) , u —u (v ) 

^ n 

" " " 



r \ 



dX dX dv dv 
ds dv ds ds 
d 2 X d 2 X ,dv , 2 dX d 2 v 



ds 2 dv 2 ds dv ds 2 

lj(14.17)4. L) i !i 5JuJLij 



d 2 X oHf //v 3 

^=[-r^-,^(v),— ](— ) 3 
dv dv ds 

x d 2 X ... . <Hf 1 
[— ^,W(v),-— ] 
_ dv dv 

dv 

r d X . dX 

[— — ,N(y),— ] , 

dv 

\X'(y)\ J dv K ' 

»Cl.U)3UiOU 

it ^ i 6 \Si 2 j^aSji^ ; J: (1 4 1 ft) t i 

J! ^Llbsj JjJo ^LaljLi j»lx. _p-a!jL> J_aLLu L^jl ^..j.-v. (14. 1 7) 

:(Ut)JLl» 

X (i/',w 2 )=(cosw',sinw',w 2 ) (14.19) 

^ J^>0 Li.^ (14.19) 4- W 1 =M 2 =V j^^j 




HA 



A r (v)=(cosv,sinv,v) (14.20) 



(jt JL>o (jj^JL>JI ( _ J -be_La <U.}L*_o Jys 4_uli!lj J ^1 i n~ i"iU c-il i 



"ST 



=(-sinv ,cosv ,1) , | \-42, 



dv 



— =(-cosv ,-sinv ,0) 

dv " 



(14.21) 



jj-a ./V i^Jj-ujJI 5 Jo-^JI <Lx1a <jlia till jl==j 



-=X, aI 2 =(cosz/ ,sinw ,0) 



/V (v )=(cosv ,sinv ,0) 

, — 11 \t- k ( , ^ . -I '■-^•«Vl , ^i<- J ( 1 4 1 R) j , -11 '3 ^ j II ^ 

-cosv -sinv 
cosv sinv 
-sinv cosv 1 

(-cosv sinv + sinv cosv )= zero 



1 



MV27 



(V2) 3 

:(Y.U)JLi* 

II ^ II* =V ,i/ 2 =V 2 ^yJjfclUJ ^uj^^I tL^VI jj* 3 \ 

X (z/',*r ) = (2z/' + it 2 ,u ] -it 2 , 11* +2it 2 ) 



/ 



X, =(2,1,1), X 2 =(1,-1,2) 
S"n =6,g 22 =6,g l2 =3,g =27 



N = 



I,aI 2 1 



1 



o (3,-3,-3) =-=(1-1-1) 
27 V3 



^ jlcuJLl 5J jLujs ^ 4_l4,L>JVI 4-lbbua ^Ac J-ua-^u X = X (V ) j_A u lull u in-'iU 

Sjj^aJ! ^Ic ( W ' =V t =V 2 J-iis^J liilj^) 

X(v) = (2v +v 2 ,v -v 2 ,v +2v 2 ) 
</ 2 X 



=(2 + 2v,l-2v,l + 4v), -— = (2,-2,4), 

av 

dX 

' 2 =4(l+v) 2 +(l-2v) 2 +(l + 4v) 2 



dv 



1 



k = 

* (6 + 12v +24v 2 ) 3/2 



=6 + 12v +24v 2 

^k-J^ao (14.18) iis}UJ! '4. (^j^ULj 

2-2 4 

_2_ i_ • i_ 

V3 V3 V3 
2 + 2v l-2v l + 4v 

18 



\3/2 



,veR 



V3(6 + 12v +24v 2 ) 3 
k (0)=V2 o>==y v = jLjt kua 



c -.X =x (u a (s)) Lr ±*±« jIjo-i ^^^ai{r ,n g ,N } jU*)M 
.Darboux frame l^jb jLU u o,„j M X = X (u a ) pUr,.« ^L^, ^ 

/7T 7 

— =kn=kn+k n N (14.22) 

< n,N >=cos& ,k cos0=k n (14.23) 
<n g ,n >s'md=< N ,b >,k g ~k s'mO 

k 2 =k;+kl (14.24) 
Darboux Differential Formula :2LLiliUl IjjjIj gLw ( T.U ) 

i— iLJI aL * l r*-y>^ jLbV *~,\\ j^aJI ■ -I LaLuljjI ^jiJI <2j ^ Ul l ^ „a; i 
<7> g >=0 Ui 3 D' =(T,n g ,N)£^i D>jJL {T ,n g ,N )' 

t _ T ic J <^i-»ij 5 J] 4 1 1 1 il l Li J-iisLallLij 

<f ,n g > + <T ,w > = 

n g =a x {s)T +a 2 (s)n g +a 3 (s)N 
.-. <k g n g +k s N ,n g > + <T ,af ,a 2 n +a 3 N >=0 

k ? +G| —0 ^jic. J i^i-s' j l>Jjb J^l >^LUJ oJuaUlil ijjLuiJI <xuaL>. ^1 jJsjj-uLjj 

.•.a,(s)=-^ (14.25) 



/ \ 



N=b x (s)T +b 2 (s)n g +b 3 (s)N 

k n + b 3 = <^k J^>u Lips 
.■.6 3 (j)=-^ (14.26) 

t^k, J^>^ s Jj ii uUU <N ,n g > <3>L»JI JoisUbj 

<N ,n g >+<N ,n g >=0 
.-. <6,r + 6 2 /7 g +b 3 N ,n g >+<N ,a { T +a 2 n g + a 3 N > = 

:.b 2 (s)+a 3 (s)=0 (14.27) 

JJU.m. Mb J-^UULj < N ,N >=\,<n g ,n > = 1 CiL53U)l f lair", ,.,Lj 

jl2o>^( 14.27) ,(14.26) ,(14.25) .(14.22) ^^LUbj (s^joL^u 

n g =-k g (s)T+a 3 (s)N (14.28) 

(^jj^l ^1^^^(14.28) iaL^laJl^j.^iia-a^ai a 3 (j) ilUl 

fl,„ - £ ? (s ) i-JljJij r g >jJL_? L-fJ Geodesic Torsion 

4on.^U j^i.'i.ti 4. Ljii^a (14.28) ^kiUui j^u=j| 



Y " 









*„' 


Y " 





























(14.29) 



4- .>jj-j J^i .ntjl ii^ik^ l— a-& invariant c^xit-a^ 



JM-i. £_>_a Utj J-Jjlj jUtol^j_i3 J J « a ^1 ,;-> "j (14.29) Li^jpi^i U 4_bLtil ^j-a 

C (^istiil jtoial ^ cjL^sjjJI J^=j infinitesimal generator jjL-sJl ^Liia 
Vsel ,X(s)eC >D e So (1,3) 

<£}<n.->U (jjs ^ Utj L&jjju JjJLa (jjJIj Z) 

k g k, 

-k,. r, 



of 



(^D).D' = 

OS' 



-r„ 







(14.30) 



6' aL- <2t)nir\ a 4 rTi mi a J_j_a 4_>uLj JJiLallJ! (i_iLljt>s) ^ , „ ^— . t- r^A,^, a L^jl ~ ^ 

J)ii->"j <Lbj<i in a ' 4 al « II 4 U -».ll ]3 , •■|f\ ^ ii'^i-j 



D(5)D"'(j) = D(j).D'(j) = I 



(14.31) 



^yk. Jj^u>o A' Jl 4 1 1 . ■, < T Lj Jm'Qj Ull J ,^l A", ,j 

— D.D'+D.— D'=0 
ds ds 

A D .-_- D A-_. D A, (l4 . 32 ) 

a5 as as 



s • 



dD T^> 

■JjLglll 4j i ti^—ic. .D iSjjL-sail <jl ja-blj 

ds 

^ In mil ^^r. jJal^JI C Ul j^k- <3>»J.I (SO (1,3) 3 CjMj^tlJI o^sj 

M 

.Darboux Group l^jb s^j one-parametric group >uljUI 

t _ r JLc 4_=^jtlo CjIjLLsI j-jjI c \ Lj Jl 1 il i^-> jJ9 ^ t t^-j>J! t j_a A-)L^j <4- 

^jt 3 M :X = X(u a ) ^r,\,\^J\ 
{X { ,X 2 ,N} ^L^.^jUj^l (i) 
.j-<ic v±JLiII i_)LJI ^_ ^jLstlj^ . (j^jLv oVjIjua ^ U.i <U i^-^sJI cj^jLjsj 
{£ , 1 ,£ , 2 , J E 3 } jlsUHI MjjLuJI (jjjL*^-a-ik" ( n ) 

1 

M^I^JIj^ic^lj^ljii^iatla jljliol ^Ic { T, iUiijjs jUoJ (Hi) 

^C^^ia.u^l^ D={T,n g ,N} ^jbjLUJ (iv) 

3-ijl.a J^Lk u Int" <J 4 ^-i^jJI i^V^Lnaj A/^li.nll cjy ic 

.(14.29) au^uui 

t(Y.U)JLli 

■ j-c-ua mJjL^jj ^ln i nil ( _ 7 ic ^jii" i ul,! i In -V 11 ( _ t jjijJ^c>J1 #LLsoVI (jl jj-u 

tJ»Jt 

iJjsLJLl ^ljL3f",i.»L» 

k = i k y = (JT l£. J^aL>o Lgj-aj jojjijjjiil .U^-ll k = >■!., cv 



t(LU)JLu 

Sjj^l 1,1(14.29) 4. iSJliJUbmi 

i A = - T T AH 

ds 8 g 

I ) ^. < <-~>,J ft 

<r a — ,w >=-r <r a« ,w > 

ds g g 

A aB aC =<A,C >B-<A,B >C 

([T,n g ,N] = l ) ty kj^ 
dN_ 
ds 

.( 14. 1 8) j-d ^riaju ^^JjoaJI *LsoVI UJuj .^j^JjjjJI ^yill 

iS^uiij^LSj (14.23) «( 14.22) 

<A7,7V > = C0S# 

<w,N >+<n,N >=~s'm6— 

ds 



r g =-V—,N] (14.33) 



f \ 



rsin#- t sin#= -sin#— (^^ai JLc ^lill j>*aJI 6; 



(14.34) 



T<b,N >+<n,-T a n„ >=-smO — , 

8 8 ds 

<b,N >=< n,n > = sin<9 o' L^j 

. d0_ 

ds 

.^yJbtjl! ^jic (^yjjiL-u'iM JlJJwJIj I nil j^yic J>J-4Jl! I (j-U ijjljjl 

:(Y.U)lliOU 

of* 

.((14.33) r ljL*i«lj 
t(A.U)ttr)U 

. — = r=r #=const. oJl^ Ijl 
Geodesies ( ul^j^ \ )lxmii±x*2 \ uhWUI (tSt) 

«.' «fr ■*-jJoL»- Oj ?^""*" <jg ** ' t-« ^ ' drh 1 ^L^"- 8 >^3i f* L fl. " L i . i , i , U JoSJI (j^j ijuLUI 




J(O.U)(-flJ)JLi 

^JLi Geodesic <_,,„ 05^1 ji u <« j^^h?*^ cr-^*^' o-"^-**^ 1 ,u ^" 

i nil ^yl^. (j^'liii i (^ru J it i a) jl i .1 a j • jjfc ~ U . ,.11 

t(1.U)iJj>a3 

JgJw <Gl A/^h... II ^ g-al^l / cR >CcM tr i*ill ol JU? 

^ ■ = , V.S 1 €=/ i^I 4-LLaj J-J-a^J j»J-«Jua ^jjjjjj^jjsjl 4jLl>uI tjL=> I jl u , n_Q a^ta. 

: t _ 7 Jb La 4 j i h_Q^-u>JI JojV-i-»JI Lgj ^"iaTi t _ 3 jJI S^j~i^—i II t _^sjLx*aj>JI (jjaj 

^-ij (jyJ-oJ J^o- (j. i T "i a iliil'i t^l JLu^. ( k_ — k Yl ) iLc»<jVI <(jtia Jis- 

n L. t C:^ =X(u"(s)) J ^ iji 

X = — = /f /7 

■» « j i <~i II ^j— aj '■">■ 4 t" a J—ia. ^_ii 

^--O^l J*J*1\ jljLi»l yJfi 4jl OjfO^ULjJ^I *L_^.Vl w ^1 (14.17) 

[-—,N(s),— ]=0 (14.35) 

^ - 
C—p. ((S ) <UeHI J_i>- ^iz. ^j^*c ^LaJ.1 JJL*. Jl uLUa Ijus^j 



ds 



jC( s )=—— a N(s) (14.36) 



d 2 X 



" ds 

t(r.U)li>itt 



J ir\ *»• il (14.16) = ^ i n "j I J_&j J_>~lj (jl iL. (jAjaiiisLaj (^tJjljua 

k 1 + T^w "u p = , w 2 + r 2 /? w a w 11 = (1 4.37) 

m 1 + r| , (u 1 ) 2 + r 22 (u 2 f + 2Y\ 2 u l u 2 = 
a 2 + r 2 , {it 1 ) 2 + r 2 2 (m 2 ) 2 + 2Y] 2 u ] u 2 = 



(14.38) 



*T + r>V'=0 ,7 = 1,2 



^L^aj La 3 \ 



d 2 u r ^ du a du r n 

T7T- + r ^-7--^= ^ = 1 > 2 ( 14 - 3 9) 

fife OS 



t(i.u)aj>ft 

.(14.39) ^Vl JLLiLsil oVjUI 

t(t.U)jdi 

jj-^j Oi-^ LojLu, Lb I j L»=s ^^l^J.! ^yk. 
J\ J 3 £ (14.39) LiJLiUJ! oVjUI o^^^Wi^i^ 1 

—^=0 ,7 = 1,2 
as 

u y -a r s +b r , y = 1,2 

1 I . / 1 2 2 , 7 2 

u =a s + b , u =a s +b 



X (« 1 ,w 2 ) = («,« 1 + 2 + a 3 ,b^u 1 + 6 2 « 2 + Z> 3 
,c,w' + c,w 2 +c\) 



(14.40) 



X(s)=X (a ] s + b\aS +b 2 )=(C l (s)J 2 (s),C 3 (s)) 

.(14.40)^^!^ 



Geodesies and Variational Problem: 

£_a ,J_xiL«jj L_$a3j ^ ■ nj^i-^II Jaj—Lai»JI If (J j m *»- U 4 — cu^Jo jVi (_ _, In* i 

arc J>-kJl a_JIjJ extremes lJ-ij U'tl ^ dilajj n ^^ic jruJaij 

>iL^ ^ \yi ^U^ai v Lu>. c-j^ikil i^f length functional 

tixiVI ( ^>jUIJI i-jL*) JjUI 4jJb {yi JJLalj LjJI^ol <^jJI CjLure-J.1 

L = jks' = ^g ap du a du p 



^ = j^n + 2g 12M ' 2 +g 22 ( W ' 2 ) 2 ^ , , , =-^ T (14.41) 



du 



L = ygn(u' l ) 2 +2gnu ,] +g22^ 2 ,=£l (14-42) 
(14.42)^^^11^1^^ u' 2 c u 2 ^ub (14.41)^^^1 1 bi 

2 

.<_cxipj| L7 i£. W (J) Aaiiwlb J^aL£=u 

■.y.>i*u tfOA ^ Lr k^ jii\ 3 (14.41) ^IjJI j^l^uj 

jt =0 (14 . 43) 

:Jb L. LJujJ (14.41) 



-(g|l+ 2 g|2 M +^2 2 ( W ) ) 



du 2 2 



( 



22 / >2> 

du' 



+ 



01/ ow 



"1^7 = 1(^.1 + 2 ^12 W ' 2 +^2 2 ( W ' 2 ) 2 )" 3 ( 2 £l2+ 2 g22 M ' 2 ) 

ou ' 2 

^ic Jx^. ( 1 4.43) 4 (^jjh^Lj 



'2\2 



g|1.2 + 2 g|2.2^ " +g 2 2.2( M 
2 V^H +2 ^12 W ' 2 +g 22 ( W ' 2 ) 2 



#12 + #22 W 



4g u +2g n u' 2 +g 22 {u' 2 ) 2 



= 0, 



a 



(14.44) 



du' 



= i 



•.(^VL^j i^aL>JI cjVLkJI L yaju 'L. J^til ^jjtlj LLa tj^-itj 

.Jaiii M ' iL JljJ g„„ = g„/> ' ) C^l^a I jj (i) 

Sj^i ^ ^ ( 1 4.44) y^mi iJUJi ,jm> 4. 

j\ jl^j w 1 J] 4.1 , ,i.;JL J^I^~iLij 
=c, (const.) (14.45) 



#12 +#22 M 



y[g u +2g n ii' 2 +g 22 (u' 2 ) 

oj^uaJI Lyic £/ «4- ^fj^jJ' O^jjJI ^j^a 4jjLua u^Lc Jj^aJ'U OjJL>JI c-cojjjj £jjpJL 



(U' 2 ) 2 g22(g22-cf)+2u' 2 g ]2 (g 22 -cf) + gf 2 -cfg u =0 

.:u' 2 =——^ I -(2^ 12 (c, 2 -g 22 )±V^) (14.46) 

^22(^22 ~ c \ ) 

™ = 4 S US22 -c, 2 ) 2 -4g 22 (g 22 ~cf)(g 2 2 -g u c 2 ) ^ 

i^^kiJIoi Jl <ijL^L J^is w 1 ^i^-^ JIjj g aa = g aa (w')JMI (ii) 

J!J^ (14.46) 



id — _ 



2 



2^22(^22-^1) 



£22(^22 ~ c ~\) 



u 2 =±c x \J—Mll—du l (14.47) 
J V #22(^22 



■ Lpvi iaoUJi yuji ^^u: juLi 
Ji^L_^VL^^ w 2 4^_^J!^ = g«„(w 2 ) JljJL-Jt (iii) 
(ii) ybJl 4 ULl^I ^1 ii^ji (14.41 ) f ljL^uLj . g l2 =0 



u l = ±c x j^ — ^ — ^dw 2 (14.48) 



t(o.U)Jli» 

X(w 1 ,w 2 )(w 1 ,/(w 1 )cosw 2 ,/(w , )sin W 2 ),/ >0 

1 2 

. X X 1 1 n\ \ 

gn=l + (/"("' )) 2 ,gi2=0,g 22 =/ 2 (m'), , = -^ T ^^^IjjjJI 



U^c Ji^Vt (14.47) ifl>UJI ^-(J^d^W -OjbaLOa 4j>XaljLJ1 .U jU^l O 



f J\+f' 2 

u 2 =c x I . y (14.49) 

V(« , )>/r 2 (« , )-c 2 



/>')>ci 

tcv.U)jidU 

2 l ■ 1 2 

x =o jji st. — x>-j . x jj — Jj — >• — jlis jp.) x =Zj 

/'=0 </ = ^^^iijj-itiJlj JjL-ji JUHI fljc^L^Lj / (u l )=b = const. 



2 r du l 2 2 

U =C ' J L / L2 2 > b >C ' 



/* \ 



, =■ \du 1 



W 2 - Cl 

-, 2 



w 2 =c 2 w'+c 3 (14.50) 



c 



.2 7 



^LJLjj i_JcL>- JJaMc I'.ljU ,„VI ot^ljL) i^M-dl u U«"i (14.50) ijjUJLlj 

do^i^Ji ^j^i (14.49) <( 14.48) ,(14.47) <( 14.46) o^Ull 

.(14.39) oVjUI u*c ^ujj^i 

X (w',w 2 )=(w',Z) cosu 2 ,b sinw 2 ) 
(w 1 ) = (w 1 ,b cosc 3 ,5 sinc 3 ) 

:(V.U)JlJU 

oblate spheroid ^umi ^jo^ 1 p--*^ trLc- ^e^A*^ 1 Ja>LiJl j^ji 

^aUjvi iiijji j>u ^ jiai 

X (u 1 ,w 2 ) = (a sin w 2 cosw 1 ,<a sin w 2 sin w 1 ,c cosw 2 ) 



g n = a 2 sin 2 » 2 ,g l2 =0,g 22 =a 2 (\ -e 2 sin 2 « 2 ) 

e 2 =^=l-(-) 2 ^ 

a" a 

4 — i^UJil ^ijLie^ ^\ I — g 12 = < Ja ^ u 2 4- jljj g 2? t g n <ji I <u 

Sjjj-oJI ^^k. LuouJ^jjJI Jojli^JI ( _ r l=L»J (^jJI (14.48) 



, _ r / a z (l-e z sin 2 w 2 ) 

U _C ' J A / 2 • 2 2 / 2-2 2 IT 

JV a sin u (a sin w -c, ) 



l-e z sin 2 w 2 <iw 



(f-) 2 sin 2 w 2 -1 sinw' 



, r /l-e 2 sin 2 « 2 du 2 a ,, AC ,, 

J V« sin w~ -1 sinw c, 

.Mathematic 
t(A.U)Jli« 

t Jail 

(w',W 2 ) 4_Lii> ^ I jl d-uw 4j>JjI^-iII cjLoIjuwVLi <G^>Lcj 4.1^*. jo^JI JjUUI 
X (w',w 2 )=(acosw' sinw 2 ,asinw' sinw 2 ,acos« 2 ) (14.52) 




tAO 



' < 



g u = a 2 s'm 2 u 2 , g n =0,g 22 = a 2 
.U j u^u a ,u w 2 4_i_llj g,, < g 22 =a 2 = const, i g\ 2 -® ^P-i 

.^tt (14.48) (jjs ^yiaju ijjjiJ Jjjj»J I 



822 du : 



=C, f ■ ^ flfc/' 

J / 222 22 2 

^/sin u {a sin w -c, ) 

=h 



du 2 a 
,c=— 



s'mu 2 yjc 2 sin 2 w 2 -1 c i 

J 1/1x1 i_ijj-ul_>JI 

, _.,cosw 2 . , ri 7 

w 1 =-tan '( ) + c 2 ,b=y/c -1 

b 

, . _, .cotanw 2 . . 

M'=-sm'( )+c 2 (14.53) 

b 

. ^.COtU 2 . 1 2 , • / U 

/. sin ( )-c 2 -u or cotw = osin(c 2 -w ) 

b 



cosw 2 
sinw 2 



= b (sinc 2 cosw' -cosc 2 sinw") 



.'.cosw 2 =fr (sinc 2 sinw 2 cosw 1 - cosc 2 sin u 2 sin w 1 ) 

^ J^j>0 (14.52) 4.1 J-jUllI J>U- t>a (.XJ^z) oj^ujL£=Jl 



z u ■ x u y 

— =b smc 2 . ocosc 2 . — or 

a a a 



x sine, - y cose, = 

2 2 b 



(14.54) 



1 Great Circles 

.(T.U) «(Y.U) J^i^- 




(Y.U) J^ui 



s. 



(r.M) j^=ui 



"■i-^*- Of ^LLlS (jji (_>"^9 ijj^ 3 l£' P\ 5^2 U**'^*''*''^ (J^i 

<R { ,R 2 > 

COSa = -r TnTlT ( ) 



\\ R A\\ R 2\\ 

R a =(acosu l a smul,asmul sinw 2 ,cos« 2 ),a = 1,2 

(jlc J-uxao u>Lcl (*) '2- ( _ > iajaJLiJ!j ||/? 1 1| = ||/? 2 1| = # (jl Laj 

* 2 1*1 1 1 2 2 

cosa=sinw l sinw^sinw, sin« 2 +cosw, cosw 2 ) + cosw, cosw 2 
.'. coscir = sinw 2 sin« 2 cos^, 1 -« 2 ) + cosw 2 cos« 2 = ^ (**) 

^ j J ^ ) (**) l > 9 ar=cos _l (^) ^^^Ljj £=<a<2 ^lo.jj 
^acos'^sinw^sin^ 2 cos(w,' -w 2 ) + cosi/, 2 cosw 2 ) (14.55) 

t(V.U)jiii 

"t>j'~—i\\ ^t-i < n (jrl^. ^ aktli SjjIjJI iV-mta Jjio JL»-jl 
jl Jt->u W|' = ll\ {j£. i _ ) iajaJilILij (W|',W 1 ~) = (W 2 ,W 2 ) LajLi£. ,.P 2 ^"t-iiiill 

£=<zcos _1 (sinw 2 sinw 2 + cosw 2 cosw 2 ) 



acos 1 cos(w, 2 -u\ ) 
.". f =acos _1 cosO =<2Cos"' 1 = 2;ra 



.i^jsjji LiUjJj jjis ijM^ y Jj^l 4-»jiJij 2;r ji ^jL^: cos 1 1 j\ d±>.^ 

t(Y.U)ll>fii 

^°,ar = 1,2 > > JL ? 4j> >J A/ 

rf, (14.56) 

^-VgferH (14.57) 

( w 2 = ^LjJbj u 2 - const, ^-ij t^Lai jl_Jl w 1 .u ^ cr _j £ . 

^J^^( 14. 16)4^^1]^ w 2 =0 

•^=^,(^=^0- (14.58) 

\/f,' ' 

jj ^ ^Iji — J I u ,U ^ ^ — L. d ilis <is- " = du "du 11 J\ c ^ 3 

ds\ = g\\{du l f LujJ jj^-i Jur mijj cfw 2 =0 jIh 2 = const. 



= V#7 (14-59) 



^j^i (14.58) 



(guV 



' » 



du 2 

tJ*N 

■■ylg(gii)^u=O lg *O t g n *0 

.-. rf,=0 (14.60) 

r 2 - 1 r^rfar , ^ fen v 



2 5w 5m du 
= 1 r 2i^g n dg 2 , dg n 
2 g K du x du' du ]) 
, 1 g ^^ d S\2 , dg 2i dg u 
2 du 1 du 1 du 2 



g g 

gn^gn^ , gii (2 dg l2 dg u 
g du 1 g du ] du 2 



^f(-^2 + 2^ 11 )-g ll ^il = (14.61) 



oLa g, 2 = cJL£=> lilj 
g„ (14.62) 

:4_JLl!l <jjJai!l jj^aufcj ^llILij 

i(T.U)ij>j 

o Ji— al »" a <L_j^LaljLi ■* *— ^ j ■"■ ■ ^ t— « * p fc" ' * ^ to m ^ If (JJ^ILaljLjJI i/ i U> ■>■ 

:<LJlaJI 4jjJax!t tLLlC.1 tj ***-*■ <lj j ." " (J^ 9 

t(i.U)li>lij 

2 

3jL_flL*j-a i_jp^ljL * ■ ■ • < ^y-hjui f\ V\~ i a -t In m ^ If i_£_>JLotjLjJI U i t-> ->• 

..Urt'q a ^_ilb g 22 =g 22 (w ) (jl^= ^ 

T 22 = Jjfl - * i ijj ^ ijJi^Aa. i U>->- (jj)^**»J LS^-^'j^' ^ Ja*. 

tOY.U 

.^yjlj^jJI -t U miIIj ^JalaJtl jjjij^— H ~ t II Jla 4_toL>JI CjVL>JI iL. Lajiir" i „U 

X =X(w',w 2 (w')) (14.63) 

oUjj g, 2 = C— l-v = X (U l ,U 2 ) II ^ If ^_al io ,„ Oj.t>. ^^-btla 

<L>u^x«aJI 4 j.Li-o Lalll I <LljL*JU 1-j j) 1 1 uLi <U (_p3^ t" i Lukj . g-jl^a-V . jJ-ijI ■UjLt.a ^1 J,.Tt-"„i nL) 

.(14.39) ^L^o^odJ 



Cy* <j-^i o-^ 56 ^' .iljOjal Ljic g a p ^M- J-ua^j (14.63) (^LaljLJI JjiUill <JLw 4- 

gn =g\\W),g 12 =g 22 (u'),g l2 = 
JjVl S_bUI ji jl^ (14.38) jl (14.39) ioLubliU! cVjULI f 4 o^J-^J 

d 2 u 2 1 dg du l du 2 

r + = (*) 

ds g 22 du ds ds 

rf,=o,rL = o,rf 2 =^/(2 g22 ) 

(*) ibU! 

S; dV + ^^ =o (1464) 

<i?' 5w ds ds 

d du 2 d du 2 du 1 
as ds du ds ds 

_ d ^du 2 ^du^ + dg 22 du 1 du 2 
22 du 1 ds ds du 1 ds ds 

d 2 u 2 ^ dg 22 du 1 du 2 

01 -^(14.64)^3 



^ n ds 2 du ] ds ds 



d du 

— (g22~r-)=° 
ds ds 

du 2 ' 
'. g 22 = c = const, (14.65) 

ds 



© 



• \ dX 1-1 '• 

^\ n La y\ | | — 1 lj! i L _yu^2l\ (J^Ls^Il^ljLi 5 (jl Lwj 

ds ' 



^l.(-^)"+^2 2 (— ) =1 ,g|2=0 (*) 

as as 

^Jk Juo^) (*) 4.(14.65) ^ a iu i juJL li 

du 1 -> c 2 
g„(— ) 2 +— = 1 

OS g 2 2 



. = ±y 22 (14.66) 

c/m 2 t/w 2 .du 1 du 2 c t 

— r = / , = ((14.65)-^) 

da ds ds ds g 22 

LT Ll Jin<i ( 14.66) jaljiiei^ljj 

=±c Vg^ 



. u z =±c J ^ ^ <fa 1 ( 1 4.67) 

.(14.48) .(14.47) xJjImJj^Jo 4ji Lkop u 

t(H.U)jLw 

M : A" = A" (z/ \u 2 ) ^j.c ^u,„ ^ yfg^cosO = const, ji c^i 

#11 = £||( W ') ' #22 =<?:20 /l ) ><?12 =0 



/ \ 



.M^U,,A\ JULp La 

] p eM 

.( 1.^ 1 ) (J^— i i"f ^_ ^uajja ajfc 




^1^ = 1^,^ (14 . 68 ) 



IMIIWI ^ 



g 



22 



ds ds 

^^ju^s-ii ( 1 4.68) ^yajjJLlJLij 

COS0 4gn= <T > X 2 > 

ds ds 



n I du 1 du 2 

cos0 Jg 22 =—<X i ,X 2 >+——<X 2 ,X 2 > 
ds ds 

du 1 du 2 

~~, Sn + ~ §22 
ds ds 

n I du 2 

■'■ COS&jgn =-7-822 
ds 

J\ ( 1 4.65) ^>UJI cy»3 

COS const. (14.69) 

■i—jj)lloU 

t(Y.U)tiJ>i3 

semigeodesic . n,r,\ X -X {u a )^j^\^\ j-jiuui ^ JL^ 

* 

<j>1*IjUI JojJaiJ! J&[£. JJLxlj (g, 2 = ) IjuaUlxs jL<== |jl ^UlUI ^Ja-coJI ^ 

iu^—jjjip. ol_aJbti« ^^-a w 2 = const. i-j^Lal jUI i-JSUJI c^Jl£= lil N'' V« 
A 2 = (du 1 ) 2 +g 22 (du 2 ) 2 , diT 1 = Jg u (u')du 1 

4 j. , i_0 ^;ia. Ja i) Ir-i-^ j^j-A ij^loljLJI Joj LajJI r J ^^J! ~ U... II 

A set of geodesic coordinates 

(semi-geodesic patch) 



t(VT.U)Jlii 

J II (jj3 o' < — Pi 4r ^Jj^— ill ^jlnm II (— <L_J^JL) ^>JL3e*l u/l 

■ oljU , nVl t^jyoa. JeL^ >A A* = (fl COSW ,<2 SHI W ,&W ) 

(JjuUlLo U »i j_4 (^gj j i ., n .a ^juuaoJ (JjLfl _jf 2j^3 <ij) Jj^oil ^tn ■ nil 

^y-a jj>ili ^r.Uiu ii l _ r ic Krt'i Ort-j isLuJ.1 (ji i>Luus l jukj ^ji^JLl ^ isometric 

5-4. I <i,^-> I ^jlf JoLajJI <Lc^*j*/i JJl»oj (J*— > i"iU Sljln" i ii a Jjjj * « U« jL>.Lj 

.(0.U) J£aui4. 



C 

















• • 

R l C 3 R 2 



D 



B 



(o.u) J^i 



ij^jlj 4-jl jln i ill jnn"il \ (jjWi (3^^° i3JJ-" 0^* *-?>jLiII '"Vl (jjJSSsuj 

j^Jc f 4 n uThh U 4 tliflll jjl J_>o 4_!L>JI tfjufc 4- .i4C L^tLflJjIj AB L^JJLcll 

I o^—i I In f| 4 tin n'll j ifl" I f Ha t^jlj-J 4-jl^l-l niVl ufiiC S^jlj i."i*<r. u.iCT? ^ ' ^j" i ii II 

J~=*_i !-,>; i^-il £ 2 JJLjUI 4 ttniill L«-uj oljtn mVl tliljJ^a oL»ul (kijjjall) 



e 



(6=0) 




^IjJI jjj- 1 ^ 1 o- 9 ^VU (6 = 0) S^jIjJIj (a - 0) i^tZ^oil 

r = (a cosu, a s'mu ,bu) 

t(ltt)uj>£ 

jt A//..U... u ^ i.- jvjj-wii .Uj u-lii j ^ im Geodesic mapping 

. A/ In mil «_u_ujji^x>JI JajU^JI 



(U)&)LO 

diljL^j ajI mVl ^rlnn ^^l^. aj^ujIjLJI JojUVU ^ iiu.agj.'xJl *LL>jVI ju»-jI ( ^ ) 

. X 2 +>> 2 -Z 2 =0 ^IjJ! Joj^JJ jJ^^ 

(ji tir>-jj U 1,1 U ^rWini II j^;^ ijpjaljLjJ! Jo j UVJU u ■ .1 j_a j> l>JI i;Ll>oVI (¥) 

.^IjjjJI jiia-uJI j^ic 4j>1/jIjL]I Ja^laifci! u ,,iOjl>JI sLLx'iVI Jus*jl (V) 

2 2 2 

1 2 

12 i 2 1 2 2 

,« )=(w cosw ,w sinw ,u ) 

■ 4 1 1 in J)^l>. ' * ■ SjusLlLa 4_uljL>>l 
■ <Wuljj f^Jt j]n,,A\ ^Unill A-u^jJj;^! JoyU^tl tjf Cxjj! (V) 

! \£ j H ^rUin II L. ixoj jjja^JI Jo^__LsjJI j> j (A) 

uJc i^l^ cUUoS uHfc / = ds 2 ={u 2 f(du x f +(du 2 ) 2 



.u ] u 2 



XoL^mjj^JI iljLua^ g, 2 =0 ' g|, =(W 2 ) 2 ' g 22 =1 j-ub :jLijJ) 



_jl I — «-o *l_J->jVI Joy t-i-^j <CjLjj-u jJ^jj>JI CjVjI ila jaJLitj i^il : jl "ijj) 

„ dX dN 
.( 0= A 



=/=(^ W ') 2 +g 22 (du 2 f 

{k 2 -k] +kl a>UJl r jL*i«l :jLijl) 



u i m j i^-iJ>JI . U -^ 1 t_a^ — «jj r o 4 k ^ u — LaJU II j^ua_II (j at.ll uijj) 

.(^L^VIj 

>A ^yl^jjl l-Aj in'tC £jU , nil <-u-uj^^-ij>JI Jbjjln^JI ^bbua Jl>-j1 

/ = ds 2 =(U l (u ] ) + U 2 (u 2 ))((du 1 ) 2 +(du 2 ) 2 ) 

Z3 3*^\ *±j> £« 3 g n =0,g u =g 22 =U\u l )+U 2 (u 2 ) uLijl) 

XLiouville J^jJ ^L^, ^^oi 



/ \ 



.Focal surfaces 
F, =X +—N ,F 2 =Z + — N 

:i-uVI ^l^jJI 

.(j^LmVl JJXJ>JI ^yk. j.lt-IM ^rUn.ll (_yk, (^JlJAjJI (l) 

.Jj^MJI ^jloJLl jJouJI ^.k. ^jsj^aJI (ii) 

.fjujj ^y^jj^JI «.LooVI (iii) 
.iki^juc. k =\k n \ (iv) 

tj-k J_k ^ , U,„ It i^UJll JjloJU ^yk. jJajj |>^l ^jlcJLI (v) 

4_ja}L»Jlj ^Jjl-i jUol ^Jiitl^lj 4 n,,i.)JfrgjJI JojIaiJl i-aj^jLj J I £j>- jl : jLuijJ) 



/ \ 



Differentiable Manifold Approach 

* 

4 J i."-*-ifJI ,_>-a!j_iJI A_uiljJLi («a-^J ^i— Lc ^^-4 ijJLusLiiJI i-.j/JLylLfl .A—jjLojjJI CjLc.1 j^JI 

global and local studying la** 3 <x^uy> i^ijj ial^us i^**! L^^UI 

invariant topological properties 

j^LiU! I jut .« tfjuu ^jlJ^I homeomorphic J^ i u czM jl^* 

CjLJsJI JjJX. jl JjJUl (j^ 3 -*;? (ijj^ka (3^9-5 J ^ j *1 , >jl,.,l ,j 

4_uaLi. CjLa^sljjs Aj (^jJ^jj^ L^jIc i-Sjji^ i lc j.a-Ta.a-U j^j^s ^^ia J>L>. Jjs Llxi 



(J-^= jji (£\ t LujJ (_3jjLo ^JljlSJ 4 £ U « JJ ^J^aLSij iiaij J>>- , -^>*- _9 

(jrt-J Ja_iljl]l jl 4_Cj^>J,l <>ji_A 4_^3^»Jlj .J^al mi "ill I JL^j CjLuljL>-l LjJ ^J-ust SJaij 

* 

4_jLj (jrt ir-> i«^-»-~iU 1 i'<~t aLc jJljj i^jJI CjIjViII JuJL£. f>J<j^a ^ i 1 i ft< jj-aj 

I Jt_Aj . ( _ y J_«is Lflj e Lij . ^y*. jJjjjj * l_L) . (_j-<-u JlIA £ Lb . * 1_L) 1 i— 3_>-«ja 4_C j-4J« 

4 m.tift 4_lL«jC. 1 (ji^lj ^J-iiSlII j»^HL) ,j-ujJ CL t i-h j I i-jj/JUjJI jl 4_yj_&! J J (_$-iJ-J 
c j J o^li»-~ i nl (j ^—i 4_<j/JlIjJI 4_ijLuaj ^u^aj La <Lcj_aJ»txj Ji^l.} » IU> « 1 1 <"»! a jl.l l 

singular siLUI ^Lsill <jlc Jliaj < L^jll* L^jtij oLo^Wlj ^jLilII 

LiiLoLatAJI jl cjj! j ^-iJI 4 i p. i iai i_tuljj Lil ^j-Ij ^j'-' jk"' <L^»-j (>a illjJJ points 

.l^j j^iuij catastrophe theory 

... jHP" 

(JjijJLJ ^^.jJjjjjJI jj-^aJj 4 4 jl .^ Lalll CjI jUII CjIj_jJX. Lr JuC Cjl_<j/ljjJI 

JUJUJ 4_il>J,lj 4 jl^-ifl <L_uljjJLj p" j" 4j i -j^lj'll (j-ijJiJ ijiubLfllll <L_uJiJjJI 

<j_a j u ^-i ^*j_«ju <j g — » al LjLtiLflill 4 in , ! i^ l Jj-J^is O-^-J 

jlj-cVI (J iii. 4_J_uoLojJ! 4 ■„ I ;^tl pj^l ^« ^ t- ...Iji )l"i a ( j_^aua? J_o£ 

jl aJsj^i oLJLl (^ol^i. oiJj^j vector spaces ^UJVl f i.^^n jj jj^^-xtl 
J>U. j>a j^ij.a j-a, U£= ... 4jiaVl ^ dLlj ^i: j metric space t> gpJLl pl.^ntl 



f \ 




) *LuiVI 

* 

Laplacian ^MjXJI <^jl>Ul 



Jl». JJ ij-J^il CjLajLtil oj-6> (j)J^3J JL^ oljull 4r- 



I 



« jui 3 object s^yji 

(oU..,U 



.la... ..II 



Additional Structures on a Manifold: 

(^^.'ajallL-j Sjl-tv 4-3 >*-a ItVn I j_A J ^-> (jlj Lji*JI jLuVl 4_J_iiLal]lj JLuajVI 



e 



' \ 

> < 

»(U0)t-ij>a3 

Abstract j, ^ e^Lj £j <l>i ^jLi Manifold cjLLJI 
.^ju&i £l jjA resembles (^U^) 

t(M0)lttr3U 

as Global structure j^^il *LJl iL^^jj local ^^1^ jjLJ! u^joji 
Mi-ft£ dimension 3 >-^=Ja oj-^ ^L_JaJl jljjlc a-^Ijj 4- 

.2 La„i«,.i cjLjj'h nil $ La -^S". . ..t I 

t(U0)jiii 

^_<iLx« jl j^v 4_lLiJua L,J 4 ,_L== jj^'i JUlxII i^-iLvl CjLIoJI JLjJlC <JLv.iL. 

,u ,<i \r ji -.tij a 2 .u« looks like c^L^= 

:(Y.^)JLU 

4jLLj j_jiLua ji j_v. iJiLaixs LjJ 5_LaJij ,_L^= JLajJI ^Llu CjLJoJI JljJlc iJLv J_ 

■ jt-i 1 nVl j H 1 nj ^"imiU cdJj iJLaf Jj^aj disk. (_>^»>3 

cjLjIiII jlj-ui (jJLi i^L^j structure ..... ^3 3 \ <-uJ uit^-ju La LJLi. 

^j-a (_jJ-Jt (_ajji_*jJ1 4_c^ojt« J^Lv j-^a tiJJj Ao^sLv CjVLv ^^Ic (Jj; i^-<->H 

.Roughly speaking Ls^o.^a 4. 22^. ■_ > z=>l 3 IfLUu* 4. 
*i ^l_> ~ *> ■ ■■ ^L_jL >^ differentiable ^1 uLUi jljj^ 

2a \ ... 1 1 tju^aij » t ■ oUL j-a Riemannian ^U^l oLLJl jujx. 
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4_ phase jjJkll £l Jiue mj jJl j symplectic ^,„U-,)l oLkll juj^ 
^L^>.Vl j^. configuration J^AJI £_! jJa j! ...M^Jl I nl^-jU 

»(0.>0)iJj)*3 

^Ljj pseudo-Riemannian ^L^JI ^L^l cjLj.kJl jljjl^ 
space time l^LxJI 4.u,„.;ji 4. j i ^t. i j o^i- 11 £L>-^ 

£jj_<U J^-ltJ (^jJlj 

.general relativity 

Elementary Concepts Xdji (UftU* ( r.^o ) 

Technical Mathematical j^jJI ^LjjJI '-i^ 1 
cjLJaJl jl-jjl^. < a \<. i_i_53 ^pJl cjLj ..^Lpl 4-^jj«js v-?^ oLJaJl jljjulI Definition 
c^li^l? t^j-b^l? J^l^'iJj J^UUI uLa> (Prerequisite jjjL* ■ .iu-,„ ) 

.cjLc.Ij.oII (jju 
t("\.\0)Oj>JLi 

homeomorphismj£=Li- <X,Fo*^>!>j>3 j±o±> f JLSj 

.homeomorphic rj£=Li:Zot JL"u 

t(T.^O) JLl* 

. K jIjulVI Ja^J^Li" (— l,l)czIR i^^l spiJI 
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t(0.>0)Jli» 

iJljJI 

/:[0,2;r)cR >S l aR 2 , /(^)=(cos^,sin^) 

Homeomorphism = hormeos + morphe 
J<=Li2 = identical + shape 

t(0.tO)ttr3U 

isomorphism JJsU; ^^ju ^^L^l ^^J^l JL^o A. J^l r „ - ,1 1 

I gjt L»_<u .4 j^jJ^jjjJI (j-ajL-a iJI ^ If dial >J <t .p.^Jjjjill CjI ctj-ill 

L>u ^ homeomophic 

>a (^.jj^jjUl ^l>iJl o' roughly speaking j ^ r 
^yi-iij stretching jL_i homeomorphism ^\r.< -\\ 3 object ^-^jlIa 
.jX^Liio spijjij ^jjJli l\Jj juo^. J<£=_i J I ty^ut io,j J^La bending 

invariant V ju\ 6 L_<iVi 
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t(A.*0)ti£>a3 

/ ,/ _1 ,>«> J-^= oL^= W diffeomorphism ^^Us j£=LiJ M, TV \-jLokJI 

.diffeomorphic ULbLs o^^l,v. a A' - < M^i ^ M -N 

t(U0)jlJU 

bijection (JjLS3) ^pUf jJaLu (i) 

.((^liJI >^') ^i-mjl 

oV V jjL^JI jLil! 4. (ii) Jo jJJI / :M" >R "' uL^=- 

t(V.^)jiii 

J=Lii_j ^-n <jl jJj3J''<-> H ^« (."mi jl iaLjijLflaJI (_£jL-3»Vl ^JoLnJI iJb 

cfj u \ ^Lsj^u -,,-,,„ a / :M »M,/(x)=jt 3 a*. u \ .Mi3 

.(1x1 uj^=U 

: uUtall JJJLaJ ^iU>il l4J>*l1I ( Ufl ) 

Mathematical Definition of a Manifold 

f 5_i ^ ^^J^ ^ (/7-manifold) /? a ,« Jt oLakJl jujji^. 

second i—piiil 4_jjl*ji 4«i,„ a j-^oj Housdorff (T 2 -space) .Js jjji_^jU 



j^Lii* jJ^Llo jl y>. iikia Ljj <ua aU?\ countable 

^j^i j-i >ji ^ (w-ball) B " 

B"{(x x ,x 2 ,...,x n )eW\x 2 x +xl+... + xl<\) 
JaJ»JI Jiu oLcl j^JI ,^^1 4- V 2 nd countable ^lidl Jo^i 

J j-a CjL cl^aJI l _ > ia *j Ii_ Jj V (T^-) "SpaCe) Jo j "J J «L^=J1 (*J-flJ-<->i U 

.^julij ^Ij^U ^ jl^^j (locally) lgj.tr. 

Coordinate Patch and Charts XulJb-Xl^yijkil^Ko.^) 

oLAJl jljj^ jU JiiL. .Atlas ^-JIoi ^...j Lo ^_ j-a^ij flat maps or charts 
.Mathematical Atlas ^L-j o-Jloi 4- Coordinate Charts 

V^*""^ SjLsJj 4_Ioj^>- J}L». J-« oLJaJI JuJLC i_iuo jj^MJ V i-aL*JI «JL>JI 



^ 3 :,,.,,.U -^yxti Jau-a-Jl *LuJI j-C. >Jl.I'l.Vj CjLjkJI JU_uJ Global (jl^nH *LuJI jl 
J^l^U , 4ji^jVl a^^ll ^rUin ^Ut" ajuvlj iLj^ ^ (jr^- J^'i 

jLfl overlapping oJatzui J^ipji 

,'o,y .. II jl_>i_)VI ^liLAS I*— < II t Li ill ^ igiil tfj 1 iiL-ul CjLo^Ijljs L7 _Lsju ^JoLfljJI JjioLla 
.Ujj^l «t 1 j -s. ^ j 1 ill a_La_i^>. jioLa-i * n ti 1 « <§_ -X^-^J LajL^u 



( ' N 



jo-^lj ^ cjLOaJi jljjuiJ coordinate map or chart Uaj^l 
simple space £1 y& j\ c^LikJI 

t(A.\0)Jlli 

invariant I jm, .differentiable structure ^i^UUI «:IjJ! ^ «.LlJ!j 

Atlas ( _ > *iLi ^1^1 

t(^o)Jlli 

t(K\0) Jilt 

.o jjl jJI J-4>J ^ >jii" in U Ji>^>JI i_3^L>- ^y^^Jj^jjj CjLiL JljJuJ JUa . U i nil jilt-'i 

4. . y > c..,.-v x 2 + y 2 = a 2 ;yj|jJl ^ ^^uji , 

ij^Jj . x j>u. ^ L^u»j c^=^ Top semi circle ^^kJI ;/.i,iti , 

j-* L-*^= i_Laj^>- (^jjtuiJj iJlaJI f r (x,y)=x .(-1,1) i^-j^JLl Sjl^Jlj 



( ■ 

y 



f L ( left) jjuJi\ < n.n ;lt j f B (bottom) u i^,„ II . h,n ;U ^U_>. ^ ^ JAiL 

e jjIjlJI J_£= U;~ J^lj-iJI Jl_A J_^= .2 j^ljJI (right) < rt.^JLllj 

( _ r JJol {/" r >/b 'A '/« I fJ^ 1 J^Ih^j 

jlbUj 4-) ^LL2Ill i «W,a ^u, j-j f R ifj dajlj-kll S^=*3 ( X > 0,7 > ) 
I ^im Jj / o^LoJI ^-a T'iJIj <ij lil . 1(0, 1 ) S^liJI ^yk. (iJ.iL>.! 

jJ^h f R u > <i j U ilaj^iJI j*j S I jj 1 (Jl d £ I JLa-L ' Ult.ll iiaj^iJl u „ j^. a 

F (*)=(/* =/* («, VTV VTV e / ,a e (0,1) 

.Transition jaU ^ , „g T sji jJI oju* ji* 

^chl\ >a c^J <>£J i oLoL S^l jJI 01 ^ {/> ,/' /; ,f H ,f L } L> -JloVl 
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4 4_L==) connected lL^I^ <j' ^jjo^- 1 ^ ^WkJ! jj.it 
finite jjj^tA p j^r-ij (ji Sjj^xiaJl (j-a (j-^jJ^ l-^sl ^^Joi line segment * hiTThM 

i^pVI Jlil.1 (jln'i cjLt^MJLI ojm> ^ljL3B*milj 

iWs) JjljJI ^Untl ^y-btlx ,>« J-^= 

2 3 

aUIL* 4 «t-T«l) y -X +X = n»^-<"tl t^CfcUl ^yJk. g_Sj JjjM JoL^IJ ^Jl^JI 
.(^-^ 0) (J'—i i"i j-ubjja ^ji I fl^— 1 CjLJo JuJLC j^ai (oJijJL^o j..tf . j" * * 4-*ia3j 
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:OY.*0)Jli» 

^ 4_iV CjLiL JljJl£. i.-.r.i jl ((^li £-LLjj) 8 in JA* ^"«U I £-.1 1 ^ ^jl jJI 

•L-lLQ) i _yu\ — aJLI ^lol 4 Ui? ) Jj— >• (*< i- mi-La) 4 j i^^a * U ^ ^. ^jj^^au ^-i ^ » 




^3 ^1 jL a-~ i n Li 3 JljJX. Jj^j-Laj ^t-iij jl j^-t i > ."iljUII jujx. 

i(W.\0)fcij>j3 

J_3LUi — jl__a overlapping jnikj^—i. L-uk^ I Ijl 

^rk. ^ change of coordinates oLpi jl^i 5 \ transition function 

~z y==i J, "i ya - 3 >-*J CjLjiaJI J-J-UL Jl M j-a 4j>- j"i-iU "i y£=il\ j-a p ■ <Li! 



• \ 




M" R 



(t.lo) j£=ui 

»(VM0)Jtli 

4Lh alLVl j^k. jl^lu oLxLJl jjjt structure cLl> LaUJI «JUJ! 4. 
1 jm. j^iyia u^>j cjLuI jL^yj j=3 o' l5' .compatible u^^i* j? isisi 



»O0.\0)JlJU 

^Ic Ja3L>u u \ i^iLflj CjLL JlJO£. (j-olLV lIiLjjI Jl>.}U j-Ju J== J*l£=> I jl 

JljljJI (_$jL»-t CjL-iia JljJLC ojjI jJI (jl ^rj i>>jj i— L&LjljjI t _y-!l 4_ij^iaJ| ^ ,,h\\ 

t(U.^0)JlJU 

. CjLIs JyJ-c '2- S " cj^-yW 

5 ,2 ={(x,>;,z)GM 3 |x 2 +y 2 +z 2 =l}ct 3 

. K. 2 



sJljJI jL^Lij z = yj\ — x 2 — y 2 ,z > c_p- j^JUAJI ; j^ll <Jl.^ 

/ (x,y,z)=(x,y) 

2 2 i 

Jj_j^Jo (jjC X + _y < 1 ^j)" ii 1, 1 3j_>.jJI J! (j-llq Mill ij^—tW i ?i m-u j*jjijJ (jr^'j 

^^-LaJl aj-^aJI 1 rt i i 1 4 ^*ij>>- -J 1 - 3 - >J J-^iLs ..Xy ml, 1,1 ( _ T JLc i II ' '* *^ ' Jo I ii i nj 

<x > ^u-.ii r ...y.^-,ii ja^i ^iji oijji^j .z = -yj\-x 2 -y 2 ,Z < C~p- 
^>LL,m (jJc x = ±yjl- y 2 -z 2 ,z 2 +y 2 < 1 ^jiai sjl^-^I ^ojii Jl x < 
o^>* <J\ y ~ ±Vl - a: 2 — z 2 ,_y < > ^u-,i i ^ ,„y, y.n .um^^u^ 7y 

6 Q _} a (j " H^>1 -^-^Ji ^jJLjJLjj .XZ m^ j"n ii 11 If X + Z ^ <C 1 " ii U «J_>.^JI 
.((A.V) J^J-u j_,LJI ^.Ul jJail) L*U^sL 3 ^^aJI ^U;_, iaSI ^ 



-ljjui j_* charted a U s W->z ^ ^<ij object ^1 formally L 



t ^LiUUI uLkil uUjdifi hidUM3 ( "U0 ) 

Classes of Differentiable Manifolds : 

i aU'ta LjJ 4_LJij j£= <Uk.j ^Jijlal ^Iji Li=t* A t ■ nj ^£ jjlj j^LblilJI 0LJ0JI JUJbC .> 

a j— a . J^»Li_J3 a U ,„ Ijj M" ^gj— tliVI ^J^- ^Jl J I p ,„j3 j_<iLuj jl>^>. 
jujjl^ (jJLi i_JL>d1 dajl > -iJI J_£= .ol jU.11 j_jjul! lLS1j_JJI t-fl^ A -I I 

^ic . UjL^, aL^ >i ^ jji ^ compatible (l^. 

JI^jJI^ i-t^Ldl cjLc.lj.aJ1j l1iL&L>uV1 ' '« *"■ o ^ i ■ ^jJ-iisLfljJI ■-« ! .Ul l jljjlc 
o- 6 o j> ^"j w cS^^! >* j-^l I j-j* .(_, LjJ n juuJI 

J^cv smooth L>J iL>Vl oLkJI jjJlt. Uaj tyiLiUJI oLkJI jujx. ^ jry^ .Y 

CjI^J.1 ^L^jV JJ_c J_ciliiU iLLjs ,J| frUuia Jjsljill jl CjLulji^.VI juij 

j-jjx. (>c 3 jL^ u hiir- . n oLikJl ju jul j . infinitely differentiable 
'a^lLL-Z transitions Jal jJI ^1 3J ^ i J! ^L^VL ^JLa ! oLL 

(^Li^ ^jLJ^ ju-x^ Riemannian manifold ^U^ll oLkJI jujx. .r 
^1 3 inner product ^IjJI c-jj^JI iJb <_is ^ £J > ^ 

J_a 1 M^ gj (^1 jjl ^^iaJI J I A-Lloj ,j^9 SmOOthly <■! U i.Lj^JaJ 

J-cLiI1j JtjJ-JJ j1juj>oVlj #L_L>ijVlj («_3cj>J1j ^'al ... t lj A_jjljJlj ^'al ■ .. {\ <_i_jjju 



ju j ^J_JiVI ^l^flJ( 3 3j^=Jlj J^jljJI uUj 4_EuVlj Jj-AJ-J 

Finsler manifold cuLJo ciljuj^. .1 

jL-uiil I JUi . c I i ii J a 4_Sj^Joj 4 Uii t t j_<s jjjuj llOriTl jLi*JJ (-flJ^JLU 

^r-btiii uii^ju metric Jl extended axj^u^ /\ ^ 

jujx. J~=> >^I!j C;r l^- Jliilj -^^'-5 ^j-^> L -^>»^ *-«L*JI iJL>JI V j^tj) 

fljiiti^L >JLa cjLJo jljjlc j_a Complex manifold i.^-> ^JLI oLkJl jujlc. .0 

CjLuljLJv'iM <U3j ( C" ^l>aJI List* J^aLn'fl) M" ^ ^?Jlj C" 

.cL^i iikia 'A. holomorphic iaa^ 
^iJ^=3 complex geometry > JL>dl 2_ ^jl^ji ^Ijj ^_ 

.Riemann surface 

^Uj^ Jliilj infinite dimensional manifold juJI ^UiV oLWI juat .1 
Banach f u, £1 ^ Li^ j^Li: ^1% Banach manifold t-Ll> jjLk juo^ 

.space 

f jj»--i,„j oLlU jujLt ^ Symmetric manifold u ^ ,„U'tl 0L.LJI jljo*. _v 

£_ubt ^il J-== J-^f 3-&3 . ,,X ^— i T1 1 -^-i nl^a-dl 4- J>iaJI CjLc.Ij3 J-Aa-'iJ 



compact manifold (^j^UI) oLJkll jjj^. .A 

oLikJi jljjui 3 j^IjJI cdJi Lr ic JLillj (^jJ^jj: £l ^ ojL^Lj compact 

* 

>■ (jjj j CjI jIo J jJlC Ji *j ^ ^-i -»JU CjI jUI J JJLC I jLp-l 

jjjljw oi-^ 1 ^k;^ 5 

without boundary or boundary less 

CjIjUJl^. L&) ^ "1 « C o t _ = ^i_I ( 4— aLJI (j^ajLua^iJ I jj-^aj .Closed J) U a CjLjio JuJL£. 

CjI jt-ill J-JJi-C- ^yic 3^jjL=ta 4 1 1 ci*i q AjJLuL»* <Jlj (jl jjfc * 1 ^ — 1 1 CjLjlaJ! 

finitely sj^jum Uujl^ 

.covered 

i n — 1 ojlju oUL jujl^ j_a « juLjl-_«i cji,_tkJl jljjui boundary 

JljJ^.) SjjIjJ! j_4> JU>. <Jj 2 ojuu CjLL JyJiC. j-& (Ljli-lju Laj o^ljJI) (j-o^UI N 1 a 
Jj>- 4J3 3 ojuu CjLIs JLjJlT. _ajfc (L^ii-lju Lsj Sj^-i II U , „) ball i^=xl\ ( 1 fljuu CjLL 

«Vl .(2 

.((j^jJLcLiJI) 1 ojuu JUv Ljj 
ijJuiflJ^UI S-^Jl^JI ^jl C-_p- JjS?l uUI '£.a\-ij^=3l La ^j" ■ '< 4_jL$i!l 4-j 

Riemann oL^jj Bolyai tij-^j Labachevsky ^a- i^ saccheri 

4_jJj|jJI 4 — u/jjjjl 1 — <j-4i CjI — coJLyll jj-js j— i I j1_ud^jj CjI f l^iill j A I j , njj 

4^_ 1 _uJ_ijJt jJijJI (j ^a t C-jJi_j>JI j»^fli\_i CjLJaJI J_JJLC i_jjjljj ~ s *-*-;3 .4JJ-a-^Li!lj 
i—^-UpJI (j^i^. <■ ' - » a j uJLi Oolj Ljjl_L>ijl CjLJo CjIjuJlC Ljjl i-tuaSLillj ijJLjI^I 

spaces of constant curvatures. 
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: uUUJI JUJLA JUaUDIj (uAU* (V.\0) 

Lgj njri i <Jlj LJLaLalll ij-ujjjjl L^I^IjJlj ^IgJ Jill ^^sl y>S\ <jjs *LL>oVI 

^jJl < ji^ij object J^i jru ^jJnj i shape bending J^aji 
4_ujLSl!lj ijpjsljLJI cjlj i-»r„U I LT jiij cjLJoJI jjjlc U<" jdl SJ-iaJLI cjLuj*jII Lil <>uj 

Cr JLc ^ ^-»-» JI ^jt-Viin I LjJ^Li- Ji-!1j lij-^*-' CjLurtixij i_uLb«oV1j At i ,i _Q_a-i?JI _j 
£_>LloI 4 < i i lill 'l ^-> j < j-^-l J '^— i mi O^-JJ <*-uJ Jjj-aj I i U LLaLal (_£jdl r.A \ 

.^I^L^J! 

i_tLJ (^ujJj J ^->.» n <ji juvjj ^jji *L^iJL) (_k>U- j^j) extrinsic curvature 
J^UL^U.) intrinsic curvature jjlj ji ^jjt^ s L*j|j .(lj^IjJI j ^-ai i 

J5>Hllj ^yjLliJI ^1>iJI 4- LljLirtill t Li»jl i^uljj Jlujj .(^l>ill 4- 4 *~^> 3 1 l/ a (jD 

f 4 -*' -2 (JjLcu_j cjLlLs jljjx. fj-bj ^j)l^in 11 cjULLso! ^LalaVI <^>Jil 

i_L*AVi Gauss o^L*. ,h (jl ji 4ok > , ,^u oLuijjJi pt^«^ cJL£=j .-.i ^.^-h 
planer J^^VIj concave ^.j^uij convex ^ntiUL. A ^t i 

.^ajiaUl jLlio ^1 extremum ^ j> ;.^il i ^^tji obl^ui 

*L^.V1 \±jt 3 .Hessian matrix te^i,^* jjl*^ ^1 ^ L ^ 3 \^i\ ft L^.VI 

© — 



sectional u tt-iiUI tLjo^M J! «.Ll>uVI lj <i <f ui>*-l9 o^yj (*JL*JI 
Ricci curvature ^.^j *Li>jl j scalar curvature ^^LiJl 3 curvature 

. . . CjI jJLa^ jl CjIjjj-jj J^-i i"i ^_ (jj; ^-i" (jl (j ^— i all (j_a Lgii=sJj LaLfljl jjj-^aa 

Differential Topology : 

LlL^uui 4_ujujji 4. Gauss - Bonnet theorem . 

^_oa^a) 4_tr>- ajJ! "i-usl ^jiJ (tfjLcso!) 4_i-<-u Jlj^J I Jaj^j L^jV ■ ..11 I Jt». 4 «i<ja 

.(Euler characteristic >Lji 

/ jl_=3_j ^jLJo Ji_jjl£. 

jui-b Gauss-Bonnet 4_:aj . ' McjLkJl jujuJ ,>& SjLx. 

jjKdA = - \k g ds (15.1) 

7 ar 

3_A ^ i,,i jjaqjjl «.LL>J)VI) 57^ JaJuxJU (J .n_Oa.ijJI sLl^u^l ^Jt k J 8T JjJljJI 

C-_c>- ol jUII -LjJlC lr t>Ci_La2j tj-LJ J ir\ J i-»:,U *Lc>ijVI 4_3tli 4_j_u/LqJLI 5 jl^=^JL1 

a_a ^^jjjj^a^Ck- u '<■» i a) A^l i ii a j in^l ^ j ^ ira.UI I jj & = (jj^-*.' 

: (O.\0) J^-,Atb 
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(O.lO) J^i 



^Lb ( & ^ — 4 j< n j j^ta. CjI j it-L« ttC^Liisl) T ^y^iS^A?*. Ji_>-!j cJla Ljji>.l Ijl 



(15.1) 



jj" = ;r - £ a, 



(15,2) 



o^ia-Di jLs 2 u-ajuj orientable <l>->*9 compact without boundary 
\\KdA=2*z{M) (15.3) 



X(M)=F-E +V 

i 

.A/^Ui.i!I Jj-a -/? in U i I 7^ (.^JjstiLI A i , ,uJLl Lea 3 jji-La Cj1"iI"iI,I J^=J 

2, 0, -2, -4, -6, -2« 

J^=L1^ Mops ^(M ) = j(M ) vi^. E 3 4. 0^*1^ M ,M oL^= \'4 -> 

. Af j-a homeomorphic 
.handle (^. p i n a) ju L^J jt ^j-^ 3 (j^Liij Jajl^iLa p^-*-* ^u,„ .v 

jl^I j L> ^_ia cjli 3 j_a J^=Li^ (A: = 1 ) jj^iil Torus ;L*JI ^jla ^U,„ A 

. sphere with one handle 
l,j s ^ J<==Liij holes (o-uL^ill) 0^*1^1 ji 2-Torus 2L*U! ~u... .0 

in 2 

>«>iLj <u genus ii 

' • • 2- y(M) 

M1a3 g rUi, ,, ! ! 4- i-iuobslJI JJUl J! JJmJI I jufcj . g = - ^_p- g 

. z(^ 2 ) = 2 lg = 0o^_S 2 



■ 







r 2-r 

t(u.u)jiii 
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2- y(M) 
jl ^ g = y — - 4. 

3= 2-|AO^^ (M) = _ 4 

^jjL. J^>j (15.3) a2>l»ji ^-o^dj^^j 
JJtofcl =2;r(-4)=-8;r 

A/ 



oj^ail ^l^-ntl *U>J2I Jls-jI 

Q= 2- j(M) _^ /(M) = 2 

jjKdA = 2;r(2)=4;r 

s 2 

.(^jl ■;■> nil) (jr uai>LJI ^■ui-ar-a.U 1*^-1 II *Lo*jVI J^jl 

tJftN 

«lJ e^i^JI *L_L>6VI ^La ^LJU? s^JI ... Ji^LL^ ^1 ^ j .11 p,„ ^1,1 

. 4;r t^jL-ujj 2 j^ll (^JL^aJI *Li>jVI cfjUuj 

>Jjji 3_ ^ I «,m,i geometric property ^ ■■■>■•■*. 



© 



.Lo>jJ_jjjj ^u^U- genus A\,,r>*\\ oiiju^j topological property 
Ujlo jjlxLs ybjl j^-i^a oLikJI ojjx. deformation (j>^0) <u><i3 ^ lilj 

► L 'o ijVI jjl (jric (j r-i i "i (_3J.II 4_5tali!l (_>LiJ A-J^ lo ill ^ ^— itj i^^jjijj i_3jj-u OjLlsoI 



Computational Techniques uU^tUXui jji>( ) 

cjULl>uVI < 1 1 -» Jj ^yj^Lill ^l^-ill IL. 2 ojljlj ^L«_)j oL-lL -^J-c LL& 

^_ . . . I U (j^a (Lil^a) 4 1 mi " ( _ 3 J-JI JoLSJJI jj-a iLcj_a_st« <Lit ^Ja-i-uJI ^.jujij 

,j_a i-CjjiS>%X oj^jus 4_jl ( _ 3 -Lc ^ t-i 1 11 II jL-jlIc.1 ^—^ 1 ' .ilLsLaj ^^yi 4_LaJij J*-— jl 

oepLc t C' J ts\h\\ (jjs (<u-ul ^Jl I juJi JjsVl JL. J-f^J ■ E 3 £_l>iJI JJ ^jiuiil lLsLu 

Jj= jli^ 2 ij 5 L^ Jacobian rank Jj>^i]1 jLua=u j\ j^f^ oiij jl 

Liilli .d ULaj a a U ii 1 ^j^—i . i i<~ ^U,,,ll 1 j„laii ^ , „ a jr^' ■ 'Ultj c <Jaij 

^jjlj 1 1 11 II jtsioliil (__;yi«ljLJI J_lL*1ILi 1 11 j La I il.u3 ^3 Ji-3 jj^aj Ja_jj^iJI 

_>a i_u*u.3i iib ^I=I(!(,v) ^i ^ji .A/ ^ „ii jl w v ^icqi ^ io:>»Ji (7 

: J2->uj W, V ^jujCua J^Vl (_,lr C <L<LlL> 

3x 5y 5z 
5z/ dn du 
dx dy dz 
dv dv dv 

j.^mi X=X(u, v) Sj^i jk L^iaijL. yuu: 'yci^A M ^h,,.n ji jLp^L jVi 

^Ui .i II ^LJLl ^^l^-oil ^^yJk) ^Uimll Jki Sju^cSfl Ji>. (-Sjju LuLa J^Vl JLc C 3 



2 i£jX\ \i 



I \ 



(15.5) 



N= *« XX \ , X„=^,X v =^ (15.4) 
\X tl xX y \ " du v dV 

(^Jc u = const. < v = const. i-^ljUl JojJaiJ] oL^Ull ^ X V <-X u 

i-it-j^aj ^jln" i ,i \ <U>U. J-iaVl (jig. C' J.^rttl t>o u, v 4- <ib ^ 'jL^ N As^AS 
: Sj^^Jl ^ self-adjoint operator jislpJl ^li S^j-a 

5(^) = -V,7V 

(i-al^il J^>UJI J I >^ V Uiu cV eT p M j (A r u ,A r v q^oiL 
oU^=j jl^uul, ^ oM-^UUl covariant derivative 

■j) " i c i. a jJajjJI (jL^= I ij (_£jL*JI J-ciLajJI jjj (J^jJJ , „ll al_>J)VI 

^^k. (CjL&L*uVI) Cj1$-»:J,I jru O^iiU ^ll>o AjjUJI CjLdiUo^l "tfj i^jL*JI 

^LuLlI (j^ jj *-^}LlL>.VI jLciaJLa 4_^La^ jjJlLII (J_al 4_5tiU ■ <W CjLJaJI JljJlC. 

LkJl metric 
• ■ j- *^ 

ds * =Z gafl(^y)du a du fi , g = ■Det(g ap )>0 (15.6) 
ljh! jL^iJ jpil^i J_^L£JI jl^vIj directional derivative ^L^sVl 

<*-^I/i jjrj-j JLa-jj V (oULi>ul Vj Ji_j£.Uo 4_i , „ jl ^lj-3 (_£?) i-jO-iBVI * ....i^tl 

4_]lj j't J-^LolU A ug ;!Li olJ ^XTiJwVI ,J_fll ^Ia ' ^ *^l jLiaJLa 




jj^j <>Ji u^il j o>^j lS j-ll cr—j^l *L^VI Jla intrinsic 4_pl jj| oUL^VI 

jj.xa ^t-i i , i l b Jqj_>JLI j-J^JLlI 5_<-oljj ^jU" i ci j V (jJ, Ltj-olj (jj_^=Lj V ^jji-Vl <Lg->JI ^ 

.L&js fuJL (_pJI 4-gj*Jl 

K = Det{S) (15.7) 

: Sj^uaJI ^^I^. ill mjlUI «.Ll>jVlj 

//=^trace(5) (15.8) 
.shape operator J^jji ^pj^ 5" 

jjj-c <^>JLbo 4JLiLuJI «.Ll>i1iVI 



(z) 



I \ 



(a_jJljI^J!) ^ ^-i i ii a.a.c'ujL jJ 4_tujLlA £-jLnJ J-i-oj ijijusLalll ijj/JUjJI >!■ '->■" ■ -I ■ (Y) 

,(4jl^|g|Llll) (jUjJ 4_uJlJu&^ 

(_,— <-ujL>- *L_ L>ul CjI j ^j-J^lj ^j-jLLxs ( _ ;( _tjjL>. «.L_L>ijl o! j ^-jli i u 1 4JL0I <U r I (Y) 

.4_u(j> ixcoLi- ^^jLsJI <jt <j-u (0) 

jj iJiLal ilactj 1 nil i-3jX. ("0 

.^jjk^XJI^ ^^jijjjJl «.Li»uV! Lijx. (v) 
X(u, v) = (w cos v, w sin v, c u) 

jJauoJJ (^ujUJI *L»^V!j Ja_^jHI *U^Vl JL3.J? (<\) 

Jf(w, v) = (w, v, wv) 



u 



X (u ,v ) = (it ,v ,tan~ ] — ) 

v 

.genus iu^ii g-Ui.,11 ^ 1> j__=, (n) 

0y) 

J_-= -__>__. 0V) 




/ > 

> t 

.jJLo3 oLL ^yjUj^J! cjLlLJI juJl£. <-3>c Oo) 

.4 j^-ij^a CjLJo JuJmJ j^>-Ij ^1 <>>Laj CjLJo JliJulI JllLo . U<- I ( ^ ~\) 

^ fj\ u \ ir^Lilll CjLJoJI jujJlc (_, If -IUS?lj ijjl ,U~t^ t_ajx. ( ^ A) 

. JmJ! ^Lgj CjLL JuJul! L*iIjL£=j (<s^=iJta CjI^ JuJl*J Jlla J^lj i_3jx. "\) 



r \ 
v t 

Appendix uLI&K JjJ3) jal* 
Geometric Transformation ^JLifcltu^flull 

(jl LjjSjl J-al^-na JjwlII (jj^aj Jo-J .c-iLj^jJI I OjJ <1<jiIjJ Jj^ u-JLLaJI UJ^_' 

5 ! geometric transfer motion 

.Euclidean motion ajjuB] ^ 

Reflection ^LSai^K U1 ) 
»(U"\)tij>tJ 

4i... .Ub ^ e R 2 1 uan 4 j ,.,L.g-.«; t i Sjj-ua L_^l ,4 ' e R 2 ji_-Sj 

' 4 < - ifl."n.q.U 4tU(ill JL. ^j^. L (i) 

— a i — !L>JI eli — & 4-j AA ' S.a. jfll cu — HI 4 — i rt.r-> m j a L (ii) 

axis jJUisi j^.^ 3 \ reflection axis ^ ■ .. L .u 

>*>JLi I JaSJi 4_ ^i^tj^u > of symmetry 

:(Y.n)uij>*J 




F' = {A':R L (A) = A',VA gF} 




2 1-1 



" " onto 

: (jyjLi La (J^JsJ it-i A u .i i . I L) ]R 2 ^"inqll ^-i 

.(invariant 

.A <lj<7*i i hU JojJaSJI kj>\ 7Ti i ,il ^ If . U»'«l i .Y 

.conformal LI^jju LkisU /\ UjjJi ^Li* ^jk J^Uu .r 



.isometric ^L^a jLcuj jl (jviLaJLj (jvj isL^JL! (_ylc JaaL>ij .1 

tuLuiJtj-xijjLM ^^t^uyi( u.n ) 



*R l ,R x (x,y) = (x,-y) (16.1) 



: (_yJ^b ( _,t->«J J /?y >4 y j>*-9 4- o-"L^a*j^l (jls (JjJLLj 

: R 2 >R 2 ,R Y (x,y) = (-x,y) (16.2) 




(*»->0 



(Y.H) J£=ui 



ijj y — b <oJ.>L*-/s 



t X jjm gjijj fa? £ jn[Sjftt\ ( r.u -v ) 

. ^jloJU 2_ (X, y) iLali 



I, 



r 



IL 



y = b 



o 



X 



y +y 



-b iX = x' 



lij • v'= 2 6 -_y jl ^1 
R Li {x,y)=(x',y') = (x,2b-y) (16.3) 

R,Jx,y) = (x\y') = {2a-x,y) (16.4) 

SJoiiin "njy^s jLsol ■ ijlUtljJ- 1 = If] X C «CJjL»-« ^ jiLL u ia J,a_». L jl ^^o^T-aj 

ji ^1 (A'',/) „ a 3 ^ !l j\ iui 3 L ^ iJI 4- ^\ — (x,v) 

(t.n) J^r,,'^^^ ^ U^= R L (x,y) = (x \y ') 













o 


L 





X 



X + x ' 



2 



y'-y i 



(16.5) 
(16.6) 

(16.7) 



x -x m 

jijKJJ ' < < j , 2T l < . u . 1 1 4jlLi2JL! ( rtji^M ila2j Lr Jb$ L 9(X j) 

y i =mx l +c (16.8) 

j^(16.8) .(16.7) <(16.6) .(16.5)^ 



1 , 1 

_y + — x = >> + — jc , 

m m 
y - mx ' = ->> + /«x +c 



(16.9) 
(16.10) 



, _ ((1 - m )x + 2 my - mc ) 



J^.^. (16.10) <(16.9)c/^Ldl 
(16.11) 



(1 + w 2 ) 

y ' = (2mx - (\-m 2 )y +c)/(l + m 2 ) 

c = b i m = (ii) < c = < w = (i) 
c = - a < w ->■ oo (vi) c = < m — > oo (iii) 

Z, :^ = a: , L 2 :y =-x 
(^k. J-^a^i (16.1 1) 4. w = - 1 <m=l ( c = 

t(Y.n)2j>iu 
t(t.n)jtJU 

(x,.y) >( — -^-) ^j^l J^l oi oJi 



_y — —J= ^ rtj ri~ i . .i l l ila-jjl 4- (j^iL^ajtjj j-A 




0T0 



' \ 



.^ijikil ^ic J^-ajo (16.1 1) sjuiUJI = — 7= < c = ^ 

V3 



t Translation Jl5»)fM T.n ) 

:(U-V)uij>JLi 

oUJI 'L 2 X ^Lia G R 2 ik2iU L^iU ' G R 2 ^Ua:t JLL 

. ^ ' l^jli oJaSJl j^lo =\AA'\ = 2A (ii) 

(X,<) c-^^II Ja_kJUL»JI 4- 2 1 4_o,Lia JlSiLy4 Sj^Lo^'cJl^a lil 
£_jis^-a 1 n*— i (Z/ , 5i) i_jJjJ,I JoJkJI tfLsol JL. 2 A <LmLiaa JLajjlj v4 ' SjJ-ua y4 jjli 

(o.n) j^iju 




.(L,<) j^juu;! 



T 2A (A) = A',\AA'\ = 2A , V A <eR 2 

t(r.n)iL>iu 

^jLQr^i^.-.i ^L^j (L,<) J a j^\ai^\'4 r 7\. ju^vi 
Jo-JkJI 4. JLZL.I T 2; T 2 -A =A n ,AeM. 2 j\ 

i ^Jal dj j_y Lib 1 <j_A 5, C ji ji; lijj .Z, Lc J aLLLa 

an) 




/ \ 



.t_^upJI ^yk. R L -R a ,a = 1,2 >«>JL> L X ,L 2 dsjlxkil Ig.^LJ^-./ivU 
.-.M,C | = |C5 |-|5^,| = /l-// (16.12) 

4 //J (jr^- -^L*^ la^ia ( J^= AC t A A\2 * njiTi" < „i\ jJaJLlI (jl l_4-> 
.Jus* I j ^jii , r L<.u.a iU->- ^uoj v4 , C , |2 JaLajJI <LcjjjJt/s I jl 

\A i2 C \ = \A A ]2 \-\AC\ iij 
= 2A-(// + /l) = A-// (16.13) 
4 — cj^j A ] ,C,A U oh A y C -A n C y (16.13) * ( 1 6. 12) ^ c 



Z 2 J^iJ 



:OM,=*,W,^, 2 =* 2 (4) ^ L 2 

A i2 =R 2 (A { ) = R ] (R { (A))=(R 2 oR l )(A) 

* 2 
4_<jiLuLa i— 9_>_C (jy-^a LaLaJ tlr 1 -*^ (JL2jjVI 4_jjLui>.l 4_LaiLi y4 G K ** UsMI ^1 Laj 

i .t i M , jJ L ^1 ^-n'i ^?Li (jrG^Li) R { °R-, C^-sZ A 4 Unitl 5jj la -^Laol 

L 2 cLitJJ 

.(v.i 1) J^i (L ,>) ^3 ^Jll JaJJI „U;i 4 2 A <L~,Lia VL^j 




OTA 



f \ 























^1 
/I 


A 12 


(L,<) 

L 2 





(V.\l) J^i 

R l °R 2 (A)*R 2 °R ] (A) oLa^Wj 

4_J^ia_Lll oLul (j-^=u*J i-J^VI IL. Lu-uJUjJI (^UII J JLaljVI ,j^>l ^IjiitluLl 

: LuVI 
t(U\)l(>lii 

.(^jjjLia (_jjLuij (V) .^j^ojila Jj^j>o ( ^ ) 

.(^jljaJI 1 l-i^-^ j (1) .JaJLiJI ^LaLalujj! JaA»u (V) 

.(jjljjjJI oL>oVI (1) .LjIjJJI ^LuLa Jai_>u (0) 

. 1 ^ 1 11 I \ O^^JU^ 



: CjI ij i nil JJSca «L>ul jfL 2 3 d-mljrta (Jl <i"*tl ^ r'n'l 

Z/| '. X — X | , Z/j 'X = X 2 I (jl <ijn" i ii U (jl J & (jl lJ^J lit .CjljLua — II 

(16.4) < (16.3) f lju^L^Lj L 2 Ja^l]4,.„ ilL, <S-,itVI fl., ( L, Ja_*i] 

tf,(x,.y )=(2x, -x,.y ) , 
tf 2 (2x, -x,j>)=(2(* 2 -x,) + x,.y ). 

7? 2 (2x,-x,>') = (2a+x,>;) 

= /? 2 °/? l (x,>') = r 2/i (x,^) 

T^C*^)^ 2 ^**^) » * = a (16.14) 
T 2h (x,y) = (x,2b+y) (16.15) 

(16.5) < ( 1 6. 1 4) f I jii^Lj (a .n) a, 

T 2/7 (2a+x,>;) = (2fl + x,2i) +y) 




(a .n)j^i 

T ih ° T 2cX x ; )-(2a + x ,2b + y) 



: <ji CjLu! (j ^-i <i _i JiULj 

T 2a °T 2h (x ,y) = (2a + x ,2b +y) 
^^U^)^ ^^) (16.16) 

.tan 6' = — (JjL^lj 

7\ ■ : (.v , v ) > (2a + x , 2b + y ) 



T 2 \ : (x ,y ) > (x - 2a,y-2b) 



t>ll 



r 2 "j o7 2/i :(x ,y) >(2a-2a+x ,2b -2b + y)-(x ,y) 

:.(x,y) >(x,y), T;\°T lA =I 

:.T~\{x,y) >(x - 2a, y - 2b) 

t(i.U)JlJU 

T 2l :(x ,y ) »(2a,+ x ,2b +y) 

T 2m : ,>> ) >(2c +x ,2d +y ) 

Tia°T 1m =T 1m oT. 



^ : (* ^ ) >(2a + x ,>> ), 

r 2/) : (2a + x ,_y ) >(2a + x ,2b + y ), 

r 2c "•(*0') >(2c +x,y), 

T 2d :(2c +x,y) >(2c +x,2d + y'), 

T 2 ;=T 2b oT 2a , T 2fl =T 2d oT 



2A O 1 



J 2a 1 2b 1 2a ' 1 2 f i ~~ 1 2d 1 2c ' 

■ (^2, °^,) (* ^ ) = -r 2£ . or 2h oT 2c ) (x ,y ) 



= (Tlcl ° T 2c ° T 2b) T 2a( X >y) 



' \ 

■ 

= ( T 2d ° T ic ° T 2b) (2a + x,y) 

= ( T 2J° T 2c) T 2b( 2a + X >y) 

< T 2d ° T 2c) (2a + x,2b + y) 
.: (T u *T 2fl )(x,y) = T 2d (T 2c (2a + x,2b+y)) 

= T 2d (2a + 2c +x ,2b +y) 
= (2a + 2c + x ,2b + 2d + y) 

T 2l ° T 2» = T 2 M ° T 2A U< ^| JUL 

Rotation ^ljjdJI(Y.n) 

pT*|=|04| (i) 
m{AOA') = m(AOA') (ii) 

i^LuJI i_ijL_a£. j_<is jljjj uL^»ol 4_ «— jj>o 0, A' ji , r^ -.tl ^ !<- 

.center of rotation o'jj-^ 1 3-^= >« l> 2 U:;; " < anticlockwise 

J\ ^\ R Q (20) > > !Li <u objjJl Jj^Oj 
/? O (20):M 2 >R 2 , R O (20)A =A' 

.0' = 27r-26^ R o (0 , )A , = Ao^R o (20)A =A' oil^ lii 



/ \ 



R o (20)A=A\R 1 A=A v R L A l =A l2 



y4' = ,4 




an) J^i 



|^|=|04,| = |a4 l2 | , 



w^(95 ^mBOA l =</> , 

w^.OC =mCOA i2 =6-t , 



e 



.-. mAOA n = 20 + 2(0 -</>) = 20 . 

. 2 O Oj^yi jjl (jljjjJLl A 

R L2 oR L {A) = R o (20)A h\ 

•. <LuVI kjj hill CjLuI i m ( j^l4J (3 ." " 

t(o.n)3b>fis 

: J2~# (2<9) obiJJI 

:^(x',/) 



^jc'^ fcos2<9 - sin26> 



sin 20 cos2# 









<y J 



(16.17) 



Ly -4j ^IjJjJI A^j ii i ,-1 a ( j 4 i. i l (jljjjJI (Jj^jo $ <L)jljJI t _ r i^. J .a/i,t,~> (jjJI iSj^uaJll 
.(<LL)Ju]l) Lfcjjjja jjfc I i »j^3J»-a j 3jL>.^JI LAJjLitA <LOj or ^ j * ■ -» a 

= <> ) = (-*,->,) (16.18) 

^ JLar". i LjUj O' = (flf, &) 4 Un'iW 3^ jlj^jJI >^=>« 0^^= 



R (7i) = R Li oR L 
.y — b <cAAjLa <U^ L 2 iX = a tabU* Ja*. L x <l~x>- 

R (r {n)(x ,y) = R L> (x,y) oR L (x ,y ) 

= R L ^ oR L =(2a-x,2b -y) (16.19) 

u' i^i •jj-'JI l> q '"j ubi^' 26 — kI2 ojL^j Ijl 

^(^/2) = ^o/? a . 

tf (W2) (xj/) = tf ii; o 

= (x ,-y ) = (->; ,x ) = R L] (R x (x ,y)) (1 6.20) 

:(0.H)JLli 

_y = x p.yLL.A\ JaJJl 1- '^-"'l il-^ /?„ (^r / 2) jIjjjJI ^ >^ 

tci.n)jiii 

._y X ii" ( nil iia->iJI 

.( 1 6.20) ^1 jiiti^L ^ i JjLJ! jliu Ju 



© 



t(v.vujiii 



(i) (cos(6> + x),s\n(0 + 7t)) = (-cos#,-sin<9) 

(ii) (cos(;r - 0), sin(;r - 0)) = (- cos <9, - sin 6) 

(iii) (cos(^ - 0), sin(^ - 0)) = (sin 0, cos 0) 

/?„(*), /? (^/2) oijjjJlfJ^-; 
tf o (tf):0 >(* + *) 



/?„ (;r) : (cos 0, sin 0) >(cos(0 + tt) , s'm(0 + tt)) (16.21) 

o_^=j^i (16.18)^^ R (x) 
R Q (tt) : (cos 0, sin 0) = (-cos 0, - sin 0) ( 1 6.22) 

.(i)^^ (16.22) .(16.21) ^ 
o\s I jd R x (0) = -0 o! (oLLl ^ 

.-. R o (n):-0 >;r-0 

:.R (tt)oR x -.0 >n -0 

R (tt) o /? t : (cos 0, sin (9) >(cos(^ - 0), sin(;r - 0)) (1 6.23) 

= R y °(R x °R x ) ^jJILu^U 



R.. °7 



.-. R r :(cos#,sin<9) >(-cos0,sin0) (16.24) 

.(ii)^ (16.24) ,(16.23) 



2 



R o (x/2)oR x :0 >--e 



(7) ^.v : ( cos sin 0) Kcos(^ - 0), sin(^ - 0)) ( 1 6.25) 



R x :(cos#,sin#) >(sin^,cos^) (16.26) 

.(iii) iiyuJ\ (16.26) < (16.25) ,>q lil 

t(A.n>JlJU 

: Sj^a-aJI L^J oj^-'J o'ji^-" <Laj<i<^ia 90 <Jjl>J u'ji-*-" iIL». 

fo -0 



tojj.nll LjJ u'ji-^' "i^yu^sji jUs 1 80 <Jjl>J o'ji^' ^'" > * ^r-i 

r-i o^ 



RoW' 



o -1 



1 
-1 



'l 0^ 



* o (0) = * o (2;r): 



v 1, 



_y = mx+c ^jTlcJI ik^JI 4- (16.1 1) ^1 ^-./iVI i2>Lc. 4- w = tan# £^*>i 



r x 'Wcos26> sin26> ^ (x ^ 



sin 29 - cos 2(9 



(16.27) 



t(^.n)jil» 

tejAjuaA ^IjL^uL COS(90 + #) Ju>-j? 
. "<l . .. II j^_3tjO £jj m O 4_LaJLLll .1 if 4-jjljL) aJu>.j <LjstIus ( _ > l3^aj 

jUj 90° j>l,.iU jb liLa A/ = (C0S<9,sin#) ^* <jL^ 5Jaii jy^ 3 

M':(cos(90 + #),sin(90 + 6>)) 



cos(90 + 6>)^| 
sin(90 + #) 



(0 -lYcos^ 
1 



^sin^ 

cos(90 + 6>) = 0-sin<9 = -sin<9 , 
sin(90 + 6>) = cos - = cos 6 

• (^p^l) L^oljJ^I ^(*,.K) 



( cos0, -sinOA fx^ 



sin#, cos0 { j 



(16.28) 



sin# 2 cos# 2 J 



(cos6 2 -sin# 2 ^ ? v ^ 



U2i 



(16.29) 



( 16.29) \ ( 16.28) 



^ ^ ^cos6>, -sin60 fcos<9, -sin<9,V vA 



k 2 



sin ^ cos ^ 2 y 



sin#, cos#, j 



x 



'.^yLi Jo^x>o ijoJiUI CjLajl U"U ^IjLiejjjjIj .-.I'aj^.^tl , , j . ^ , ^ 



" 2 



cos(#,+6> 2 ) -sin(6> +<9 2 ) 
sin(6>, + 2 ) cos(6>, + 2 ) 



•obi- 3 
t(U.H)Jlli 

J_loSM 4 In il '/ I L piei'i mi flj CjI ij.ut.ll jj_3CjO L«_& (juil 1 (_£jj_3t« JlS-Lj 

■ Cjl.ij 1 nil j^scji £-a ■ ^ 'j 

jjfc 1 <i*~-i (X 1 , _y 1 ) (jr* v — 'J 1 J>**^ 4 j mi ilLi t _^ul'—njVI Jju (X, 'j^xa jjl (jls^aj 





(x 2 ,y 2 ) 


L 










^10 








n 









(x, y) 

O-.u) Jf=*-i 

JL>o ^-i J' i — ' Mill «i 1 ii.) i 
->(*|»> ; !) = (*>-J ; ) 



( ^ \ ( \ qVx^ 



x 

v yi ; 



o -1 



(16.30) 



:(jr k. (16.27) f ijLi^L.j (.x' 2 ,>> 2 ) 



fx A 

2 

V^2 , 



cos2# sin2# 
sin2<9 -cos2# 

f cos26> sin 20 
sin 2^ -cos 20 



cos 2 - sin 2 d 



(16.31) 



••oi^ (16.31) ,(16.30) ,>» 







°1 






1° 


-1; 











vyJ 



x y 2 J ^ sin 2 cos 2 <9 

i(U.n)jii» 

(i) cos(a+6) = cos a cos & - sin a sin 6 

(ii) sin (a+b) = sin a cos 6 + cos a sin 6 



n o 

v0 1 



fa- 



fb 



1 

1 

1 
1 



^ cosa -sina^ 



^ sina cosa j 



( cosZ) -smb ^ 
sin6 cos6 



) "a+h ' 



1 
1 



cos(a + Z>) - sin(a + 6) 



fa °f„ : 



1 
1 



sin(tf + Z>) cos(a + A) 

^ fa+b ~fa °fh : O' 

cosa - sina 
sina cosa 



V' 



- : --^^cos^ -sin6^ 



J 



sin& cos6 



(16.32) 
(16.33) 



■>_ijit-iU j^-y (16. 33) i(16.32) '2— jjUI 3 1 jLi.u <a i j I'liaj a . .» 1 1 . ij ,>>i 

:(\t,n)jiJU 

^.m (ii) 



._y = X ^j^,.,,U 4_ 



,l(iii) 

y = - x ^ir.M.ll 4- Qu.l^f'il j JuoVl iki «>^= 45° obi- 1 V ) 

Cjl-ij. J I J3-><i < l i i.ILl ^_yu\ t-lVI (i) 

O 0^ 
-1 




00T 



' \ 



TC 

((16.17)4.26' = — g^ijj) ^ 30° L> 3 \yi oL>j^l 
6 

A V3/2 -1/2 A 
1/2 V3/2 



V3/2 -1/2 
1/2 V3/2J lo -lj [ 1/2 -V3/2 



'l 0^ f V3/2 -1/2 ^ 



J 



M 0^ 



1 
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(( 1 6. 1 7) 4- 2$ = — j-lo^j) j^jfc 60 ijjljj JooVl iUiii jj*. obj^' ^j*,^^ 

f 1/2 -V3/2^ 



V3/2 1/2 



1/2 -V3/2 
V3/2 1/2 



-1 
1 



-1/2 -V3/2 
-V3/2 1/2 



.cjLa^i^l ^jj^, <~u3j3 il^>Ls Jiib (iv) 1 (iii) 
Glider Reflection ^VjiVI j-tfattl (tn ) 

»(Y.U)UU>i3 



G R= T 2A° R L= R L° T 2A 
^_y\ ^-»«J^M (j-uljrt a ^ a i , i L i (JLijjVI (jj/Lxiaj ^^VjjVI (jj/L^aju^/l J^sta ( _ 7 _»_<_uj Z/ . U> ^.tl 




<n.n) j£=ui 



:r >R\G R =T U oR x =R x oT 2A ,G R (x,y) = (x + 2A,-y) 

G' R =T u °R y =R y oT 2A , G R (x,y) = (-x,y+2A) 

.Z> = 1 JlLc G r (SJ-ul^JL (4, 4) 4 ( 1 , 2) <U(l'l\\ 3j4a^ Jl^l (<U 4 <J CjLuI J^vj 

G R= R v° T 2b » ^ :(*,;/) >(-x,26+.y) 



f \ 



OY.U) Jg-, ,t,)lj U=, 



(-x, 2b +y) 



(x, 2b+y) 




b — 1 L«ju£. 

(1,2) > (-1,4); (4,4) > (-4,6) 

t01.U)Jlii 

.a = 1 yu. 4_ G s ijJL? (0, 0), (1, 1) jl^jI ^^j^ = 6 ckiJl 

_y = 6 JaLiJJ < ,,„ ;1 L> R Y=b ^\ Jj.^-J ^L^=u uWiVi u-"'^"? 1 

:(*,>>) K*»2Z>-y)- 

^ : (*^) >(2a+x,j) 

••■ G R :T 2a o /? v=6 : (x ,y ) >{2a+x,2b -y) 

i^^c Jir-»-».') b — 2 id — 1 L»ju£. 
(1,1) >(3,3) ,(0,0) >(2,4) 



/ \ 



(n)dJ>La 

/?„ (tt) (x, y) = (x',y r ), R o ,(7T) (x, y) = {x'\y") 
R „^Kx,y)-(x"',y" r ) 

c ^(3,-2) <(-2,3) K0,2) ,(2,-3)^ m J3 M j 

o' = (l,-2), o" = (-I,3) 

•.LuVIcjVUJI^. R (n/2) (x,y) = (x \y ') ^jc',/a».ji (y) 
. + x = dai^l 4_ fu y 4- (j- i^.W ! (i) 
y = x JaiJl 2_ ^l^-i/iVl ^j^m 4. ^.. i^.w i (ii) 

^Vi^VUJl^ R (3x/2)(x,y) = (x \y ') \i\(x',y r ) (r) 

y + X = JaSJI 2_ ^I^^VI ^ X '<L. ^.. I^.'. VI (i) 

.y = v ,U^ll r jjtta 3 „ I^.\ VI (ii) 

.7 = x JaiJl j^^a ^-l^^ 3 ^^ 1 (iii) 
.x + _y = iaSJ! ,cj x j?** '<L- ^.. i^.'. vi (iv) 

J^>. Lljjj J1«j (x ,y ) ^(ax -by ,bx +ay ) Ji^iJI 0' 

.a 2 +6 2 =1 O-^ JuoVl 

jl rt'.'ii T 8 t x j>-se-9 oL^;! 4- 6Cm <__^Lia 5_^> 7" ft j i ^ \\\ (0) 

;: -,t -^-(9 4); uv.ti ,~ . ^.jfaj;^! ^1 ;l. 8Cm « «Lia 

■T^T^T,oT 6 >T 6 or 8 J 8 or 6 

(i) (3,2) > (2, 3) (ii) (0,0) > (-3,5) 



/* \ 

> t 

(iii) (-3,5) > (0, 0) (iv) (5/2, 3) > (-5/2, 4/3) 

r(x) = ^4 x lJT i^. Jj^s s 4- JLs^n j , a^.\ vi jjj^ ^ ji== (v) 

.In ^JJ 4jm itb ^1 ^/il/?^ tJ-uaVl 4 tnn'i gj-^=j^a qIjjJ R (7t) jL£= lit (A) 

: J/ = ^maI^U 

: i-u^l CjVUJI 2- (X, _y) Sj^us, CjLuIjltJ j^jI (i) 

jut ij C~u>vj 

^o^(^) = ^ i oT 2il 

CZ) ,BC LTULLixJI ' * ' " '■ a La a> (j^j-Laiill j A.BCD (jl ^pa^-dj (^) 

: <_yL La JL>-jl i_4JJpJI 
. 7?y (7T / 2) (jljjjJL ^_>jJLl Sjjxo (l) 

R (ft )' ^/ (ft ) obi^^i j^jil Sjj^ 

(ii) 
(iii) 

obi- 5 f- 

_£=j-«j ?z72 <t ^Lia ij\ jjJ J jjJU 3 jj <^> (lV) 

.O iJ^^j^j 7r/2 4j_uLuLa 

— J (jjl 3 — J^l cj — £=syji$ 71 4 i-uLjJLa (jljjJ — J £- JjJLl ojj us (v) 

.0,/ U)J== ^ <_yJI CjL>! jjjJi 

/? , (;r) o R 0] (n) R 0j (7t) < /? 0| (;r) c^L== iii 4_;i c_j5t ( \ • ) 

• — ■ * 

JL21.MJ ^L^dl JLSiVI <ui j-a Cj^=iR 0[ (n) o /?„ (;r) JLSiVI 

.i? 0: ^)oi? o (^) 



.<?'= (a, 6) 

(xj>) 4 usni Sjj-x^. (a ) (ji^—*: 4. 1 ^R (n),R L Jl-Z= lij O *) 

* * * 

^ (^") ° K-l ° ° ^o(^) (s-uul^U Li^L^a LlcujLLa >Lj>>j j^-jIj 
c.MiJ L^lL, oLJ^-nM oMis Jx^s (j^V^yi ^t^.iVl pi c^l Ot) 

Gl=G R oG R *\,n^\,\ a ta L5V>LI Lt^nM G s b= IjJ <ul euM 01) 

.jjljjj jjt (jAjJoLfljjs (j\ fl^uTi i nl, 4 i in.ilLi p-u-uL^auul (Jjo^usj (jl i.'i nl ( \ V) 

: jj^i Ji==J Jjjj^IJI Ojiiino Jls-jI ( \ A) 
_y = X fniTnnU 4r L y\' : —i* i\-> Lc^jla J^uoVI iiaij 0^=^ 30° (jljJJ (0 



da iJI '£— (j^l ^=uuL I C ^jla J us Vt 4 Uin'< ej Z=3jji 1 80° (j'jJ- 3 ^ ^ 

•7 = - X pyn.M 

tejj ..^_U ^jLs cu^J 5x - 4 _y + 2 = ^jS',,,!! Ja^kJI juwj? 0*0 

f 1 ^ 



-1 



(x + 5) 2 (x - 5) 2 , , . , x 

1 = 1 ( _ > ^UJI jiaUl 3jjjo Jus-jt (Y«) 



1 
1 



.7T 



./? o (— ) obi^ 1 ck^^^ = X + C ^ ,,aU JaSJI Sj^ua (TV) 

4_ f.o^j u.jLyii j__>ai jL-^ji ;r /4 i—^i^j jji — ^IoUj^h < Yr ) 

.X 2 +xy + .y 2 =1 <bUil 



© 



' \ 

. • 
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. ^jj^lll J j Cit'M A mIo j!j i ( Y * * V) iailjjiJt AoLibcjJl LuuJUjJI 4 ^qIlJI jLuaj [Y] 
. ^-jjjlilj j mi iU 4 nVi jlj i (Y * ♦ Y) Ajg'nuU A jIjIt'U ix^Ju^JI 4 jLuaj [V] 

. f (Y-.o) <^L>J1 

. j -H 4_uljj jb < (Y ♦ • 1) -r"li 4 i nJLL& i^y^i^uJl jl 1^1 '1 [0] 

. juijJ! ^ * j (Y • • o) t j-j(jJI - J-al^'j J-ubLu 4 u oi i n II jLu^j t"\] 

.^Lpl . JuijJI * * i (Y * • 0) 4 4 _ 7 laJ»Jl j-jjJl CjLuiLmI 4 u o,l , ntl jLuaj [V] 

( \ ^ v $ ) ,". ^ I , ..I , „ 4 jjiiU Jjijij^jst^jLa jlj ' ^ t->-«.ti j . y\\ tj~, iro.ij1 jj) i u [A] 



